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Preface  .
The w ork  con ta ined  in th is thesis is e ssen t ia l ly  o r ig in a l ,  
and has not been subm itted fo r  any prev ious  d e g re e .  M uch  o f C hap te r  
has been pub lished  in papers I and II a t tached  to th is thes is .
I am g ra te fu l  to  the  S c ience  Research C o u n c i l  fo r  a 
Research Studentsh ip  w h ic h  made th is w ork  p oss ib le .  The com puting  
was performed a t the C om pu te r  C en tre  a t the U n iv e rs i ty  o f Sussex and at 
Q u e e n  M a ry  C o l le g e ,  to  the  sta ff  to whom thanks are due fo r  much 
assistance in  the  w r i t in g  o f p rogram s.
F in a l l y ,  I am d e e p ly  indeb ted  to my superv isor.
Professor W  H . M c C re a ,  F ,R S . ,  fo r  his con tinued  in te res t and 
g u id a n ce  th roughou t the course o f th is w o rk  .
Summary .
Assuming the redshifts  o f  quasars are c o s m o lo g ic a l ,  th e ir  
d is t r ib u t io n  in  space is inves t iga ted  by means o f new tes t,  the lu m in o s i ty -  
vo lum e  test (C hap te r  I ) ,  w h ic h  is shown to be fa r  more pow erfu l  than the 
m a g n i tu d e -re d  shift# te s t .  In most r e la t iv i s t i c  cosm o log ica l m odels , strong 
e v o lu t io n a ry  fac to rs  must be in f lu e n c in g  the d is t r ib u t io n  o f quasars in space, 
and possib le e xp lana t ions  are discussed q u a l i t a t i v e ly  and q u a n t i t a t i v e ly .
The s im i la r  beh av iou r  o f  the stronger ra d io -g a la x ie s  strengthens the l in k  
be tw een  the tw o  classes o f sou rce .
Less d i r e c t  in fo rm a t io n  about more remote parts o f space is 
o b ta ine d  by  the  in te rp re ta t io n  o f the rad io  source-counts  (C hap te r II I )  
and the  in teg ra te d  rad io  and X - r a y  background in tens it ies  (C hap te r IV) . 
Assumptions have to be made about the phys ica l p ropert ies  o f sources, 
p a r t i c u la r ly  the m ag ne t ic  f i e l d ,  and a number o f d i f fe re n t  models fo r  the 
s truc ture  o f rad io -sou rces  are discussed in C ha p te r  I I .  Ev idence is presented 
aga ins t the idea  th a t  the  r a d io -e m i t t in g  components are e jec ted  from the 
p a ren t g a lax ie s  a t r e la t iv i s t i c  speeds . M ode ls  are  considered in w h ich  
r e la t i v i s t i c  e lec trons  are generated con t in uo us ly  in the ra d ia t in g  
components .
111
A  number o f the fo c i f  assumptions u n d e r ly in g  prev ious in te rp re ta t ions  
o f  rad io  source-coun ts  are exam ined  in d e ta i l  . Longa ir 's  o f ten  quoted 
resu lt  th a t  the rad io  source-coun ts  in d ic a te  a real d im in a t io n  
in the d e n s ity  o f  sources a t  e a r l ie r  epochs is shov/n to be fa ls e .  S ig n i f ic a n t
dependence  on cosm o log ica l model is fo u n d ,  p a r t i c u la r ly  at lov/er f l u x - l e v e l s ,  
and c o m p a ra t iv e ly  em pty  un ive rse^a re  p re ferred  . Dens ity  e v o lu t io n  is 
cons is tent w i th  the  source-coun ts  o n ly  i f  there  is a lu m in o s i ty -d e p e n d e n t 
t ru n c a t io n ,  w h ic h  cou ld  be caused by the  b la c k -b o d y  ra d ia t io n  i f  the 
lu m in o s i ty  o f  sources is a fu n c t io n  o f the m ag ne t ic  f ie ld  .
The observed X - r a y  background is hard to  e x p la in  in terms 
o f  in te ra c t io n  o f the b la c k -b o d y  ra d ia t io n  w i th  r e la t iv is t ic -e le c t r o n s  in 
rad io -s o u rc e s ,  unless sources have  e x c e p t io n a l ly  low m agne t ic  f i e ld s .
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I X
C H A P T E R  O N E
num mary ,
The p ropert ies  o f the r e la t iv i s t i c  cosmologies are 
summarized in sect ion  2 ,  and cons ide ra t ion  o f a f lo w  d iagram  o f the two 
c osm o log ica l  parameters emphasizes the spec ia l s ig n i f ic a n c e  of the de S i t te r ,  
M i l n e  and E in s te in -d e  S i t te r  m ode ls .  The in f lu e n c e  o f the "vo lum e e f fe c t "  
on the  m agn itude  redsh if t  test is eva lua ted  in sect ion  3 , and in section  4 
a new te s t ,  the  lu m in o s i ty -v o lu m e  tes t ,  is descr ibed . I t  is found that
some k in d  o f secu la r  e v o lu t io n  must in f lu e n c e  the d is t r ib u t io n  in space 
o f both the quasars (sections 5 and 12) and the stronger ra d io -g a la x ie s  
(sec t ion  14) . Possible e v o lu t io n a ry  e ffec ts  are discussed in section 6 , 
and the parameters requ ired  w i th  s imple  m athem atica l  forms o f e v o lu t io n  
estimated in sec t ion  10 and 14, I f  i t  is assumed tha t the co o rd ina te  
n u m b e r -d e n s i ty , or the ty p ic a l  lu m in o s i ty ,  o f sources have a neg a t ive  
e xp o n e n t ia l  dependence  on the s c a le - fa c to r ,  s im i la r  parameters 
a re  o b ta ine d  fo r  both quasars and r a d io -g a la x ie s .  This is a 
s ig n i f i c a n t  resu lt  i f  there  is some l in k  between the two classes o f o b je c t .
A t  e a r ly  epochs the n um be r-dens ity  o f sources w ou ld  be about 10 
times g rea te r  than th a t  a t  the present e po ch ,  or the t y p ic a l  lum inos it ies  
o f sources w o u ld  be about 100 times g rea te r  than a t the present epoch .
The c h a ra c te r is t ic  epochs beyond w h ic h  the d is t r ib u t io n  o f sources w ou ld  
look  f a i r l y  un ifo rm  correspond to redshifts o f abou t 10 and 5 re s p e c t iv e ly .
The n o n -u n i fo rm  d is t r ib u t io n  o f  the  ra d io -g a la x ie s  shows that 
the  s t r ic t  s te ad y -s ta te  cosm ology is not saveable  by ad hoc hypothèses 
a bo u t  the redshifts  o f quasars. The " l o c a l "  theo ry  fo r  quasars 
is discussed in A p p e n d ix  5 ,  and w h i le  e a r l ie r  arguments do not seem 
strong enough to  ru le  out such a th e o ry ,  i t  can be shown tha t i f  the 
redshifts  o f quasars are essen t ia l ly  independen t of d is ta n c e ,  th e i r  
d is t r ib u t io n  in space is s t i l l  incons is ten t w i th  the s teady-s ta te  cosm o logy .
I . In t ro d u c t io n  .
Throughout most o f  th is w ork  1 assume tha t the redshifts of 
quasars are cosm o log ica l (I) . A l th o u g h  severe d i f f i c u l t i e s  ex is t fo r  this 
v ie w  ( 2 ,  4  -  6 ) ,  the o the r possible e xp lana t ions  tha t have been presented 
in d e ta i l  to d a te  (8 ,9 )  pose more d i f f i c u l t i e s  than they  so lve (10 -  12).
Pessimism has been expressed w h e th e r ,  even i f  quasars are at 
co sm o lo g ica l  d istances, they  are o f much va lue  to cosmology (13, 14) ,
The tw o  c lass ica l tests, the m a g n i tu d e - re d s h i f t  test and the  num ber-counts  
o f  sources, are o n ly  e f fe c t iv e  in d is t in gu ish in g  between cosm olog ica l 
models in s itua t ions  w he re  the d ispers ion in lum inos ity  is small . W h i le  
th is is the  case fo r  the o p t ic a l  lum inos it ies  of g a la x ie s ,  i t  is c e r ta in ly  
no t true  fo r  the  ra d io - lu m in o s i t ie s  o f ra d io -g a la x ie s ,  or fo r  e i th e r  the 
o p t ic a l  or rad io  lum inos it ies  o f quasars ( i f  the redshifts o f quasars are 
c o sm o lo g ica l)  . This pessimism is un ju s t i f ie d , s ince the a d d i t io n a l  
fa c to r  o f  completeness down to  a l im i t in g  f l u x - l e v e l  enables a fa r  more 
p ow e r fu l  tes t ,  the  " lu m in o s i ty - v o lu m e "  tes t,  to  be app lie d  . This test 
combines the  essential features o f both the re d sh i f t -m ag n i tu de  and num ber-  
coun t tests and uses more in fo rm a t ion  than e i th e r  . A  s imple extension enables 
e v o lu t io n a ry  hypotheses to be tested .
Radio num ber-coun ts  o f  a l l  sources p ro v id e  c lea r  ev idence  
tha t e v o lu t io n a ry  facto rs  are a f fe c t in g  a t leaSt a su b -po pu la t io n  o f the
sources (15 -  18). Two k inds  of e v o lu t io n  have b e e n ‘ considered In some d e ta i l  
in e a r l ie r  in te rp re ta t io n s  o f the rad io  num ber-counts  (18 -  20):
(a) D en s ity  e v o lu t io n :  the  Fraction of m a te r ia l  in  the form of
a c t iv e  sources is a fu n c t io n  o f epoch .
(b) Radio lu m in o s i ty -e v o lu t io n :  the ty p ic a l  lum inos ity  of sources
is a fu n c t io n  o f  epoch , w h i le  the f ra c t io n  o f m a te r ia l  in the form of a c t iv e  
sources and the form of the d ispersion o f  lum inos it ies  are independen t of 
epoch .
Longa ir  (18) has shown tha t to o b ta in  cons is tency w i th  num ber- 
counts to low  f lu x - le v e ls  and the e x t ra g a ia c t ic  c o n t r ib u t io n  to the ntegrated 
background  rad io  emission a l l  classes of source cannot be supposed to e v o lv e .
I f  the e v o lu t io n  is then due to an ind is t ing u ish ab le  s u b -po pu la t io n  o f the 
sources, the d is t in c t io n  between hypotheses (a) and (b) disappears (18) .
H ow e ve r  i f  the e v o lu t io n  takes p lace  in a reco gn izab le  sub -po pu la t io n  
( e . g .  the quasars) then we are d e a l in g  w i th  d is t in c t  hypotheses and can 
hope to test between th e m . Ea r l ie r  suggestions tha t the m ag n i tu de -re dsh i f t  
d iagram  fo r  quasars supported lum ino s ity  ra ther than dens ity  e v o lu t io n  
(22 , 23) w ere  shown to  be inco rrec t(24 )  . The present results are 
s t i l l  stronger: lu m in o s i ty  e v o lu t io n  of the form considered in  references
18 -  20 , 2 2 ,  23 is incons is ten t w i th  a w id e  range of cosmolog ica l
mode! , whereas cons is tency  w i th  a l l  models can be ob ta ined  using 
den s ity  e v o lu t io n  .
H o w e v e r ,  i t  is im p o r ta n t  to  cons ider w he th e r  results ob ta ined
using a p a r t ic u la r  m a th e m a t ic a l ly  s imple  form o f e v o lu t io n  may not depend
ra th e r  strong on th a t  m a th em a tica l  form , The t ru n c a t io n  o f  the 
e v o lv in g  p o p u la t io n  beyond a redsh if t  o f  about 4(18) may fa l l  in
th is c a te g o ry .  In - th is  w ork  I suggest o the r  forms o f e v o lu t io n
w h ic h  do not req u ire  such a t ru n c a t io n  .
The cosm o log ica l  models tested are the 
f a m i l i a r  r e la t i v i s t i c  m ode ls , in c lu d in g  the p o s s ib i l i ty  o f a non -ze ro  
cosm o log ica l  co ns ta n t ,  the s te ad y -s ta te  cosmology and a class of 
B ra ns -D icke  m ode ls .
2 . The models
(!) summary o f  p ropert ies :
The p ropert ies  o f  the r e la t i v i s t i c  cosm o log ica l models are discussed in 
many standard refe rences ( e . g .  2 5 ,  2 6 ,  2 7 ) ,  but fo r  completeness we 
summarize here the re la t io n s  we need .
The observed f l u x  in the freq ue n cy  range to  + d ,
from a source e m i t t in g  F( v ^ )  d in  the  corresponding  range of em itted
fre q u e n c y  V to v + d v , is g ive n  by 
'  e e e
F(v ) dv  ( l + k r 7 / 4  7
w here  ------  = I + z = Z
^0 'o
W r i t i n g  7  = ' ° ^ | 0  ^'o  ^ ^  ^  * °^ I0  ""o  ^ equa t ion  (I)
^  2  ^ 2 ^ 2
becomes 7  = + log ,_ ----— ----- ^  ^  ' (3)
f  ( 1 +  k r Q ^ Q j
w he re  the K - c o r r e c t io n  takes a c c o u n t  o f the s e le c t iv i t y  o f the 
atmosphere and the  appara tus , and o f the s h if t  o f  the spectrum across the 
observed fre q u e n cy  band . The forms we  have used fo r  o p t ic a l  and 
rad io  K -c o r re c t io n s  are presented in app en d ix  I .
From E inste in 's  equations  fo r  u n i fo rm ,  p ressure-free  un iverses, 
the  s c a le - fa c to r  R(t) satisfies the equations
R = - 4  TT G  P l y s  + A l y s  (4)
(R = 8 t t  G  u /  3 + A R ^ /3  -  k  A  (5)
w he re  A Is the cosm o log ica l  constant and the d e n s i ty ,  . , satisfies
3 3
the e qu a t io n  o R = '‘ 0^0  '  ze ro  re fe r r in g  to  the present
epoch . Then i f  w e  w r i te  FI =  I^R  , q = -  R R/R (6)
and u = 4 TT G  p /  3FI^ , (7)
equations  (4) and (5) become
a / 3 = ( c  -  q ) H ^  = ( A q -  A g )  (8)
and
k 7  = (3 : -  q -  I) = (3 ' g  -  qg -  I) R^^ (9)
( i i )  F low  d iagram  fo r  the models:
H a v in g  solved equations (4) and (5) fo r  R (t), and w r i t in g  Z  = R ^ R  
w e  can use equations (5 ) ,  (8) and (9) to o b ta in
H ^ t )  = h /  ( Ag -  qg + (I + qg '  3 .  2 ] = Hg2 ,Y(z)
( t) = : g Z ^ / Y ( z )
q ( 0  = i '  o ( z ^  -  I) + qg j / Y ( z ) .
Thus i f  Hq , ■ Q , q ^  are know n a t  the present e p o c h ,  then
H , 0 , q are  know n fo r  a l l  epochs, past and fu tu r e .  The behav iou r 
of the models can be i l lu s tra te d  by a f lo w  d iagram  ( F ig .  l a ) .
This d ia g ra m , and an i l lu m in a t in g  d iscussion o f the  7 -  q 
re p re se n ta t io n ,  can be found in Refsdal and Stabell (28) . For our 
purposes the in te res t ing  fe a tu re  to  note  is th a t  there  are just 3 f ixe d  
po in ts  in  th is d iag ram : the E instein de S i t te r  model ( 7 -  q -  1/2 ) ,
the de S i t te r  model ( ‘ = 0 , q = - I ) ,  and the M i ln e  model 
( :  = q = 0) . These represent asym pto t ic  states o f the universe; 
the E instein de S i t te r  model is the i n i t i a l  state o f a l l  non -e m p ty  models 
e xcep t  those to  the le f t  o f the  cu rve  A  , w h i le  the M i ln e  and de S it te r  
models are the f in a l  states o f  m ono ton ie  expand ing  models ' (a l l  those to the 
le f t  of the cu rve  B) w i th  A =  0 and A /  0 , re s p e c t iv e ly .  
O s c i l l a t in g  models are those to the  r ig h t  o f the cu rve  B . A  and B 
correspond to  those models w h ic h  approach the Einstein s ta t ic  universe 
as t — > + “  re s p e c t iv e ly  ( i .e . A  is the E d d in g ton -L em a it re  model)
The lo c i  to  the le f t  o f the cu rve  A  correspond to those models 
w h ic h  "b o u n c e "  under the a c t io n  o f cosm o log ica l re p u ls io n .  As Solheim 
(29) has rem arked , most o f these models are ru led  ou t i f  the redshifts of 
quasars are c o s m o lo g ic a l ,  s ince they  g iv e  upper l im i ts  to Z  w h ic h  are 
incons is ten t w i th  va lues  a lrea d y  ob ta ined  fo r  q uasars . In fa c t  fo r  these 
models to be co rre c t  w e  must be in d is t in g u is h ib ly  close to the de S it te r  
model a t  the present epoch . The ir  p h i lo so p h ica l  a t t ra c t io n  is tha t 
they  are the o n ly  n o n -e m p ty  models w h ic h  do not possess a s in g u la r i t y .
From the p o in t  o f v ie w  o f the testing  of m odels , the most 
in te res t in g  s itua t ions  arise i f  ( Q / 9g ) riot near any o f the
3 f ix e d  po in ts  , For then we kno\^  the  fu tu re  o f the universe and its 
past h is to ry  (a t least back to the epoch w here  the pressure becomes
10
s ig n i f i c a n t ) .  But i f  ( 7 ^  , ) are near to  one o f the f ix e d  points
in  the 7 -  q p la n e ,  we canno t te l l  w he th e r  the universe has a lways
had these va lues o f  o and q , or w he th e r  i t  is in an ceymptotic state 
The sm oo thed -ou t d en s ity  o f  the m a te r ia l  a c tu a l ly  observed to
-31 -3
da te  (7 x  10 gm cm ) , (30) , and the present va lu e  o f the
H ub b le  constan t (H^   ^ = 1.2 x  10^^ years ) ,  suggest tha t our
present pos it ion  in the 7 -  q p lane  may be ra the r  close to  the
c = 0 a x is .  D i f f i c u l t i e s  in re c o n c i l in g  the ages o f the o ldes t stars
w i th  the age o f  the un iverse  may fo rc e  us to the le f t  of the p o in t  M  
and perhaps ra th e r  near to  the p o in t  S . But cons iderations o f th is
k in d  are  su b jec t  to  enormous u n c e r ta in t y .  The d isadvantage o f the
7 -  q rep resen ta t ion  is th a t  phases w here  the universe is s ta t ic  l ie  a t 
i n f i n i t y .  A c c o r d in g ly ,  we  transform F i g .  la by
—i— f ( F ig .  lb)
^  + 7 ^  + h  I
so th a t  a l l  models satis fy  0 <  s "A I , - l < t <  I ,  and the 
po in ts  ES , M  , S in  F i g .  I become ( ^  , ^2 ) , (0 ,0 )  , (0 , -  /3 )  
A = 0 corresponds to  s = t and k = 0 to
4 s t  - 5 s - t  + 2 = 0 ,  t > 0
6 St + 5s -  3 t -  2 = 0 , t < 0 .
The E inste in  s ta t ic  model (E) has s = I , t = 0 , and the s ta t ic  
phases in the tw o  types o f o s c i l la t in g  model are la b e l le d  E+
(or models to  the le f t  o f A  in F i g .  la R = 0 , R >  0 ) and
E -  ( fo r  models to  the r ig h t  of B in F i g .  la  ; R = 0 , R < 0 )
and have  s = I , t = + 1 r e s p e c t i v e ly . The Lem aitre  models
are those whose f lo w  l ines l ie  close to the boundary s = I .
The in s t a b i l i t y  o f  the Einste in  model is i l lu s t ra te d  by the fa c t  tha t i f  a 
s l ig h t  p e r tu rb a t io n  causes R to  become n o n -z e ro ,  t changes
d is c o n t in u o u s ly  from  0 to  + I .
The f lo w  i l lu s t ra te d  in this d iagram  is somewhat anomalous; 
an i n f in i t e  t im e  is requ ired  to  reach the sink $ , E- , E+ are 
po in ts  o f  r e f le c t io n  e x c e p t  fo r  the tw o  E d d in g ton -L em a it re  l o c i ,  w h ich  take 
cn i n f in i t e  t im e  to a r r iv e  a t ,  and d ep ar t  f ro m ,  these p o in ts ,  r e s p e c t iv e ly .
3 .  In f lu e n c e  o f vo lume effect on m a g n i tu d e - re d s h i f t  test
( i)  m a g n i tu d e -re d s h i f t  test 
The results o f a ttempts to d is t ingu ish  between these models using the
m a g n i tu d e - re d s h i f t  test fo r  the b r igh tes t g a lax ie s  in clusters have been
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rev iew e d  and ex tended  by So lhe im  (2 9 ) ,  who has computed e xac t  th eo re t ica l  
re la t io n s  instead o f  the pow er-ser ies  expansions used in e a r l ie r  w ork  
(31 , 3 2 ) .  His best va lues fo r  the cosm o log ica l  parameters are
Ag = - 0.06 , 7q = 4.53 ,
though  these va lues are a p p re c ia b ly  m od if ie d  i f  the  ga lax ies  are assumed to
change th e i r  lu m in o s i ty  w i th  epoch (29 ,33 )  .
The a c c e p ta b le  models appear as a reg ion  o f the
J q -  Aq p lane  ( the  "m o d e l"  d ia g ra m ) .  He also app lies  th is
p rocedure  to o p t ic a l  da ta  fo r  f i f te e n  quasars. H o w e ve r ,  i t  is necessary 
to  ta ke  a c c o u n t  o f the severe s e le c t ion  e f fe c t  imposed by the l im i t in g  
rad io  m ag n itude  fo r  these ob jec ts  (9 f l u x -u n i t s  i f  we co n f in e  our 
a t te n t io n  to  id e n t i f ic a t io n s  from the 3C ca ta logue  (3 7 ,  3 8 ) ) ,  and also 
o f the "vo lum e  e f f e c t "  discussed be low  , In the present w ork  we have 
ra the r  more da ta  a v a i la b le  (37 redsh if ts ) ,  we take  a ccoun t o f  these 
se le c t io n  e f fe c ts ,  and w e  also perform the test in a d i f fe re n t  and more 
pow erfu l  w ay  .
A  number o f o the r  authors have discussed the obse rva t iona l data  
fo r  quasars w i th  respect to  p a r t ic u la r  cosm o log ica l models . M c C re a  (34)
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p lo t te d  the abso lu te  o p t ic a l  magnitudes o f quasars aga inst redsh if t  fo r  
3 models : the M i ln e  model ( : ^  = q^  = 0 ) ,  the de S i t te r  model
( 7 q = 0 , q ^  = - I  ; the s teady -s ta te  model' g ives the  same d ia g ra m ),  
and a p a r t ic u la r  model used by Schm id t fo r  w h ic h  7 ^  = q^ = I .
M c C re a  p o in ted  out th a t  the lu m in o s i ty ,  F |(z) say, o f the most luminous 
source o u t  to  redsh if t  z should be an increas ing  fu n c t io n  o f  z , 
s im p ly  as a p ro b a b i l i t y  e f f e c t .  The Schm id t model then seemed to be 
rendered  im p robab le  by the fa c t  tha t the nearest quasars, 3C 2 73 , 
w o u ld  be in t r in s ic a l ly  the most lum inous, in th is model . The rate of 
increase o f F |(z) appeared im p rob ab ly  steep in the s teady-s ta te  m o d e l , 
on the o the r  hand .
( i i )  The vo lum e  e f f e c t .
Some q u a n t i ta t i v e  estimate  o f  the im portance  o f the e f fe c t  may be made as 
f o l lo w s .  W e  assume tha t the p roper n um be r-dens ity  o f quasars a t any 
e p o c h ,  { (t) , is p ro p o r t io n a l  to the sm oo thed -ou t cosm olog ica l 
d e n s i ty ,  , ( t)  , and th a t  the Iu m in o s i ty - fu n c t io n  (18) fo r  quasars is
independen t o f epoch . That is, a t  epoch t le t  the number of 
sources per u n i t  p roper vo lum e hav ing  log j^F  in  the range
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w here
+ oo
\  cp ( ? )  d T
D e f in e  the c o o rd in a te  n u m b e r-d e n s ity .
3
T l ( t )  = C ( t ) .  - A W  (10)
V
thus i f  C (t)  a t.,( t ) , then r| (t) = c o n s t .  = T,(tJ = t Iq  , say
The e lem en t o f proper vo lum e  is
3 2
R ( t ) r  dr  s i n O d G d c p
(I + k ^
so the to ta l  number o f sources in the range o f lum inos ity  
to  + d ^  ou t to redsh if t  z is
N ( J , z ) d f =  r . g R g . ^  v ( z ) . c p ( 7 ) d 7
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w he re
, 2
Y (z) = J q  — — (II )
"  ( I + k  rV 4  )
Then the expec ted  lu m in o s i ty ,  F |^ (z )  , o f the N th  most luminous 
source ou t to redsh if t  z w i l l  be rou gh ly  the so lu t ion  o f  the equation
w he re  ^  ^^(z) -  lo g j^  F j^ (z )  , and y is the f ra c t io n  o f the sky
covered  by the sources .
Le t
$ (x) = (?^) d y
Then
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w he re
^  ^ [ 5 (x) 1 = X (13)
For exam ple  I f  (a)
? ( ] n  = . exp [  -  { J - y f / 2 j  ]
Then
and i f  (b)
. , : ( J )  = b . lo g  fo r  J >Te —
-  °  fo r  ?  < f,
then
- b  ( ?  -  3F )
 ^ i f )  -  I -  10
and
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~~r - T  I ^0  ^i 0 ■ ^
7 ^ (z )  = J ' l  + -g- ■ '°9|0 t  N-------------  1 ('5)
-  co n s t .  + logjQ -, (z)
Some idea o f the im portance  o f  the vo lum e e f fe c t  fo r  the o p t ic a l  re d s h i f t -
m agn itude  d iagram  fo r  quasars may be ga ined from F i g .  2a w h ic h  shows
F j(z )  fo r  tw o  simple  lum ino s ity  func t ions  o f type  (a) and (b ) ,  in the  de
S it te r  model . The parameters chosen are a = 0 . 8  ,
b = I .5 , 4m ^  .y = 10 per ( .
U Hq
W e  are not c la im in g  tha t the o p t ic a l  lum inos ity  fu n c t io n  fo r  quasars is 
a c tu a l ly  o f e i th e r  o f these forms, but m ere ly  dem onstra t ing  how severe 
the e f fe c t  o f a la rge  d ispers ion in lum inos ity  can b e .  C le a r ly  a large 
p a r t  o f the d iv e rg e n c e  o f  the da ta  from the normal de S i t te r  m -z  
cu rve  cou ld  be due to th is e f fe c t ,  so th a t  ana lys is  o f  the k in d  performed 
by So lhe im  (29) is u n l i k e ly  to g iv e  a ccu ra te  results fo r  quasars. H ow e ve r ,  
i f  from counts and from id e n t i f ic a t io n s  w e  can o b ta in  in fo rm a t ion  about 
-q Q and the form of , then i t  is in  p r in c ip le  possible to test
cosm o log ica l  models by com paring  equa t ion  (12) w i th  observed locus o f the 
N th  most luminous source ou t to  redsh if t  z , fo r  d i f fe re n t  va lues o f
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N .  F i g .  2b shows ^  aga inst log^Q Y  fo r  the ' s te a d y -s ta te  
m o d e l ,  w i th  N  = 2 ,  4 ,  8 , where  J  denotes the lum ino s ity  ot 
l78  M H z .  U nder hypothesis (b) a b o v e ,  the 3 lo c i  w ou ld  be p a ra l le l  
s t ra ig h t  l in e s ,  e q u a l ly  spaced . The best set o f th is form satisfies
= -21.91 + 1.70 l o g i ^ y  -  0 .8 7  log|Q N
C om par ing  th is  w i th  equa t ion  (15), the in e q u a l i ty  o f the c o e f f ic ie n ts  of 
log Y  ■ and -  log N  shows tha t the quasars cannot be u n i fo rm ly  
d is t r ib u te d  in space in the s teady-s ta te  model . E ither the num ber-  
d en s ity  o f sources changes w i th  epoch such tha t
N (z )  a % (z)^ .87 ^  ; ^ ( z )  , where  N(z) =  ^ N ( J , ' z ) d 7 /
or the ty p ic a l  lum ino s i ty  o f a source change w i th  epoch, such tha t
I .70 -  0 .87 0 .83
Pa a
H o w e v e r ,  hypothesis (b) is not too good a f i t  o f the d a ta ,  
and in genera l i t  is v e ry  unsa t is fac to ry  to have a test w h ic h  depends on
k n o w in g  the form of the lum ino s i ty  fu n c t io n  . A lso  the se lec t ion
e f fe c t  imposed by the f a c t  th a t  quasars are id e n t i f ie d  at o p t ic a l  f requencies
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( o p t i c a l l y  w eak  em itters w i l l  o n ly  be seen a t  small redshifts) is not a l low ed  
f o r .  The test we shall descr ibe  in sec t ion  4 takes f u l l  a ccoun t of the vo lume 
e f f e c t ,  but does not requ ire  kn o w le d g e  of T| ^  or ^ (J )  .
M c V i t t i e  and S tabe ll  (35) have also considered p lots of the
o p t ic a l  lum ino s i ty  o f  quasars aga inst redsh if t  in several models and
argue th a t  a lthough  e v o lu t io n  w ou ld  be necessary in models w i th  
q^  = Cq = 0 and q^  = ' ^  = 1 , th is is no t the case for the
model q ^  = I , :  ^  = 3 , fo r  e x a m p le .  In section  5 we show tha t
none o f the r e la t iv is t i c  models are consistent w i th  the present da ta  for 
quasars, w i th o u t  some k in d  of e v o lu t io n a ry  facto rs  .
M c V i t t i e  and S tabe ll  (35 ) ,  and K a fk a  (14) have a l low ed  fo r  the 
vo lum e  e f fe c t  in a ra ther d i f fe re n t  manner from tha t descr ibed  above .
C o n f in in g  th e ir  a t te n t io n  to a f ix e d  range o f o p t ic a l  lum inos ity  they  compare 
the number o f sources ou t to  redsh if t  z w i th  • (z) . This is e qu iva le n t  
to the  " lu m in o s i ty - v o lu m e "  test we descr ibe  in the next s e c t io n ,  but is 
l im i te d  in tw o  w a y s .  F irs t ly  i t  does not take  a ccou n t  o f the serious 
se le c t io n  e f fe c t  imposed by the 3C l im i t in g  f l u x - l e v e l  .* And secondly  
i t  uses the a v a i la b le  in fo rm a t ion  in such an in e f f i c ie n t  w ay  th a t ,  as 
K a fk a  adm its ,  no conc lus ions o f rea l s ta t is t ic a l  s ig n i f ic a n c e  can be 
drawn w i th  the present data  .
2 0
Rees and Sc iama (36) showed that* in d i f fe re n t  ranges of 
ra d io  lu m in o s i ty  in the s te ad y -s ta te  model there was an excess o f 
quasars a t  la rge  r e d s h i f t .  The incons is tency  is even more s tr ik in g  
w hen  c o r re c t io n  is made fo r  the e f fe c t  o f o p t ic a l  s e le c t io n ,  and 
w hen  the  o p t ic a l  lum inos it ies  are also considered .
*  In more re c e n t  w o rk  K a fk a  (54) now takes a ccoun t o f the
e f fe c t  bu t s t i l l  does not com b ine  the in fo rm a t io n  in  an e f f i c ie n t  
enough w a y  to  o b ta in  s ig n i f ic a n t  resu lts .
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4 . L u m in o s ity -v o lu m e  test
The ce n tra l  suggestion o f  th is  chap te r  is th a t  fo r  quasars the 
m a g n i tu d e -re d s h i f t  test be rep laced  by the " lu m in o s i ty - v o lu m e "  te s t .  
Suppose th a t  ( i)  the number o f quasars per u n i t  p roper vo lu m e ,
(t) , is p ro po r t io na l  to the sm oo the d -o u t cosm ica l d en s ity  a t  that
epoch; ( i i )  the d is t r ib u t io n  of lum inos it ies  of quasars ( i . e .  the
form o f T ( J ' ) )  is the same a t a l l  epochs.
Then the to ta l  number o f sources ou t to the epoch corresponding 
to redsh if t  z is
+  »
N (z )  = S N ( 7 , z ) d 7  = (z) (16)
(z) is the com ov ing  c o o rd in a te  vo lum e  o f  the sphere bounded by 
sources whose l ig h t  is redsh if ted  by z .
Then in any  p a r t ic u la r  model tha t we w ish to test we 
cons ider the d is t r ib u t io n  o f  lum ino s ity  J-  (see equa t ion  3) w i th  respect to 
vo lum e  \  : th a t  is ,  w e  transform the m a g n i tu d e -re d s h i f t  d iagram to
a lu m in o s i ty -v o lu m e  d ia g ra m .  I f  assumptions ( i)  and ( i i )  h o ld ,  we 
should e x p e c t  to  f i n d ,  in any g ive n  range o f  lu m in o s i ty ,  equal numbers 
o f sources in any tw o  equal vo lumes o f com ov ing  coo rd ina te  space . 
H o w e v e r ,  as a resu lt  o f the l im i ta t io n s  o f our te lescopes, not a l l  quasars
2 2
are v i s ib le .  C o n f in in g  our a t te n t io n  to  3C quasars, o n ly  those 
b r ig h te r  than the l im i t in g  f l u x - l e v e l  are v is ib le  . A n  o p t ic a l  
id e n t i f i c a t io n  can then o n ly  be made i f  the quasar is b r igh te r  than 
the l im i t in g  o p t ic a l  m a g n i tu d e .  M o re o v e r ,  the degree o f completeness 
o f the id e n t i f ic a t io n s  may be d i f fe r e n t  in d i f fe re n t  ranges o f m ag n i tu de ,  
an e f fe c t  w h ic h  cou ld  be re in fo rced  by non-random  s e le c t ion  o f ob jec ts  fo r  
redsh if t  measurements . H o w e v e r ,  a lthough  such e ffec ts  may w e l l  be 
p resen t, i t  is not necessary tha t the set o f quasars w i th  know n redsh ift 
a t our disposal be c o m p le te ,  but o n ly  tha t i t  be rep resen ta t ive  down 
to  the l im i t in g  f l u x - l e v e l s .  Throughout th is work  we assume tha t the 
set of 37 quasars l is ted in Table I is rep resen ta t ive  down to the 3C 
l im i t in g  f l u x - l e v e l  of 9 f l u x - u n i t s ,  and down to the 18th v isua l m a g n i tu d e .
Penston and Rowan-Robinson (3) have suggested tha t the 3C 
quasars w i th  v isua l m agnitudes fa in te r  than IB are n o t  d is t r ibu te d  is o t ro p ic a l ly  
on the sky . P re fe rr ing  to suppose th a t  th is is some e f fe c t  of observa t iona l 
se le c t io n  th a t  the universe  is inhomogeneous on the la rge  scale (39 ),  
w e  shall make a c o r re c t io n  fo r  th is  e f fe c t  a t a la te r  s tage . For the 
m oment w e  t rea t  our set o f quasars as i t  i t  w ere  rep resen ta t ive  down to 
the 19th m a g n i tu d e ,  w h ic h ,  s ince there  are o n ly  tw o  quasars w i th  
V  >  19 in  our se t,  we shall regard as the l im i t in g  m agnitude fo r
quasars .
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Fig  . 3 shows o p t ic a l  and rad io  lu m in o s i ty -v o lu m e  diagrams 
fo r  a p a r t ic u la r  cosm o log ica l  model ( the  E instein de S it te r  model) . 
The cu to ffs  imposed by the l im i t in g  f l u x - le v e ls  are c a lc u la te d  by 
e l im in a t in g  z between
T  -
2 2 2 
I f  ^  "0 ( ' + z)
dT + lo 9 in  — — 7 ^ - 2 ------  -  K (z )  0 7 )
(I + k r / 4 )
A
and y = , ( z )  (18)
w here  y  is the l im i t in g  f l u x  leve l and K the a pp rop r ia te  K -c o r re c t io n  
(see A p p e n d ix  I : the rad io  c u to f f  is shown fo r  sources w i th  spectral 
ind ex  a -  0 . 8 ) .
C le a r l y ,  a source w i th  lu m in o s i ty  and redsh if t  z w i l l  o n ly
A
be observab le  i f  ■ (z) < y ( jP ) . A  d i f f i c u l t y  here is tha t in
the rad io  case, , ( 7 )  is d i f fe re n t  fo r  sources w i th  d i f fe re n t  spectral
ind ices  . This has been ta k e j  in to  a ccou n t  but the error in troduced  
by ta k in g  the rad io  c u to f f  to be th a t  app ro p r ia te  to sources w i th  the 
mean spectra l index  (about 0 .8) is not ve ry  g rea t .
. V I .
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The v e r t ic a l  l ines to  the r ig h t  o f the tw o  d iagrams correspond 
to a redsh if t  o f 2 .2  , beyond w h ic h  no quasar has ye t been observed . 
Thus in  the  rad io  d iag ram  the l in e  '^ [ ' ^ 2 ^ 3  bounds the observable
reg ion  o f the lu m in o s i ty -v o lu m e  p la n e .  I f  w e  d e f in e  the l inê
by the re la t ions
A
V = -, ( 2 .2 ) /2  fo r  T  >  ^  (2 .2 )
and
A ^
V = Y ( J ) / 2  for T  < f  (2 .2)  ,
then BjB^B^ d iv id e s  tw o  regions in  w h ic h ,  under
assumptions ( i)  and ( i i ) ,  we should e xpe c t to  f in d  equal numbers of sources 
Before w e  compare the numbers o f quasars ac tua l ly  found in 
such e q u iv a le n t  reg ions, we have to  alfg.w fo r  the fa c t  tha t the set o f 
quasars in ^ j ' ^ 2 ^ 3  a f fe c te d  by o p t ic a l  s e le c t io n .  Sources w h ich
are in t r in s ic a l ly  fa in t  o p t i c a l l y  can o n ly  be found a t small redshifts 
on a c c o u n t  o f  the o p t ic a l  c u t o f f .  S im i la r ly  the o p t ic a l  d iagram  is 
a f fe c te d  by rad io  s e le c t io n ,  s ince  sources in t r in s ic a l ly  f a in t  ra d io -w is e  
can o n ly  be found a t small redshifts on a ccoun t o f  the rad io  c u t o f f .
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For o set o f sources free  from o p t ic a l  se le c t ion  out to 
redsh if t  z, w e  should c o n f in e  our a t te n t io n  to  sources w i th
7  opt > f o p t  ( " I  ) -
F low ever, i f  w e  choose z < Z| such th a t  /  (z) >  (z j)  ,
then by re la x in g  c o n d it io n  (19) to
A
7  op t ^  T o p t ( ' )  '
sources w i l l  be missed o n ly  from the fu r th e r  h a l f  o f the observable
reg ion  o f sp ace .  Since i t  transpires th a t  there are s ig n i f ic a n t ly  more
quasars in th is  fu r th e r  h a l f  fo r  a l l  the r e la t iv i s t i c  cosmolog ies, our
conc lus ions ( th a t  the numbers in the two e q u iv a le n t  volumes o f observable
space are unequa l)  are m ere ly  re in fo r c e d .  In F ig .  3b we show
\
-f- “ 7 (I .4) , fo r  exam ple  ( the  broken l ine )  . O p t ic a l
op t op t
s e le c t io n  operates aga ins t sources f a l l i n g  in the shaded reg ion  in
F ig .  3 b ,  s ince  they  w ou ld  have V  >  19 . I t  seems u n l ik e ly  tha t many
sources are "m iss ing " anyway*.
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S im i la r l y ,  fo r  a set o f quasars free  from rad io  se lec t ion  out to
w e should c o n f in e  our a t te n t io n  to sources w i th  
A
~  ~^rad ^^2^ ' v ie w  o f the p robab le  incompleteness o f
the id e n t i f ic a t io n s  fo r  l8 <  V  < 19 , w e  shall a p p ly  the o p t ic a l  
lu m in o s i ty -v o lu m e  test to sources w i th  V  < 18 o n l y . *
* I t  may seem lo g ic a l l y  unsa t is fac to ry  to take  the o p t ic a l  l im i t in g
m agn itude  as 19 when c o r re c t in g  the ra d io -d a ta  fo r  o p t ic a l  s e le c t io n ,
and as 18 when per fo rm ing  the o p t ic a l  lu m in o s i ty -v o lu m e  te s t .  H ov/eve r,
in the la t te r  case i t  is necessary o n ly  tha t we  choose some m agn itude
b r ig h te r  than or equal to  the a c tua l l im i t in g  m ag n i tu de ,  so our
p rocedure  is c e r ta in ly  cons is tent i f  the  da ta  is rep resen ta t ive  in the range
18 < V  < 19 ( though w as te fu l o f in fo rm a t ion )  . O n  the o the r hand i f
our set o f  quasars is in co m p le te  in the range 18 < V  < 19 , then the
e f fe c t  is much severer fo r  the o p t ic a l  lu m in o s i ty -v o lu m e  test than fo r
the  c o r re c t io n  o f the ra d io -d a ta  fo r  o p t ic a l  s e le c t io n ,  s ince many of
the  "m iss ing " sources w ou ld  be e xc luded  anyw ay  from the rad io  test
by the c o n d i t io n  ?  > Y  (I .4) .
op t — ^  opt
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S in ce  o n ly  2 o u t  o f our 37 sources have V  < 18 and z >  I .15 
p resum ab ly  due  to  ra d io  s e le c t io n ,  w e  take  z^  = 1.15. The l in e
C jC ^ C ^  now bounds the reg ion  o f  in te res t in F ig .  3 b .  A  set o f quasars
m a in ly  f re e  from  ra d io  s e le c t io n  ou t to redsh if t  I .15 can be ob ta ined  by 
d em a n d in g  J  >  j "  ^^^(0  .8) : a few  sources in the shaded
re g io n  o f  F i g .  3a w o u ld  be m issed, and these w o u ld  f a l l  e n t i r e ly  in 
the  fu r th e r  o f  th e  2 e q u iv a le n t  re g io n s .  The p o in t  o f this p rocedure  
is th a t  w e  more than d o u b le  the f ra c t io n  o f  the a v a i la b le  da ta  brought 
in to  p la y  .
F i n a l l y ,  the  l in e  in  F ig .  3b is de f ined  by
and
A
7 = V (I . l 5 ) / 2  fo r  J  >  T  .15)
Then i f  '  "C  '  are  the numbers of quasars found the
reg ions A , B  o f  F i g .  3a and C , D  o f F ig .  3b , re s p e c t iv e ly ,  we expec t 
"^A ~ *^B '  ~ hypotheses ( i)  and ( i i )  are s a t is f ie d .
To test w h e th e r  the  numbers o b ta ine d  are cons is tent w i th  these expec ta t io n s .
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w e  com pare  the  q u a n t i ty ^
( " A  "  ( " C  + " [ , )
2
w i t h  the  X v a r ia b le  w i th  2 degrees o f f re e d o m . A  p ro b a b i l i t y  
can then  be ass igned , from th is  comb ined  rad io  and o p t ic a l  lu m in o s i ty -  
v o lu m e  te s t ,  to  the  chosen cosm o log ica l model under assumptions ( i)  
and ( i i )  .
5 .  R e la t iv is t ic  co sm o lo g ica l  models w i th o u t  e v o lu t io n a ry  e f fe c ts .
The p rocedure  descr ibed  above  has been a p p l ie d ,  w i th  the 
a id  o f a c o m p u te r ,  to  a g r id  o f cosm o log ica l  models in the range:
- I  < q ^  < 3 ,  0 <  Q < 3 , w h ic h  inc ludes  most o f the reg ion
o f in te re s t  in the  -  q^  p la n e .
A  C  ' ■
R e ce n t ly  L em a it re 's  models have been readvo^ ted
(4 0 ,  8 8 ,  89);' these l i e  to the r ig h t  o f but c lose to cu rve  A  in
A
F i g .  I , and have  the  p o s s ib i l i t y  of an a n t ip o le .  Whereas 3“  (z) 
is m o n o to n ie  inc re a s in g  fo r  most m ode ls ,  in ce r ta in  models i t  can reach 
a m ax im um  and then s ta rt  to  d ec rease , e v e n tu a l ly  tend ing  to zero  a t  the
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a n t i p o le .
W e  m ay w r i t e  e qu a t io n  (2) as
in  the  case k = +1 , w he re
t
e
c d t
SO the  a n t ip o le  is the p o in t  w he re  -  tt .
The a p p l i c a t io n  o f the lu m in o s i ty -v o lu m e  test to the 
L e m a i t re  models has been discussed in  Paper III a t tached  to this thesis . 
A l th o u g h  these models have  d ra m a t ic a l l y  d i f f e r e n t  p ropert ies  to those 
s p e c i f ie d  by  the  in e q u a l i t ie s  g iv e n  a b o v e ,  i t  may w e l l  be tha t the 
la t te r  in c lu d e  a l l  the serious p o s s ib i l i t ie s .  In p a r t ic u la r  we note 
Bondage 's  (86) re c e n t  r e i te ra t io n  o f Humason , M a y a l l  and Bandage's 
(31) c o n c lu s io n  th a t  the  e v id e n c e  from the b r igh tes t ga lax ies  in 
c lusters favou rs  a p o s i t iv e  v a lu e  o f q^  . A g a in s t  th is must be set the 
fa c t  th a t  the  c lu s te r  d a ta  is ve ry  u n rep resen ta t ive  w i th  respect to vo lum e of 
s p a c e .  This is i l lu s t ra te d  by F ig .  3 c ,  w h ic h  shows the d is t r ib u t io n  
o f  o p t ic a l  lu m in o s i ty  aga ins t  vo lum e  o f space fo r  the da ta  of Humason 
M a y a l l  and B ondage , in  the de B i t te r  model ( ' g  = 0 , -  " 0 .
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In assert ing  th a t  th is  model is incons is ten t w i th  the d a ta ,  g reat 
w e ig h t  is b e ing  a t ta c h e d  to  the 3 remotest clusters .
A c t u a l l y  w e  have  tested models w i th  " ^  >  3 and > 3 ,
bu t these g iv e  no new results and a nyw ay  im p ly  unreasonable  values
-2 9  -3
fo r  the a ve rag e  d e n s ity  o f  the un iverse  ( . ^  >  6 x 1 0  gm cm ) •
9
and the  to ta l  age  o f  the  un ive rse  ( t ^  < 7 . 5  x  K) years),  re s p e c t iv e ly .
The fo rm u la e  used are summarized in  A p p e n d ix  2 . N o  model g ives 
a p r o b a b i l i t y  a bove  a fe w  p e rc e n t ,  so we may conc lude  w i th  some 
c o n f id e n c e  th a t  none o f these models ore cons is tent w i th  the present 
d a ta  fo r  quasars . In f a c t  ou ts ide  a narrow str ip  
- I  < q ^  <  - 0  .5 , 0 < 7^  < 0.1 , no model g iv e  a p ro b a b i l i t y
g re a te r  than  0 .1 per cen t . Here w e  are a t odds w i th  M c V i t t i e  and 
S ta b e l l  ( 3 5 ) ,  w ho  cons ide r  th a t  the model w i th  q^  = 0 , v ^  = 3
is a c c e p ta b le .  O u r  p rocedure  assigns a p ro b a b i l i t y  o f less than 0.01 percen t 
to  th is m ode l . E v o lu t io n a ry  fac to rs  must be a f fe c t in g  the d is t r ib u t io n  
o f  quasars i f  any  of the  r e la t iv i s t i c  models are to a p p ly .
S im i la r l y  i f  the o p t ic a l  lu m in o s i ty -v o lu m e  a lone  is app l ied  
( s u i ta b ly  c o r re c te d  fo r  the e f fec ts  o f  r a d io -s e le c t io n )  no consistant 
model can be f o u n d .  A l th o u g h  the p ro b a b i l i t ie s  are ra ther h ighe r  from 
th is  w e a k e r  te s t ,  a l l  the  models are ru led  ou t a t the  90 percen t leve l o f
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s ig n i f i c a n c e .  The least in co ns is te n t models are those near to the 
de S i t te r  m odel ( J q = 0 , = - I  ) .  These results should be
com pared w i th  those o f  So lhe im  from a p p ly in g  the m a g n i tu d e -re d s h i f t
test to  the c lu s te r  d a ta  o f Baum (32) and Hum ason, M a y a l l  and Sandage (31).
H is  ou te rm os t c o n to u r  inc ludes  an area o f the J ^  -  q^  p la ne  ve ry  
much la rg e r  than  the  w h o le  o f  th a t  w h ic h  we have cons ide red , ye t 
corresponds to  a p r o b a b i l i t y  o f  n e a r ly  40 per c e n t .  Such a comparison 
dem onstra tes the  g re a t  p ow er  o f  the lu m in o s i ty -v o lu m e  tes t ,  g ive n  a set 
o f o b je c ts  l i k e  the quasars to  w h ic h  i t  can be a p p l ie d .
I t  is te m p t in g  a t  th is  p o in t  to  c o nc lud e  tha t the  e v o lu t io n a ry  
fa c to rs  req u ired  to  g iv e  cons is tency  w i th  these cosm o log ica l models 
ca n n o t  be such as to a f fe c t  the rad io -em iss io n  o n ly :  th is was
sta ted in  Paper I . H o w e v e r ,  i f  the  r a d io - lu m in o s i ty  o f sources was 
g re a te r  in  the  p as t,  then the  p rocedure  descr ibed  in the  previous
/ f - n
sec t ion  does n o t  c o r r e c t ly  e l | îm in a te  the e f fe c t  o f  rad io  se lec t ion  from / ' ,
'1the  o p t ic a l  lu m in o s i ty -v o lu m e  te s t .  In f a c t ,  by in t ro d u c in g  a s u f f ic ie n t ly  
s trong e v o lu t io n a r y  e f fe c t  o f th is  k in d ,  the  appa ren t n o n -u n i fo rm i ty  
in the  d is t r ib u t io n  o f o p t ic a l  lum ino s it ies  can be made to d isappear in 
most co s m o lo g ic a l  models . This is discussed in A p p e n d ix  3 ,  w here  an 
a l t e r n a t i v e  and in d e p e n d e n t ly  d e r iv e d  form o f the  lu m in o s i ty -v o lu m e  test
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due  to  S ch m id t  (90) is a lso discussed .
The best w a y  to ru le  ou t the p o s s ib i l i t y  o f rad io  lu m in o s i ty  e v o lu t io n  
o n l y ,  is to  e xam in e  the  d is t r ib u t io n  in  space o f a set of quasars id e n t i f ie d  
e n t i r e l y  a t  o p t ic a l  f r e q u e n c ie s .  Braccesi 's  repo r t  (87) o f a source-  
c o u n t  s lope  o f  - I  .8 fo r  quasars a t in f ra red  frequenc ies  suggests tha t 
i f  the  n u m b e r-d e n s ity  o f  quasars a t  any  epoch is p ro p o r t io n a l  to the 
smoothed o u t  c o s m o lo g ic a l  d ens ity  a t th a t  e p o c h ,  then the ty p ic a l  
o p t ic a l  lu m in o s i ty  must also have been g rea te r  in the past, fo r  the 
r e la t i v i s t i c  m odels to  a p p ly .  Presumably the o p t ic a l  and rad io
emissions w o u ld  then  have  to  arise from a common mechanism . The 
e v id e n c e  fo r  a re la t io n s h ip  be tw een  o p t ic a l  and rad io  lum ino s ity  is 
discussed in  se c t io n  7 .
A n  a l t e r n a t i v e ,  and perhaps s im p le r  , e xp la n a t io n  is th a t  the 
f r a c t io n  o f  m a te r ia l  in  the form o f quasars is a decreas ing  fu n c t io n  o f the 
cosm ica l t im e .  In e i th e r  case,’ s ince  o p t ic a l  counts by Sandage (41) 
d ow n  to  18 .5 m agn itudes  o f th e  H a ro -L u y te n  ca ta logues o f b lue  ob jects  g ive  
a s lope ra th e r  less steep than -1 .0 (d log N /  d m ^^  = 0 . 3 8 ) ,
w e  may d ed uce  th a t  these quasars do not make a dom inan t c o n t r ib u t io n  
to  those ca ta lo gu es  a t . 4 8 .5  m . But a substantia l c o n t r ib u t io n  is , o f cou ise ,
n o t ru led  o u t  by th is  a rg u m e n t .  O r  p u t t in g  the argument ano ther w a y ,
i f  the  quasars do  m ake a d o m in a n t  c o n t r ib u t io n  to the H a ro -L u y te n
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c a ta lo g u e s  a t  f a i n t  m ag n i tu de s ,  then w e  have  to  ru le  out e i th e r  
the  co s m o lo g ic a l  in te rp re ta t io n  o f  the redshifts  o f quasars ,  or the ' 
r e la t i v i s t i c  co s m o lo g ie s .
Before a t te m p t in g  to  set some l im i ts  on the e v o lu t io n a ry  
param eters  req u ired  to  o b ta in  cons is tency  w i th  r e la t i v i s t i c  m odels , we 
discuss some o f the  p hys ica l  fa c to rs  w h ic h  m ig h t  g iv e  rise to  e v o lu t io n a ry  
e f f e c t s .  Some u n re a l is t ic  assumptions made fo r  reasons of m athem a tica l 
s im p l ic i t y  m ay w e l l  v i t i a t e  some of the conc lus ions  o f e a r l ie r  
in v e s t ig a t io n s  .
6 .  Possible e v o lu t io n a ry  fac to rs  a f fe c t in g  the d is t r ib u t io n  o f quasars
S ince  o n ly  a small f r a c t io n  o f  the a v a i la b le  m a te r ia l  a t any epoch 
appears to  be in  the  fo rm  o f a c t i v e  quasars, i t  is q u i te  u nce r ta in  tha t 
th is f r a c t io n  should be the same a t d i f fe r e n t  epochs . H o w e v e r ,  
w e  may d is t in g k u is h  tw o  s i tua t ions  o f p a r t ic u la r  in te re s t : -
(a) Q uasars a re  v io le n t  outbursts in p re -e x is t in g  agg lom era tions  o f m atte r  
Such a v ie w  l in k s  them w i th  the strong ra d io -g a la x ie s ,  w h ic h  they 
resemble in to ta l  ra d io  p o w e r ,  in  ra d io  spec tra ,  and in ce r ta in  cases, 
in ra d io  s t ruc tu re  ( e . g . 3 C 4 7 ) .  I t  is then reasonable to suppose tha t the 
f r a c t io n  o f  m a t te r  in the  form of a c t iv e  quasars a t  any (recen t)  epoch is 
in d e p e n d e n t  o f epoch . But th is  is c e r ta in ly  not necessary, fo r  e v o lu t io n
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in  n u m b e r -d e n s i ty  r ; ( t )  may arise  i f  the p ro b a b i l i t y  th a t  an o b je c t  
has an o u tbu rs t  be tw een  epoch t and t + d t  , p(t) d t ,  is 
a fu n c t io n  o f  e p o c h ,  or i f  the  ty p ic a l  l i fe t im e  o f a source is a fu n c t io n  
o f  epoch .
L u m in o s ity  e v o lu t io n  may also o c c u r ,  th a t  is , the ty p ic a l  
lu m in o s i ty  o f  a source may be a fu n c t io n  o f epoch .
The o b je c ts  und e rgo ing  the outbursts must then have some 
k n o w le d g e  o f  the  cosm ica l e p o c h .  E ithe r  they  w ere  a l l  born 
s im u lta n e o u s ly  and are aw are  o f th e i r  age ( through some in te rna l 
e v o lu t io n ) ,  or the  outbursts ( a n d /o r  the associated ra d ia t io n )  are the 
results o f in te ra c t io n  w i th  uncondensed m a te r ia l  whose propert ies  change 
w i th  epoch . Theories o f  the la t te r  k in d  m ig h t  be s u itab le  fo r  ra d io -g a la x ie s ,
i f  i t  t ra n sp ire  th a t  th ey  too  must e v o lv e ,  s ince th e i r  rad io -em iss ion  is
o f te n  cen te red  fa r  from  the o p t ic a l  g a la x y  . But they  do not seem 
v e ry  l i k e l y  fo r  the v e ry  com pac t quasars, p a r t i c u la r ly  as i t  is p robab le
th a t  the ty p ic a l  o p t ic a l  lu m in o s i ty  is requ ired  to  be g rea te r  in the past
i f  th e re  is no e v o lu t io n  in  n u m b e r -d e n s i ty .
W e  shall in v e s t ig a te  tw o  simple  m a them a tica l forms of 
lu m in o s i ty  e v o lu t io n :
- Q |  _  Q l
a) F (t)  a R(t) , w h ic h  w e  can w r i t e  F(z) a (I + z) ^
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b) F(t)  a e x p ( -  const R (t ) ) ,  w h ic h  w e  can w r i te
F (z)  a exp  [ (  I + z^  ) .  (I  ------ ----- ^ ) ]
For the  co sm o lo g ica l  models cons idered  B y Dav idson and D av ies  (20 ,  21)
in  w h ic h  R(t) has a pow er law  dependence on the  cosmical t im e  t ,
our fo rm  o f e v o lu t io n  (a) is e q u iv a le n t  to  th a t  considered by Davidson
and D av ie s  nam e ly  a pow er law  dependence  o f lum ino s i ty  on cosmical t im e .
O f  the r e la t i v i s t i c  c o sm o lo g ica l  m ode ls , o n ly  the Einstein de S i t te r
2 / 3
m o d e l , w i th  R(t) a t  , is o f  the  form considered by Davidson 
and D a v ie s ,  so th a t  o n ly  th e i r  results fo r  th is model can be compared 
w i t h  th is w o rk  .
The d is a d v a n ta g e  o f  e v o lu t io n s  o f the form (a) is tha t 
th e y  must be t ru n c a te d  a t some f i n i t e  v a lu e  o f  z  , z *  say, in 
o rd e r  th a t  a f i n i t e  backg round  ra d ia t io n  be o b ta ine d  . Dav idson and 
D a v ie s  (20) choose fo r  z ' the  p o in t  a t w h ic h  
d Q2—  f  f ( z )  -  Q|^ . log^Q (I + z ) j = 0 , w h ic h  seems a co m p le te ly
a rb i t r a r y  assumption and may s trong ly  in f lu e n c e  his conc lus io ns .  Longa ir  (18) 
takes z*  as a p a ram ete r  to  be f i t t e d  to  the  obse rva t ions , and requires 
a v a lu e  fo r  z* o f  a bou t 3 to o b ta in  cons is tency w i th  the source-  
coun ts  and the  in te g ra te d  backg round  in  the Einstein de S i t te r  model .
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But unless the re  are strong p hys ica l  grounds fo r  cons ider ing  
e v o lu t io n s  o f  the  fo rm  (a ) ,  i t  seems ra th e r  p rem ature  to  conc lude
th a t  the re  is a rea l d ea r th  o f  sources beyond z = 3 -  4 (18) ,
A n  e xa m p le  o f  a form o f  e v o lu t io n  th a t  does not requ ire  such a 
t r u n c a t io n  is p ro v id e d  by from  (b ) ,  w he re  the ty p ic a l  lu m in o s i ty  a t  any 
epoch  d e c l in e s  e x p o n e n t ia l  ly  w i th  e p o c h .  W e  inve s t iga te  th is  form 
in o rd e r  to  dem ons tra te  tha t d e f i n i t i v e  conc lus ions  can not be ob ta ined  
by c o n f in in g  a t te n t io n  to  from (a) o n l y ,  ra the r  than fo r  any spec ia l m er i t  
in  an e x p o n e n t ia l  e v o lu t io n  . The a c tua l form o f e v o lu t io n  cannot 
r e a l l y  be d e te rm in e d  u n t i l  the  s truc tu re  o f  the sources has been se tt led  .
But as in  i l lu s t r a t io n  o f the w a y  d i f fe r e n t  models fo r  the emission m igh t
-
g iv e  r ise to  d i f f e r e n t  e v o lu t io n a ry  param eters , w e  note  tha t :
= 3 corresponds to  F (t) a . ■ (t) , v /h ich  cou ld  arise i f  the
emission w e re  the  resu lt  o f the  in te ra c t io n  o f h ig h - v e lo c i t y  shocks 
or e je c te d  m a te r ia l  w i th  in te r g a la c t ic  m a te r ia l  :
= 3 . 5  corresponds to  F (t)  a Fl(t)^ , H (t )  a R(t) ,
y  = 2 .5 , w h ic h  cou ld  arise  i f  the  emission w ere  the synchroton 
r a d ia t io n  o f e le c tro n s  w i th  a p o w e r - lo w  energy  spectrum of index  2 . 5 ,  
in  a u n iv e rs a l  m a g n e t ic  f i e ld  : as the u n iv e X e  expands the m agne t ic
pressure is supposed to  expand a d ia b a t ic a l l y  (H R = co ns ta n t ) .
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(b) Q uasars correspond, to the fo rm a t io n  o f  ga lax ies  
I f  g a la x ie s  burn up some 20 pe rcen t o f th e i r  Hydrogen  du r in g  the f in a l  ' 
stages o f  th e i r  fo rm a t io n ,  perhaps ins ide  massive o b je c ts ,  then ob jec ts  
e m i t t in g  ene rgy  a t  abou t the rate  found in quasars w ou ld  be expected  (43) 
I f  th is  stage is short compared w i th  cosm o log ica l  t im e -s c a le s ,  then the 
n u m b e r -d e n s i ty  o f quasars w o u ld  be p ro p o r t io n a l  to the rate  o f g a la x y  
fo rm a t io n  . In th is  case i t  w o u ld  be e x tre m e ly  unreasonable  to suppose 
th a t  the  n u m b e r-d e n s ity  o f quasars is independen t of epoch . For . 
co m p a r iso n ,  the ra te  of s ta r - fo rm o t io n  is o f ten  taken  to have a p o w e r -  
law  d ep e n d e n ce  on the gas dens ity  , O r  perhaps an e xponen t ia l  
dep e n d e n ce  w o u ld  be m ore  a pp ro p r ia te  . W e  have  tested both of the 
foiTns;
c) q ( t )  a (I + z ) ^ D
d) q ( t )  a exp [ ( I + z ^ )  . (I -  1/(1 + z ) ) ;  w he re  Q ^^ /
a re  param eters  .
E v o lu t io n  (c) has to  be t run ca ted  a t  some z* , but not form (d) .
7 . M o d i f ie d  lu m in o s i ty -v o lu m e  test .
In o rde r  to  test cosm o log ica l  models when e v o lu t io n a ry
e f fe c ts  o f the  k in d  discussed in the p re ced ing  sec t ion  are present.
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w e  m o d i fy  the  lu m in o s i ty -v o lu m e  d iagrams in a s imple  w a y ,  
desc r ib e d  in  ( 2 4 ) .  W e  cons ide r  the d is t r ib u t io n  o f " c o r re c te d "  
lu m in o s i t y ,  ' , w i th  respect to  " w e ig h te d "  v o lu m e ,  . '
Assum ing th a t  the  in c re a s e  o f lu m in o s i ty  w i th  redsh if t  is the same fo r  a l l  
classes o f quasars, w e  d iv id e  ou t th is  increase and compare the 
d is t r ib u t io n  o f the lum ino s it ie s  as they  w o u ld  be a t  the present epoch in 
d i f f e r e n t  ranges o f  v o lu m e ,  w e ig h te d  by the  pos tu la ted  increase in 
n u m b e r -d e n s i ty  w i th  r e d s h i f t .  Thus fo r  the fo u r  types o f  e v o lu t io n  
suggested in  the p rev ious  sec t ion :
(a) y  = T  -  -'°9 |0 (I + z)
(b) T  ' = X  -  (I + 2.^ .(I -  I J  -^----  ) . lo9|Q e
(c) ' =
r  ^  2
 ^ 4-n-r . (I + z) ' .d r
(d) \ 0
2 I
0 4-iïr . exp (I + z ) .  (I -    ) . dr
9 /  3
( I + k r  / 4 )
N o w  i t  is an assumption u n d e r ly in g  our ana lys is  tha t the rad io  and 
o p t ic a l  lu m in o s i t ie s  are  in d e p e n d e n t .  S ince  w e  are req u ir in g  rad io
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and o p t ic a l  lum in o s i t ie s  to  be in f lu e n c e d  by the same e v o lu t io n a ry  
fa c to rs  in cases (a) and (b ) ,  we need to  cons ider w h e th e r  there  is 
a d e ta i le d  c o r re la t io n  be tw een  ra d io  and o p t ic a l  lu m in o s i t ie s .  Such 
a c o r re la t io n  m ig h t  appea r i f  the o p t ic a l  and rad io  emissions w ere  
p roduced  by the same m echan ism , and w ou ld  in v a l id a te  results ob ta ined  
by the  m o d if ie d  lu m in o s i ty -v o lu m e  te s t .  In F ig .  5 we have p lo t te d  
the  o p t ic a l  aga ins t  ra d io  lu m in o s i ty  fo r  quasars w i th  z < 0 , 6 .
Q uasars  w i t h  la rge  red sh if t  can o n ly  be observed i f  they  are in t r in s ic a l ly  
p o w e r fu l  both  o p t i c a l l y  and ra d io -w is e ;  thus a spurious c o r re la t io n  
be tw e en  o p t ic a l  and ra d io  lu m in o s i ty  is in t roduced  i f  a l l  quasars are
p lo t te d  in th is  d iag ram  . M o re o v e r  fo r  quasars w i th  la rge  redshifts
the e f fe c ts  o f  co sm o lo g ica l  model and e v o lu t io n a ry  hypothesis are very  
l a r g e .  F i g .  5 shows lum in o s i t ie s  as c a lc u la te d  in the M i ln e  m od e l,
bu t the  results are no t v e ry  d i f f e r e n t  fo r  o the r  models .
F ig  . 5 shows c le a r l y  th a t  there  is no d e ta i le d  c o r re la t io n  between 
o p t ic a l  and ra d io  lu m in o s i t ie s ,  so th a t  the p rocedure  described in
se c t io n  4 w i l l  be v a l i d .
8 .  A n  upper  l im i t  to  the r a te ' o f lu m in o s i ty  e v o lu t io n
Before w e  p roceed  to test e v o lu t io n s  o f the form (a) -  (d) , i t  is
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a d v is a b le  to  cons ide r  w h e th e r  a r b i t r a r i l y  la rge  va lues of the  parameters
and are  a c c e p ta b le .  The e f fe c t  o f c o r re c t in g  the
A
lu m in o s i t ie s  o f  a l l  the sources is to reduce the  va lu e  o f ,:r (z) fo r  any
g iv e n  v a lu e  o f z ,  by an amount w h ic h  increases w i th  z .
A
In f a c t  th e re  is a v a lu e  o f  z fo r  win ich y (z) reaches a m ax im um , 
d ec re a s in g  fo r  la rg e r  va lues o f  z .  The consequences o f this
re d s h i f t  f a l l i n g  w i t h in  the range o f redsh if t  covered  by our set of 
quasars can be seen from  F ig s .  6o , b^ w h ic h  show the o p t ic a l  and 
ra d io  lu m in o s i ty - v o lu m e  d iagrams fo r  the Einstein de S it te r  m o d e l ,  
co r re c te d  fo r  lu m in o s i ty  e v o lu t io n  o f  form (a) w i th  = 3 . 0 7 .
In th is  case + ( z )  has a m axim um  a t redsh if t  2 .2  , and i f  this form of 
e v o lu t io n  is c o r re c t  then w e  should e xp e c t  la rge  numbers o f quasars w i th  
red sh if ts  g re a te r  than 2 .2 and f lu x e s  above the 30 l im i t in g  f l u x - l e v e l  . 
N o w  a lth o u g h  a sharp d e c l in e  in the o p t ic a l  con t inuum  emission beyond 
Lym an a (44) co u ld  e x p la in  the absence o f such ob jec ts  amongst those 
3C sources id e n t i f ie d  w i th  b lue  q u a s i- s te l lo r  o b je c t s ,  they  should be 
v is ib le  as red s te l la r  o b je c t s .  F i g .  6b shows the e f fe c t  o f such a 
sharp c u to f f  ( a r b i t r a r i l y  taken  as F( v ) a v. ) on the d is t r ib u t io n  
o f  v isua l lum in o s i t ie s  . C le a r l y  ve ry  many ob jec ts  should be found 
in 3C w i th  redsh if ts  be tw een  2 .2  and 3 .5  (note  th a t  the scale has
41
been compressed beyond = 0 .2 5  ) . Beyond z = 3 . 5  , the
ra d io -s o u rc e s  w o u ld  correspond to em pty  f ie ld s  down to 19 m agn itudes . 
N o w  a lth o u g h  the re  are  one or tw o  te n ta t iv e  id e n t i f ic a t io n s  o f 3C 
sources w i t h  red s te l la r  o b jec ts  (4 5 ) ,  and about 30 sources 
assoc ia ted  w i t h  em p ty  f ie ld s  (4 6 ) ,  m any o f the  la t te r  are l i k e l y  to  be 
d is ta n t  r a d io - g a la x ie s .  Thus the id e n t i f ic a t io n s  o f  3C do no t pe rm it  
la rge  numbers o f quasars beyond red sh if t  2 . 2 ,  and e vo lu t io ns  so extrem e 
os to  p ro du ce  the  s i tu a t io n  i l lu s t ra te d  in F ig  . 6 can be ru led  o u t .
W e  ore  lo a th  to  in t ro d u c e  some ad hoc c u to f f  in the d is t ru b t io n  o f 
quasars beyond  z = 2 . 2  u n t i l  the less extrem e m odels , where  the rad io  
c u to f f  p rov ides  a f a i r l y  na tu ra l  e x p la n a t io n  o f the absence o f 3C 
quasars beyond  z = 2 .2 , have  been e l$ im ina ted  .
Thus in  any  m odel w e  re s t r ic t  our a t te n t io n  to va lues o f
A--T
Q|^ ‘ f o r  w h ic h  the  maximum in  (z) occurs a t z >  2 . 2 .
This l im i t a t i o n  is in d ic a te d  by a d ash -d o t ted  l in e  in Figs . - 4 ,  7 - 1 0 .
M o d e ls  w h ic h  req u ire  less than but close to
th is  l im i t i n g  v a lu e  are c le a r ly  u n s a t is fa c to ry ,  by the same a rgum en t.
For th is  reason the  models in  the top r ig h t -h a n d  corners o f Figs . 4a and b 
a re  p ro b a b ly  ru led  o u t ,  even though they  g iv e  cons is tency w i th  the 
m o d i f ie d  lu m in o s i ty - v o lu m e  te s t .
F i n a l l y ,  w e  m ay remark th a t  i t  is a p e c u l ia r i t y  of a l l  models
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w i th  lu m in o s i ty  e v o lu t io n  tha t the co rrec ted  lum ino s i ty  o f 3C 273 
the  quasar w i th  the  sm alles t red sh if t  in our se t,  Is the largest of a l l ;  
th is  p e c u l i a r i t y  a lso a pp lie s  to some cosm o log ica l models even w i th o u t  
lu m in o s i ty  e v o lu t io n  (34) .
9 .  C o r re c t io n  fo r  the incom ple teness o f the da ta  fo r  V  > 1 8  
W e  c a n n o t  hope  to  o b ta in  a c c u ra te  va lues fo r  the e v o lu t io n a ry  parameters 
i f  the  s e le c t io n  e f fe c t  pos tu la ted  by Penston and Rowan-Robinson (3) 
is p re s e n t .  W i th o u t  some such e f fe c t  w e  have to a dm it  tha t the 
quasars w i t h  la rge  re d sh i f t  are  d is t r ib u te d  a n is o t ro p ic a l ly ,  so tha t 
ana lys is  o f  the  p resen t k in d  is i n v a l i d .  S ince  the quasars w i th  
V  > 1 8  c o v e r  a bou t h a l f  as much o f the sky os those w i th  V  < 18, 
the  s im p les t c o r re c t io n  is to  in c lu d e  each o f  the  sow ces w i th  V  > 1 8  
t w i c e .  Such a c o r re c t io n  in f lu en ces  the rad io  lu m in o s i ty -v o lu m e  test 
o n ly :  the  gene ra l  e f fe c t  is to increase the va lues o f  the e v o lu t io n a ry
param eters  s l i g h t l y ,  though the results are not changed much 
q u a l i t a t i v e l y  .*
*  See A p p e n d ix  3 fo r  results using more recen t d a ta .
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10. E v o lu t io n a ry  parameters in the  r e l a t i v i s t ic  m ode ls .
Some o f  our results are  summarized in F ig s ,  4 ,  7 - 1 0 .  The rriodels we
have  tested are as fo l lo w s ;
i) a g r id  o f  models in  the range; - I  < < 3 , 0 < J < 3 ;
lu m in o s i ty  e v o lu t io n  (a) w i th  = 2 .5  , 3 (F ig s .  4a and b)
i i )  m odels w i th  = 0  , k = 0 , and =  0 re s p e c t iv e ly ;  
lu m in o s i ty  e v o lu t io n  (a) fo r  a range o f (Figs . 7 a ,  b ,  and c) .
i i i )  m odels w i t h  =  0 and = 0 ; lu m in o s i ty  e v o lu t io n
(b) , and d e n s ity  e v o lu t io n s  (c) and (d) fo r  ranges o f the 
re s p e c t iv e  param eters  z^  , (F ig  . 8a , b ; 9a and b) .
iv )  de S i t t e r ,  M i l n e  and E inste in  de S i t te r  models; combined 
e v o lu t io n s  o f  ty p e  (a) and (c) ( F ig s . IO a ,b ,  and c ) .
In each f ig u r e  w e  show in te rp o la te d  contours o f 10 and 20 percen t 
p ro b a b i l i t ie s  th a t  the present a v a i la b le  da ta  is consistent w i th  the  
g iv e n  m odel . M o d e ls  g iv in g  p ro b a b i l i t ie s  be low  10 pe rcen t can 
p ro b a b ly  be ru le d  o u t ,  even when the l im i ta t io n s  of the present 
w o rk  o re  borne  in  m ind . W e  regard models g iv in g  p ro b a b i l i t ie s
h ig h e r  than  20 per  cen t as a c c e p ta b le ,  though many of these w i l l  *
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a lm ost c e r ta in ly  be ru led  p u t  w hen  more complete da ta  down to  a low er 
f l u x - l e v e l  is a v a i l a b le .  W e  discuss each o f  the fou r  e v o lu t io n a ry  
hypotheses desc r ib e d  in  sec t ion  6 ,  in  tu rn :
(a) p o w e r - lo w  lu m in o s i ty  e v o lu t io n ,  w h ic h  has been favoured  by a 
num ber o f  a u th o rs ,  is the  most v u ln e ra b le  of the fo u r  hypotheses to th is 
k in d  o f a n a ly s is .  There are few  models in w h ic h  th is  k in d  o f e v o lu t io n  
g ives  co ns is te ncy  w i th  th e  d a t a .  F ig .  7a shows th a t  o f the models w i th  
z e ro  co s m o lo g ic a l  co n s ta n t ,  the o n ly  sa t is fac to ry  models are those w i th  
c lose  to  z e r o .  The best va lues fo r  are in the range
0 .005 to  0 .03 , co rrespond ing  to a smoothed o u t  d en s ity  a t the
-31 -31
presen t epoch  of 10 to  6 .10 gm per c c . The close
ag ree m e n t w i t h  va lues  o b ta in e d  from c o u n t in g  up the ac tua l ga lax ies
observed (30) shou ld  be regarded as c o in c id e n ta l  u n t i l  there are some
strong grounds fo r  b e l ie v in g  th a t  e v o lu t io n  o f th is k in d  is a f fe c t in g  the
d is t r ib u t io n  o f lum in o s i t ie s  o f quasars .
W h e n  a n o n -z e ro  co sm o lo g ica l constan t is in c lu d e d ,  the
most s a t is fa c to ry  models are those w i th  ' ^  close to zero (F igs . 4a and b);
7b) . O f  the  c o m p le te ly  em pty  models by fa r  the most sa t is fac to ry  is
the  de S i t te r  m o d e l ,  and those w i th  q ^  >  I are ru led  o u t .  Thus
e x a c t l y  those models w h ic h  m ig h t  have been expec ted  f iom  cons ide ia t ion
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o f the  a c tu a l  d e n s ity  o f m a te r ia l  observed to d a te ,  and from the 
p rob lem  o f  the  long  ages o f  the o ldes t stars, are p re fe rred  on th is 
e v o lu t io n a ry  hypo thes is  .
(b) E x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  g ives cons is tency  w i th  the data  
a t  the  10 p e rc e n t  le v e l  fo r  a l l  the  cosm o log ica l  models tested to  da te  
(Figs . 8a and b) . In v ie w  o f the  advan tage  o f  th is  form o f 
e v o lu t io n  a lre a d y  d iscussed, nam e ly  th a t  no a rb i t ra ry  t ru n c a t io n  o f the 
d is t r ib u t io n  is r e q u i re d ,  th is  resu lt  p rov ides  cons ide rab le  in c e n t iv e  fo r  
fu r th e r  in v e s t ig a t io n  o f e v o lu t io n s  o f th is type  . A t  the 20 percen t 
le v e l  models w i th  . = 0 , q ^  >  I , are  ru led  o u t ,  but a l l  the empty 
models ore  a c c e p ta b le  . For in te res t we show the 30 percen t contours 
a lso  in F ig s .  8a and b: these look  v e ry  l i k e  the 20 pe rcen t contours
in F ig s .  7a and b , suggesting th a t  w h e n  more da ta  is a v a i la b le ,  
s im i l ia r  co nc lus io ns  w i l l  be reached as fo r  case (a) . The best values 
fo r  the pa ram e te r  a re  in  the  range 5 to  6 ; the s ig n i f ic a n c e  of
Z|^  is th a t  be tw een  the  epochs corresponding  to z = “  and
z = Z|^  the  t y p ic a l  lu m in o s i ty  o f quasars has been reduced by a
fa c to r  I / e  . A t  the  present epoch the ty p ic a l  lum inos ity  is between
O c
10 and 10 ' o f the v a lu e  a t epoch t = 0 .
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(c) This ana lys is  is e x t re m e ly  inse ns it ive  to p o w e r - la w  dens ity
e v o lu t io n ,  in  th e  sense th a t  fo r  a l l  models q u i te  a w id e  range o f the 
pa ram e te r  is cons is ten t w i th  the  d a ta  (F ig s .  9a and b) . Thus
the  e a r l i e r  c o n c lu s io n  o f  the preserf au tho r  (2 4 ) ,  th a t  d en s ity  e v o lu t io n  
was a t  leas t as cons is ten t w i th  the d a ta  as lu m in o s i ty  e v o lu t io n ,
con now be s treng thened  to the s ta tem ent;
d e n s ity  e v o lu t io n  g ives  much b e t te r  cons is tency  w i th  the da ta  than 
lu m in o s i ty  e v o lu t io n  .
W e  m ay note  th a t  o f  the models w i th  zero  cosm o log ica l cons tan t ,  
the  em pty  models re q u ire  the  least severe e v o lu t io n :  and tha t o f  the
em p ty  models ( in c lu d in g  those w i th  n o n -z e ro  cosm o log ica l  constant) the 
de  S i t te r  requ ires  by fa r  the  least severe e v o lu t io n  .
(d) S im i la r l y  in s e n s i t iv e  results are o b ta ine d  fo r  expo ne n t ia l
d e n s i ty  e v o lu t io n ,  w i th  the best vq|;ues o f be ing  in the range
7 -  13. H ere  the s ig n i f ic a n c e  o f  the parameters z ^  is tha t between
the epochs co rrespond ing  to z = ^  and z = z ^  fbe f ia c t io n  of
m a te r ia l  in  th e  fo rm  o f a c t i v e  quasars has decreased by a fa c to r  I / e  .
3 "5
A t  the  p resent epoch th a t  f r a c t io n  is o n ly  between 10 and 10 
o f  the v a lu e  a t  t = 0 . I f  w e  cons ider quasars to  be the b ir th -pangs
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o f  g a la x ie s ,  then  w e  may = c o n c lu d e  th a t  most o f  the ga lax ies  had 
fo rm ed  by the  epoch co rrespond ing  to  redsh if t  10 + 3 .
The com parison  o f  the  M i l n e ,  de S i t te r  and Einstein de S i t te r  models is 
v e ry  in te re s t in g  (F ig s .  lOa, b and c) . D en s i ty  e v o lu t io n  a lone  is 
cons is ten t w i t h  the  d a ta  fo r  a l l  th ree  m ode ls ,  as also are in te rm e d ia te  
cases w i t h  com b ined  lu m in o s i ty  and d en s ity  e v o lu t io n .  Lum inos ity  
e v o lu t io n  a lo n e  is cons is ten t w i th  the de S i t te r  model fo r  
2 < Q  < 3 . 5 .  For the  M i l n e  model a ra the r  small range about 
= 2 . 5  is cons is ten t : w i th  more d a ta  a more d e ta i le d  analys is
m ay e n a b le  th is  p o s s ib i l i t y  to  be c o m p le te ly  ru led  o u t .  W i th  the 
E ins te in  de  S i t t e r  model o n ly  va lues o f w h ic h  g iv e  rise to the
d i f f i c u l t y  discussed in sec t ion  8 are co n s is te n t .
II C om par ison  w i th  e a r l ie r  w ork
( i)  L o n g a ir  (18) has in te rp re te d  the C am br idge  rad io  source-
counts in terms o f p o w e r - la w  lu m in o s i ty  and d ens ity  evo lu t ions  o f the most 
lum inous  sources , in the  E instein de S i t te r  model . The best parameters 
he o b ta in e d  (Q^^ -  3 . 3 ,  Q p  = 5 . 7 )  agree w e l l  w i th  those
o b ta in e d  in  th is  ana lys is  o f  the a v a i la b le  da ta  fo r  quasars. H o w e ve r ,  as
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w e  have  rem arked  in the  p rev ious  s e c t io n ,  lu m in o s i ty  e v o lu t io n  w i th  
o f  o rd e r  3 or more in '^ h e  E inste in  de S i t te r  model w ou ld  
re q u ire  the e x is te n c e  o f  a la rge  number o f sources in 3C to  be 
id e n t i f ie d  w i t h  q u a s i - s te l la r  ob jec ts  w i th  redshifts g rea te r  than 2 .2 .
This d i f f i c u l t y  co u ld  o n ly  be overcom e by supposing th a t  
th e re  is a rea l t r u n c a t io n  o f the quasars a t  red sh if t  2 .2 ; th is v a lu e  
is s ig n i f i c a n t l y  lo w e r  than  the va lu e  requ ired  by L o n ga ir  in his 
a na lys is  (z *  = 3) . This d i f f i c u l t y  is less severe in the M i ln e  and 
de  S i t te r  m odels .
( i i )  D av idson  and D av ies  (21) have argued th a t  the hypothesis
o f g a la c t i c  c o l l is io n s  can be ru led  ou t (w i th o u t  a d d i t io n a l  lum inos ity  
e v o lu t io n )  on the  grounds o f  the so u rce -co u n ts ,  fo r  models w i th  
R(t) a t . W h i l e  w e  do no t necessar i ly  w ish to  advo ca te  th is 
hy p o th e s is ,  w e  n o te  th a t  th is  case, w h ic h  corresponds to p o w e r - la w  
d e n s i ty  e v o lu t io n  w i th  Q p  -  3 , is no t ru led  o u t  fo r  the quasars
in the  de  S i t te r  m odel . O f  course the de S i t te r  model is not of 
the  fo rm  cons ide red  by D av idson  and D a v ie s ,  but th is demonstrates 
th a t  the  range o f models cons idered  by them does not necessari ly  
in c lu d e  the  f u l l  range o f  p rope rt ies  shown by the r e la t iv is t i c  m ode ls .
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( i i i )  A l th o u g h  the  d e n s i t y -e v o lu t io n  hypothesis does not a l lo w  us to 
s p e c i fy  the  co s m o lo g ic a l  model /  w e  may compare the results ob ta ined  
fo r  the  lu m in o s i t y -e v o lu t io n  hypothes is  (a) w i th  those ob ta ined  using the 
b r ig h te s t  g a la x ie s  in  c lusters ( 2 9 ,  31 -  3 3 ) .  I f  the cosm o log ica l 
co ns tan t is set equa l to z e ro ,  and a l lo w a n c e  is made fo r  the 
e v o lu t io n  o f  the stars in g a la x ie s ,  both analyses agree In dem and ing  a 
v a lu e  fo r  q ^  c lose to z e r o .  W hen  models w i th  n o n -z e ro  cosm o log ica l 
co ns tan t are  cons ide red  our ana lys is  g ives the de S i t te r  as the most 
fa v o u ra b le  m odel . For cons is tency  of th is  model w i th  the 
c lu s te r  d a ta  ra th e r  s teeper o p t ic a l  lu m in o s i ty -e v o lu t io n  w ou ld  be 
re q u ire d  than  has been cons idered to  da te  (33) .
12 . O th e r  c o sm o lo g ica l  m o d e ls .
( i )  The Steady-St-ate model
M a t h e m a t i c a l l y ,  the S te a d y -S ta te  model is e q u iv a le n t  to  the de 
S i t t e r  model w i th  n e g a t iv e  p o w e r - la w  d e n s i t y -e v o lu t io n ,  w i th  
Q p  = 3 . The com b ined  o p t ic a l  and rad io  lu m in o s i ty -v o lu m e  tests g ive  
a p r o b a b i l i t y  o f  o n ly  0.01 p e rc e n t  fo r  th is  m o d e l .
( i i )  B rans-D ic k e  models w i th  k -  0 .
Brans and D ic k e  (47) have  g iv e n  the so lu t ion  o f the cosm olog ica l 
equa t ions  o b ta in e d  from th e i r  sca la r- te nso r  th eo ry  o f  g ra v i ta t io n
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fo r  the  cose k = 0 : the  models are g iv e n  by R(t) a
w h e re  u is a cons tan t o f  the th eo ry  w h ic h  can range from zero  to
i n f i n i t y  . As w —>  these models tend to the  E instein de  S i t te r
model . W e  have  tested these models fo r  a range of w :
fo r  0) >  4  th e y  g iv e  results id e n t ic a l  to  the Einste in  de S i t te r  model
(see F i g .  I I ,  -  to ) . The v a lu e  o f  to in fe r re d  by D ic k e  from his
in te rp re ta t io n  o f  his measurements o f the  so la r oblateness is about 
6 (48) . Thus th e re  is l i t t l e  p rospect o f d is t in g u is h in g  between  the r iv a l  
th eo r ie s  o f  g ra v i t a t io n  on the  basis o f  cosm o log ica l  te s ts .
13. C on c lus ion s  fo r  quasars .
I f  the  redsh if ts  o f  quasars are  co sm o lo g ica l our te n ta t iv e  conc lus ions 
o re  th a t :
( i)  no r e la t i v i s t i c  m odel is cons is ten t w i th  the d a ta  fo r  quasars w i th o u t
some e v o lu t io n a r y  fa c to r  th a t  a f fe c ts  both rad io  and o p t ic a l  d is t r ib u t io n s ,  
i i )  the  lu m in o s i t y -e v o lu t io n  hypothes is  is fa r  more v u ln e ra b le  to the
lu m in o s i ty - v o lu m e  test than  d e n s i t y -e v o lu t io n  .
( i i i )  lu m in o s i t y -e v o lu t io n  w i th  a p o w e r - la w  dependence  on the sca le -  
f a c to r  requ ires  q ^  < 0 .0 3 5  i f  — 0 , w i th  the best va lue  being
0 .0 0 5  < 0 . 0 3  , or lO ' ^ '  S  0 -  '
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in  v e ry  good agreem en t w i th  O o r t 's  v a lu e  (30) fo r  the average 
s m o o th e d -o u t  d e n s ity  o f  m a tte r  in g a la x ie s .  I f  models w i th  n o n -ze ro
c o s m o lo g ic a l  cons tan t are  a lso co ns ide red ,  the best models are those
near to  the  de  S i t te r  m odel in  the  c ^  “  9q p la ne  ,
w h ic h  g iv e  v e ry  long  ages to  the u n iv e rs e .
( iv )  l u m in o s i t y -e v o lu t io n  w i th  an e x p o n e n t ia l  dependence  on the  s c a le -
fa c to r  g ives  b e t te r  cons is tency  w i th  the da ta  than p o w e r - la w  e v o lu t io n ,
bu t the  best models a re  the same as those g ive n  in  ( i i i )  .
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(v) d e n s i t y - e v o lu t io n  g ives  cons is tency  w i th  a l l  m odels , though the 
least severe e v o lu t io n  is requ ired  in the de S i t te r  model . W i th  
e x p o n e n t ia l  e v o lu t io n  the epoch a t  w h ic h  the  number d en s ity  o f 
quasars is I / e  t imes th a t  a t  t  = 0 is g iv e n  by z = 1 0 + 3 .
Some o f  these conc lus ions  m ay be m o d if ie d  when a l l  quasars 
In 3C h ave  th e i r  redsh if ts  m easured, bu t i t  seems e x c e e d in g ly  u n l i k e ly  
th a t  ( i )  and ( i i )  can be a l t e r e d .  These a lone  are s u f f ic ie n t  to 
dem ons tra te  the  g rea t pow er o f  the  lu m in o s i ty -v o lu m e  te s t .  W h i le  
some o f  the  fea tu res  o f  th is  test have  occurred  in d ep en d en t ly  to a number 
o f  authors  (14, 3 5 , 3 6 ) ,  the  tw o  fac to rs  tha t enab le  s ig n i f ic a n t  conclusions 
to  be reached  are  a l lo w a n c e  fo r  se le c t io n  e f fec ts  imposed by the l im i t in g  
f l u x - l e v e l s  and the  c o m b in a t io n  o f the a v a i la b le  in fo rm a t io n  in to  a Single 
p r o b a b i l i t y .
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14. A p p l i c a t i o n  to  ra d io -g a la x ie s
The o p t ic a l  lu m in o s i t ie s  o f  ra d io -g a la x ie s  show small d ispers ion (41) , 
so the e f fe c t  o f  the  l im i t i n g  v isua l m ag n itude  o f 20 is s im p ly  to
c o n f in e  o u r  id e n t i f ic a t io n s  to  redsh ifts  sm a l le r  than 0 .4  -  0 .5 .
M o re o v e r  w e  can o b ta in  from the  observed v isua l m agn itude  o f a 
g a la x y  a rough es t im a te  o f  its r e d s h i f t ,  in  those cases w he re  the 
re d s h i f t  has no t y e t  been d e te rm ined  . A t  present redshifts  are 
a v a i la b le  in  the  l i te ra tu re  (55 -  59) fo r  59 o f the 147 ga lax ies  
i d e n t i f ie d  w i t h  rad io -sou rce s  in  the  Revised 3C ca ta lo gu e  (38) 
co rresp on d in g  to  80 p e rc e n t  o f those id e n t i f ie d  to  da te  w i th  V  < 15 
m a g n i tu d e ,  bu t o n ly  20 p e rce n t  o f  those id e n t i f ie d  w i th  15 < V  < 20 .
F ig  . 12 shows the  d is t r ib u t io n  o f re d s h i f t  o f these ga lax ies  aga ins t v isua l
m a g n i tu d e ,  as es t im a ted  by W yndham  (60) ; s ix  g a lax ie s  w i th
redsh if ts  less than  0 .01 (3C 71 , 231 , 270 , 272 ,  1 ,274 , 386) are
o m i t t e d .  In w h a t  fo l lo w s  w e  shall c o n f in e  our a t te n t io n  to  "s t rong"
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ra d io  g a la x ie s ,  i . e .  those w i th  lu m in o s i ty  g rea te r  than 10 w / s te r / ( c / s )  , 
so th a t  o f these 6 nea rby  ra d io  g a la x ie s ,  o n ly  3C 274 w i l l  concern  us.
Sources o f the same lu m in o s i ty  and spectra l shape w ou ld  
sa t is fy  a r e la t io n  o f  the form
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V  -  A  + 5 . I o g jQ Z  + K (z )  + 5 . log^^  [ D ( z ) / z  ] (20)
w h e re  z is the red sh if t
K (z )  is the  " K - c o r r e c t io n  " (31),
and D (z )  is the  " lu m in o s i ty  d is ta n c e "  (26)
For small z e q u a t io n  (20) can be app rox im a ted  by
V  = A  + 5 log jQ z + B z (21)
w h e re  A  and B are  c o n s ta n ts .
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L o c i  o f  th is  fo rm  w i th  A  = 2 0 .5  , B = 4 ,  5 , 6 , are shown in 
F i g .  12; th a t  w i th  B = 5 is the best l in e  o f form (21) through the 
d a ta  .
The s c a t te r  o f  the  po in ts  in F ig .  12 is p r im a r i ly  due to the 
a p p ro x im a te  na tu re  o f  the m agn itude  estimates, w h ic h  are p ro ba b ly  not 
more a c c u ra te  than  + I m . O th e r  fac to rs  are the d ispers ion in  in t r in s ic
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lu m in o s i ty  o f  the  g a la x ie s ,  the  e f fe c t  o f g a la c t ic  o bscu ra t io n ,  and 
d i f fe re n c e s  in  spec tra l  shape fo r  d i f f e r e n t  types o f g a la x y  . C o rrec t ions  
c o u ld  be a p p l ie d  fo r  the  la t te r  tw o  e f fe c ts ,  but the  a pp rox im a te  nature  
o f  the  d a ta  h a rd ly  makes th is  w o r th w h i le  a t  the p re sen t.  W e  shall see 
th a t  errors o f  up to  a m ag n itude  do no t a l t e r  our basic co nc lus io ns .
N a t u r a l l y  w e  shall no t a t te m p t to  d e te rm ine  cosm o log ica l 
param eters  from  e qu a t io n  (21) ,  s ince  there  is the p o s s ib i l i t y  of 
sys tem a tic  e rro r  in the  m ag n itu de  es t im ates , q u i te  apart from the 
random errors m en t ioned  a b o v e .  In w h a t  fo l lo w s  we assume o n ly  th a t  
e q u a t io n  (21), w i th  A  = 20 .5 and B = 5 , is v a l id  to  w i t h in  a 
m a g n i tu d e  fo r  the  u nco rrec ted  v isua l magnitudes o f r a d io - g a la x ie s .
For the  88 g a la x ie s  id e n t i f ie d  w i th  3CR rad io -sou rces  fo r  w h ic h  no 
redsh if ts  are a v a i l a b le ,  w e  es t im a te  the red sh if t  from equa t ion  (21) w i th  
A  = 20 .5 , B = 5 . For a to ta l  o f 142 strong ra d io -g a la x ie s  we then 
in v e s t ig a te  the  d is t ru b u t io n  o f in t r in s ic  rad io  lum ino s i ty  aga inst v o lu m e , 
in  va r iou s  c o sm o lo g ica l  models: w e  w ish to test w h e th e r ,  in any g iven
range o f ra d io  lu m in o s i ty ,  equal numbers o f sources are found in 
e q u iv a le n t  vo lum es o f space . The to ta l  vo lum e  o f space in w h ic h  
sources o f a g iv e n  lu m in o s i ty  ore v is ib le  is l im i te d  by ( i)  the l im i t in g  
ra d io  f l u x - l e v e l  o f  the  3CR c a ta lo g u e ,  ( i i )  fo r  sources o f s u f f i c ie n t ly  
h ig h  ra d io  lu m in o s i ty ,  a more severe l im i ta t io n  arises f iom  the l im i t in g
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o p t i c a l  m a g n i tu d e  o f  abou t 20 m agn itudes , w h ic h  w e  assume to  be 
e q u iv a le n t  to  the re s t r ic t io n  z <  0 4 . .  For each range o f r a d io -  
lu m in o s i ty  c o n s id e re d ,  the observab le  vo lum e  o f space is d iv id e d  in to  
t w o .  The numbers found  are ta b u la te d  in Table 2 .  The columns
la b e l le d  (a) re fe r  to  the  nearer h a l f  o f the observab le  v o lu m e ,  and
(b) the  f a r t h e r .
Because the  p rope rt ie s  o f  the r e la t i v i s t i c  cosm o log ica l models do 
no t d i f f e r  much o u t  to  the  redsh ifts  a t  w h ic h  these ga lax ies  are fo u n d ,  
i t  is u n l i k e l y  th a t  the  results w i l l  depend v e ry  s e n s i t iv e ly  on the 
co s m o lo g ic a l  param eters ; ( the  s i tu a t io n  is q u i te  d i f fe r e n t  fo r  the 
quasars , w h ic h  are  v is ib le  ou t to much la rg e r  redshifts) . The models 
w e  have  in v e s t ig a te d  in  d e ta i l  are  the Einste in  de S it te r  
( 'O  = c)q ^  1/2 ) ,  M i l n e  ( :  Q ^  ^  0) and de S it te r
( J q = 0 ,  q ^  = - I )  m od e ls .  These are the f ix e d  po in ts  in the
c -  q p la n e  (5 4 ) ,  and correspond to  asym p to t ic  states o f homogeneous, 
is o t r o p ic ,  p ressu re - free  un ive rses , ( In  paper III the Lem a itre  models
(qg  < - I )  have  been inve s t iga te d  in the same w a y .  F ig .  7 o f paper III 
shows the  ra d io  lu m in o s i ty -v o lu m e  d iagram  fo r  a p a r t ic u la r  Lem a itre  model) 
For co m p a r iso n ,  the  results o b ta ine d  fo r  the s teady -s ta te  model are g iven  
in co lum n  4 .  From the  last row o f Table 2 we see tha t fo r  a l l  these fo u r
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models the  to ta l  number o f strong ra d io -g a la x ie s  found  in  the  fa r th e r
re g io n  (b) Is s ig n i f i c a n t l y  la rg e r  than in  reg io n  (a) . The d is t r ibu t io ns
d o  no t d i f f e r  g re a t ly  from  model to  m odel .
The i n c o m p a t ib i l i t y  o f  the  s te ad y -s ta te  model ( in  w h ic h
e v o lu t io n a r y  e f fe c ts  are  no t p e rm it te d )  w i th  the  r a d io -g a la x y  d a ta  is
perhaps more serious e v id e n c e  aga ins t th a t  model than the  d is t r ib u t io n
o f  the  quasars ( 3 9 ) ,  s ince  doubts have  f re q u e n t ly  been raised as to  the
c o s m o lo g ic a l  na tu re  o f  the la rge  redshifts  o f  quasars. C o n v e rs e ly ,
a m a jo r  impetus o f  these d ou b ts ,  the  p rospect o f a t t r ib u t in g  the steep
ra d io -s o u rc e  counts e n t i r e l y  to the  quasars (18, 4 6 ,  61) w ou ld  be
rem oved  i f  the  present results are con f irm ed  by more a ccu ra te  d a ta .
To test w h e th e r  the  results co u ld  be s ig n i f i c a n t ly  a f fe c te d  by ihe
u n c e r ta in t ie s  in  the  est im a ted  m agn itudes , the o p t ic a l  magnitudes o f the 88
g a la x ie s  fo r  w h ic h  w e  have  estimated the redsh if t  using equa t ion  (2) have
been decreased  by  one m agn itude  ( in c rea s in g  them agn itudes m ere ly  re in fo rces
the  in e q u a l i t y  be tw een  the to ta ls  fo r  reg ions (a) and (b)) . The «
co rrespond ing  numbers o f sources found in reg ions (a) and (b) are shown in
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Tab le  3 fo r  a l l  lum ino s it ie s  g rea te r  than 10 . Since from Table 2
w e  see th a t  the  in e q u a l i t y  be tw een  the to ta ls  in  reg ions (a) and (b) is _
25 ,4
caused p r im a r i l y  by sources w i th  lu m in o s i ty  g rea te r  than 10 ,
the  to ta ls  are a lso shown fo r  th is res tr ic ted  range o f lum ino s i ty  .
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The numbers o f  sources found  in reg ions (a) and (b) are s t i l l  
s i g n i f i c a n t l y  d i f f e r e n t ,  even i f  the  o p t ic a l  m agnitudes o f  a l l  the 
g a la x ie s  are in e rro r  by a m ag n itude  in  the same d i r e c t io n ,  
p a r t i c u la r l y  fo r  the h ig h e r  range o f lu m in o s i t y .  A  more l i k e l y  
s i tu a t io n  is th a t  errors o f  up to  I m agn itude  e x is t ,  but in e i th e r  
d i r e c t i o n ,  so th a t  the to ta ls  found  in Tab le  I are  p ro b a b ly  not 
g re a t ly  in e r r o r .  Rows 5 -  6 o f Tab le  3 show the e f fe c t  o f  chang ing
the  v a lu e  o f  B in  e qu a t io n  (2 ) ,  w h ic h  aga in  does no t a l te r  the 
bas ic  c o n c lu s io n  . F i n a l l y ,  s ince i t  may be argued th a t  in v ie w  
o f the  p a u c i t y  o f redsh if ts  fo r  g a lax ie s  w i th  19 < V  < 2 0 ,  
i t  is inadm issab le  to  use an e x t ra p o la t io n  o f the form (2 ) in this 
ra n g e ,  row  6 shows the  results o b ta ine d  when  a t te n t io n  is con f ined  to 
g a la x ie s  w i t h  V  < 19 (z < 0 . 3 ) .  Incomple teness o f  the id e n t i f ic a t io n s  
in  the  fa in te r  ranges o f  o p t ic a l  m agn itude  w o u ld  m e re ly  re in fo rce  our 
co nc lus io ns : aga ins t th is  must be o f fse t the g re a te r  p o s s ib i l i t y  o f
in c o r re c t  i d e n t i f i c a t i o n s .
These p re l im in a ry  results p ro v id e  the strongest impetus fo r  the 
c o m p le t io n  o f re d sh i f t  measurements o f ra d io -g a la x ie s  in the 3C 
ca ta lo g u e  . The e v id e n c e  seems v e ry  strong th a t  fo r  consistency w i th  
the  usual c o sm o lo g ica l  m ode ls , some e v o lu t io n a ry  fa c to r  must a f fe c t  
the  d is t r ib u t io n  o f  the  s trong  r a d io - g a la x ie s .  The e ffe c t  is c lea res t fo r
58
g a la x ie s  w i th  r a d io - lu m in o s i t y  g re a te r  than abou t 10^ ^ ' ^  , but s ince 
such a small vo lu m e  o f  space is v is ib le  fo r  the low e r  ranges o f  lu m in o s i ty ,  
no c le a r  e f fe c t  w o u ld  be e xpe c ted  fo r  these a n y w a y .  O f  the 
m odels proposed by  L o n g a ir  (18) in h is a t te m p t to e x p la in  the C am bridge
ra d io -s o u rc e  coun ts ,  his m odel (d ) ,  d e n s ity  e v o lu t io n  o f  a l l  sources
. , . , \  2 6 .8
w i t h  r a d io - lu m in o s i t y  g re a te r  than 10 , is d e f i n i t e l y  u n s u i ta b le .
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But his m ode l ( b ) ,  lu m in o s i ty  e v o lu t io n  o f a l l  sources w i th  lum ino s ity  
25 .4
g re a te r  than 10 * , is e n t i r e ly  in  agreem ent w i th  the present
w o rk  ( though  Longa ir  p re fe rred  to  in te rp re t  th is e v o lu t io n  as due to the 
quasars o n ly )  . But i t  seems unproved  tha t the  e v o lu t io n  does not 
o p e ra te  d ow n  to  lum ino s i t ie s  a fa c to r  o f ,  say , 10 low e r  than th is .
A  d i f f e r e n t  w a y  o f seeing  the  e x is ten ce  o f  th is e v o lu t io n a ry  e f fe c t  
is to  pe r fo rm  ra d io  sou rce -coun ts  on the 3CR ra d io -g a la x ie s ,  a f te r  those 
w h ic h  a re  i n t r i n s i c a l l y  w ea k  rad iow ise  have been removed . Table 4 
l is ts  a l l  3CR ra d io  g a lax ie s  w i th  J~ <. 2 4 .9  In the E, M  and S
m od e ls ,  and a lso in  the  Eddington-Lem aTtre  model w i th  = 2 ,95
(see Paper II fo r  d e f in i t io n  o f Z  ) . O w in g  to  th'e d if fe ren ce s  between
the m od e ls ,  the number o f  such ob jec ts  depends s l ig h t ly  on model 
(35 in  E and M ,  32 in  S, 31 in EL ) .  H ow ever a l l  such ob jects
have  V  < 15 5 and the class o f such id e n t i f ic a t io n s  w i th  3CR sources
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is c e r t a in l y  c o m p le te .  M o re o v e r  p r a c t i c a l l y  a l l  have had th e ir
redsh if ts  measured (32 ou t o f 35 ob jec ts  in Table  4 ) ,
so the re  is v e ry  l i t t l e  u n c e r ta in ty  abou t the com pos it ion  o f th is set
o f  w ea k  ra d io  e m i t te rs .
S o u rc e -  c o u n ts ,  a t  l78  M c / s ,  are shown in F i g .  13 fo r  a l l
3CR ra d io - g a la x ie s  and fo r  strong ra d io -g a la x ie s  o n l y .  The slope o f the
fo rm e r  locus is - 1 .6  + 0.1 , in agreement w i th  V e r o n 's (46)
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v a lu e  o f  - I  .55 . The strong ra d io -g a la x ie s  ( P >  10 * )
on the  o th e r  h a n d ,  g iv e  a s lope o f -1 .8 + 0.1 , s ig n i f i c a n t ly  steeper 
than  th e  E u c l idean  v a lu e  o f - 1 . 5 .  F ur the r  d iscussion on th is  p o in t  w i l l  
be g iv e n  in  C h a p te r  111 .
C le a r l y  the  c o m p le t io n  o f redsh if t  measurements fo r  3CR ra d io ­
g a la x ie s  is a p rogram  o f g rea t im p o r ta n c e ,  to  test more r e l ia b ly  the ex is tence 
o f  the  e f fe c t  c la im e d  here .
As in se c t ion  7 ,  the e v o lu t io n a ry  hypothesis o f the  form discussed in sec t ion  6
con be tested by means o f the  m o d if ie d  lu m in o s i ty -v o lu m e  te s t .
The va lues  o f  the parameters Zp
re q u ire d  to  g iv e  cons is tency  o f the ra d io -g a la x y  da ta  w i th  various 
c o s m o lo g ic a l  models are g iven  in columns i -  iv  in Tab le  5 ,  
to g e th e r  w i th  the correspond ing  va lues fo r  the quasars, taken from
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se c t ion  10). There is rem a rk a b ly  c lose agreement of the parametérs 
re q u ire d  fo r  the  e x p o n e n t ia l  e vo lu t io n s  o f both quasars and ra d io -g a la x ie s  
( c o l s . i i  and iv )  . In v ie w  o f  the a rb it ra r iness  o f  the p a r t ic u la r  
forms o f  e v o lu t io n  w e  have  c o ns ide red ,  th is  agreem ent canno t be taken 
as e v id e n c e  o f  a l in k  be tw een  ra d io -g a la x ie s  and q uasa rs . But i f  such a 
l i n k  is a c c e p te d  (see fo r  e x a m p le .  R e f .  62) then these forms of 
e v o lu t io n  seem v e ry  p rom is ing  . The ir  cons is tency  w i th  ra d io -sou rce  
counts to low  f l u x - l e v e l s ,  and w i th  the in teg ra te d  rad io  b ackg round , 
w i l l  be discussed in C h a p te r  I I I  .
A l th o u g h  our  d iscussion has been co n f in ed  to 3 p a r t ic u la r  
r e la t i v i s t i c  m ode ls ,  s im i la r  results are found  fo r  a l l  models in the range
0 1 -q1 + - I  1 qo i
I t  seems th a t  fo r  r a d io -g a la x ie s  the e v o lu t io n a ry  fa c to r  fa r  outwe ighs any 
d i f fe re n c e s  b e tw een  the  cosm o log ica l  m ode ls .  The e x p la n a t io n  o f 
th is  e v o lu t io n  must a w a i t  more d e ta i le d  kn ow le d g e  o f the s truc tu re  o f 
r a d io - g a la x ie s :  w h e th e r ,  fo r  e xa m p le ,  they  correspond to e a r ly  or
la te  stages in the l i f e  o f a g a la x y ,  and w he th e r  in te ra c t io n  w i th  an 
i n t e r g a la c t i c  gas or m ag ne t ic  f i e ld  is an essential fe a tu re  o f 
th e i r  a c t i v i t y  .
C H A P T E R  T W O
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Summary .
Before p ro c e e d in g  to  in te rp re t  the ra d io  source-coun ts  and 
in te g ra te d  ra d io  and X - r a y  backgrounds in C h a p te r  III and IV , i t  is 
necessary to  cons ide r  the p hys ica l  parameters o f  rad io -sou rce s ,  e s p e c ia l ly  
the m a g n e t ic  f i e ld  .
In se c t ion  I the  d i f f e r e n t  types of o b je c t  id e n t i f ie d  
w i t h  e x t r o g a la c t ic  rad io -sou rce s  are sum m arized , and in  sec t ion  2 the 
e m p ir ic a l  r e la t io n s h ip  be tw een  the p hys ica l  parameters in these sources 
is in v e s t ig a te d  . The com ponen t separa t ion  in d ou b le  sources appears to 
be on inc re a s in g  fu n c t io n  o f  r a d io - lu m in o s i t y ,  w h ic h  suggests tha t 
lu m in o s i ty  increases w i th  age i f  a l l  sources are part o f a s ing le  e v o lu t io n a ry  
s e q u e n c e .  The e f fe c t  o f  the assumptions u n d e r ly in g  the e q u ip a r t i t io n  
a rg um en t is e xam ined  in se c t ion  2 . 3 .  I f  the e q u ip a r t i t io n  argument 
a p p l ie s  in r a d io - g a la x ie s ,  e i th e r  the components t rave l ou t from the 
p a ren t  g a la x y  w i th  r e la t i v i s t i c  v e lo c i t ie s ,  or the r e la t iv is t i c  e lectrons are 
gene ra ted  c o n t in u o u s ly  i i i  the c o m p o n e n ts .
A  model o f d o u b le  r a d io -g a la x ie s  proposed by Ryle 
and L o n g a ir ,  in v o k in g  r e la t l v i s t i c a l l y  m ov ing  components , is exam ined in 
some d e ta i l  in  se c t ion  3 , and tw o  o ther possible models are discussed in 
sec t ions  4  and 5 . C o n s id e ra t io n  o f  the several quad rup le  rad io -sources 
kn o w n  seems to ru le  o u t  the p o s s ib i l i ty  o f r e la t i v i s t i c a l l y  m ov ing
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components  (sec t io n  3 . 2 ) ,  p a r t i c u la r ly  w hen  the R y le -L o n g a ir  model is 
made s e l f -c o n s is te n t  (sec t ion  3 .3) ,
Two possib le  ways o f rep le n ish ing  the  energy in the 
r a d ia t in g  components are from  the  k in e t i c  energy  o f the  com ponen ts , 
by  in te r a c t io n  w i th  a pos tu la ted  surround ing  medium (sec t ion  4 ) ,  and 
from  the  ene rgy  o f a shock generated  in the pa ren t g a la x y  (sec t ion  5) . 
W h i l e  a h e u r is t ic  e x p la n a t io n  o f the d ou b le  na tu re  o f most strong ra d io ­
sources can be g iv e n  fo r  th is la t te r  m o d e l ,  some d i f f i c u l t i e s  are o u t l in e d  
in sections 5 .1 and 5 . 2 .
I f  the  m a g n e t ic  f ie ld  in the ra d ia t in g  components is 
s u f f i c i e n t l y  h ig h ,  the b la c k -b o d y  ra d ia t io n  ( i f  i t  is cosm o log ica l in 
o r ig in )  w i l l  o n ly  in f lu e n c e  the  d is t r ib u t io n  o f sources w i th  la rge  
redsh if ts  (sec t io n  6) .
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I. Types o f e x trg g g la c t îc  ra d io  source .
A  m a jo r  d i f f i c u l t y  in the in te rp re ta t io n  o f rad io  source-counts  
to  low  f l u x - l e v e l s  in d i f f e r e n t  cosm o log ica l  models is th a t  there are 
severa l d i f f e r e n t  types o f e x t ro g a la c t ic  s o u rce .  The main  classes found 
a t  178 M H z  , dow n  to  the 3C le v e l  (9 f . u . ) , are (56)
(a) emission from  "n o rm a l"  sp ira l g a lax ie s  l i k e  our own and M  .31, 
or ir regu la rs  1 ike  M 8 2 ,  o f ten  from ex tended  sources centred  on the 
o p t ic a l  g a la x y  .
(b) emission from  " r a d io - g a la x ie s " ,  in a la rge  f ra c t io n  o f  cases from 
2 e m i t t in g  reg ions a t  a p p re c ia b le  d isp lacem ents  on e i th e r  side of the 
o p t ic a l  g a la x y .  The o p t ic a l  g a la x ie s  associated w i th  these strong 
ra d io -e m i t te rs  a re  u s u a l ly  classed as e l l i p t i c a ls  or N - g a la x ie s .
(c) q u a s i-s te l  la r  ra d io  sources, many o f w h ic h  have s im i la r  ra d io ­
p ro p e r t ie s  to  class (b ) ,  but some o f w h ic h  have ve ry  small rad io -d iam e te rs  
and show strong r a d io - v a r ia t io n s .
The d is t in c t io n  be tw een  these 3 classes is by no means sharp . 
R a d io -w is e  the re  is a smooth ' t ransit ion , between classes (b) and (c ) ,  
and the  same is true  o p t i c a l l y  fo r  quasars and N -g a la x ie s  (some o f w h ic h  show 
e m is s io n - l in e  s p ec tra ,  o p t ic a l  v a r ia t io n s ,  and e v id en ce  fo r  a n o n - th e imal 
c o n t r ib u t io n  to  the o p t ic a l  con t inuum  (63)) ,
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The t ra n s i t io n  be tw een  classes (a) and (b) occurs at a ra d io ­
lu m in o s i ty  o f  abou t lO '^ w  m ^ ster * H z  * , but i t  is not clear
w h e th e r  th is  is due  to  the  crossover a t th is  lum ino s ity  o f the lum ino s ity
fu n c t io n s  fo r  tw o  d is t in c t  classes o f  o b je c t ,  or to  a c r i t i c a l  va lue  o f
some p h y s ic a l  param ete r  on w h ic h  ihe rad io  lum ino s i ty  depends . The
d i f fe r e n c e  in o p t ic a l  type  between  classes (a) and (b) may be a
consequence  o f  the  r a d io -e v e n t  ,
E v id en ce  has been presented th a t  quasars and ra d io -g a la x ie s
3
behave  d i f f e r e n t l y  a t h ig h e r  f req ue n c ie s  ( > 10 M H z  ) , (64) , quasars
te n d in g  to  show much more v io le n t  and s h o r t - l iv e d  emission a t these 
fre q u e n c ie s  than  r a d io - g a la x ie s .  A l th o u g h  the m a jo r  energy ou tpu t o f some 
quasars m ay w e l l  be in the  m i l l im e t r e  w a v e le n g th  re g io n ,  the in te rp re ta t io n  
o f  counts  a t  lo w e r  f req ue n c ie s  (178 or 408 M H z )  are not thereby 
in v a l id a te d  . Anom a lous  b ehav iou r  a t h ighe r  frequenc ies  w i l l  o n ly  
in f lu e n c e  the  lo w e r  f re q u e n c y  counts i f  a s ig n i f ic a n t  p ropo rt ion  o f sources 
a t  any  f l u x - l e v e l  have  redshifts su f f ic ien ts  to  sh if t  the h ighe r  frequency  
emission dow n  to the low e r f req ue n c ie s ,  i .e . ir i  > 1 0 .  I t  w i l l  
be shown th a t  the p ro po r t io n  o f sources w i th  such large redsh if t  is l i k e l y  
to  be n e g l ig ib le  dow n to  10 '  f lu x -u n i t s  (10 w m ” Hz )
a t 178 M H z  .
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The q ues t ion  o f  the dependence , o f counts on spectra l ‘shape 
and a f re q u e n c y  w i l l  be cons idered in d e ta i l  in C ha p te r  III .
2 , Phys ica l param eters  in r a d io - g a la x ies and quasars .
A l l  th ree  classes o f source are  b e l ie v e d  to  e m it  by the 
synch ro tron  mechanism (6 5 ) ,  fo r  w h ic h ,  i f  the m agne t ic  f i e ld  in the 
e m i t t in g  reg io n  has s imp le  s t ru c tu re ,  and fo r  the o p t i c a l l y  th in  case.
P( v )  = A (o )  .K . h ' '^ °  . V °  ’ ’ (I)
w here  th e  e le c t ro n  ene rgy  spectrum is taken  to be
N (  y  ) d y  = K .y * ^  °  . d y  (2)'
2
and y = e le c t ro n  energy  /  m ^c .
a is assumed to  be a constant fo r  each source (a reasonable app ro x im a t ion  
fo r  most sources in the f req ue n cy  range 38 -  1400 M H z  (50) ,
There are  3 re le v a n t  parameters: H , o , K ,  the la t te r  being 
re la te d  to  the to ta l  number o f r e la t iv is t i c  e lec trons in the la d io t in g  le g io n .  
O f  these 3 fu nd am e n ta l  param eters , o h ly  a can be measuied d i i e c t l y .
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G iv e n  k n o w le d g e  o f  the rad io  s truc tu re ,  and ce r ta in  s im p l i f y in g  
assum ptions, estimates can be made of K and H .
2 . 1 .  R e la t ion  between spectra l index and rad io  lu m in o s i ty .
The da ta  fo r  142 rad io  ga lax ies  and 42 quasars are summarized 
in F i g .  14, ^  fo r  the Einstein de S it te r  model aga inst a
(see Tab le  6 ) . For the ra d io -g a la x ie s  there  is some e v id en ce  fo r  a
re la t io n  be tw een  spectra l index  and lu m in o s i ty ,  the stronger sources 
h a v in g  s teeper ra d io  s p e c tra .  The spectrum of rad io  emission due to  a 
s in g le  g e n e ra t io n  o f e lec trons  losing th e i r  energy by the synchrotron  
mechanism  w o u ld  tend to steepen w i th  age (50 ) ,  so e i th e r  the stronger 
e m it te rs  a re  the  o ld e r  sources, or else sources of d i f fe re n t  lum ino s ity  
ca n n o t  be th ou gh t o f as part o f a s imple e v o lu t io n a ry  sequence due to 
a s in g le  g e n e ra t io n  o f e lec trons (both o f these conc lus ions may be co rrec t)  
The mean l in e  in F ig  . 14 about w h ic h  the ra d io -g a la x ie s  
a re  d is t r ib u te d  has equa t ion
â  = 0 . ^  + -  2 5 ^ )  (3)
The quasars do no t conform  to th is re la t io n  , tend ing  to  have s ig n i f i c a n t ly  
sm a l le r  va lu es  o f  a than the ra d io -g a la x ie s  o f s im i la r  l u m in o s i i / .
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In th is  respect th ey  ressemble the w ea ke r  ra d io -g a la x ie s ^  and this has
been used as an a rgum en t in fa vou r  o f the " l o c a l "  theo ry  fo r  quasars
(9) . H o w e v e r ,  the  quasars and w e a k e r  r a d io -g a la x ie s  cou ld  be
phenom ena o f s im i la r  age , but o f  v a s t ly  d i f f e r e n t  power (see section  2 ,2) .
There is a s e le c t io n  e f fe c t  w h ic h  w o u ld  c o n t r ib u te  (s l ig h t ly )
to  the  d e a r th  o f low lu m in o s i ty  sources w i th  la rge  a . Sources w i th
the same lu m in o s i ty  and redsh if t  z w ou ld  be observed to have
-  c<
f lu x - d e n s i t i e s  ( I + z ) , so in observations down to a p a r t ic u la r
f l u x - l e v e l ,  sources w i th  la rge r  a w ou ld  be d isc r im in a te d  a g a in s t .
H o w e v e r ,  sources w i th  2 4 . 5  have  z < 0.1 , so < 0 . 0 4 .  a
and th is  s e le c t io n  e f fe c t  is ve ry  s l i g h t .  The e f fe c t  o f re la t io n  (3) 
and o f the  d ispers ion  in a , on the in te rp re ta t io n  o f sou rce -coun ts ,  
w i l l  be cons idered  in C ha p te r  I I I .
2 .2 S t ru c tu re  o f ra d io -g a la x ie s  ,
O f  82 more extended 3C sources fo r  w h ic h  d e ta i le d  rad io -m aps 
have  been pub lished  (66 ) ,  the o n ly  unambiguous singles are:
^  6 8 . 2  , 231 , 264 ,  272 J ,  2 K ) J ,  3 2 3 .
( A l l  are  id e n t i f ie d  w i th  ga lax ies  e xcep t  3C 2a0 .1 , a quasai) .
O f  these the o n ly  o b je c t  d e f in i t e l y  b e long ing  to class (b) is
3C 323 fo r  w h i c h  l o g , .  P = 2 5 . 8 ,  The l em a in ing  ob jec ts in class (b)
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are  e i th e r  d o u b le s ,  or cand idates  fo r  doubles observed’ a lmost e nd -o n  .
Ryle and L o n ga ir  (62) have o ffe red  the ingen ious suggestion tha t 
in quasars in w h ic h  o n ly  one component is observed, a second 
com ponen t may e x is t ,  but w i th  its f l u x  severe ly  reduced by a 
r e la t i v i s t i c  D o p p le r  e f f e c t .  The ir  model w i l l  be exam ined in sec t ion  3 
For the  m om ent we co n f in e  a t te n t io n  to  the know n extended id e n t i f ie d  
d oub les  (quasars or ra d io -g a la x ie s )  .
For these w e  h a /e  2 main  p ieces o f in fo rm a t ion :
the  p ro je c te d  l in e a r  separation o f the components, d , and the  size
o f the in d iv id u a l  com ponen ts , D .  F igs .  15 a ,  b , and c ' 
show y  -  log d , J  -  log D , and log D -  log d 
( the  d ia m e te r  a lo ng  the rad io  axis of the brigh tes t component is g iven  
in each case: 2 va lues o f  D are shown fo r  3C 402 , w h ich
has 2 components  o f  s im i la r  brightness, but ve ry  d i f fe re n t  s iz e ) .  In
each  f ig u re  d i f f e r e n t  symbols are used to in d ic a te  sources w i th  d i f fe re n t
va lues  of log d /D  (Fig  . 15a), log d ( F ig .  15b), and t- (F ig .  15c). 
The l im i t a t io n  imposed by the f i n i t e  reso lv ing  power of the te lescope  
is in d ic a te d  by lo c i  o f sources w i th  the 3C l im i t in g  f l u x - l e v e l  and 
a pp a ren t  a ng u la r  d imensions o f 2 0 "  ( F ig .  15a) and iO ( F ig .  15b) .
H o w e v e r ,  from the analys is  of A l le n  et al (67) i t  w ou ld  
a ppea r th a t  the percen tage  o f 3C sources w h ic h  w i l l  l ie  fai to the le f t
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o f  these l ines Is io th e r  small . O u t  o f  133 3C sources inve s t iga ted  by 
th e m , fo r  over  80 p e rcen t  the smallest d im ension  associated w i th  a 
m a jo r  com ponen t was >  6 " ,  and fo r  o n ly  4 sources was th is smallest 
d im ens ion  < I "  (a l th ou gh  the  percen tage  o f sources w i th  some 
s truc tu re  sm a l le r  than I "  is a p p re c ia b ly  h ig h e r ,  p a r t i c u la r ly  amongst the 
quasars) .
From Figs . l5 o ,  b and c w e  may in fe r  tha t
( i )  the m axim um  separa t ion  (and In v ie w  of the remark a b o v e ,  p ro ba b ly  
the  mean sepa ra t ion  also) in d ou b le  ra d io -g a la x ie s  and quasars Is an increas ing  
fu n c t io n  o f lu m in o s i ty  .
( i i )  the  ra t io  o f  sepa ra t ion  to  com ponen t d ia m e te r  is an increas ing  
fu n c t io n  o f  lu m in o s i ty .
( i i i )  the re  is no p a r t i c u la r  c o r re la t io n  or com ponen t d im ension w i th  
lu m in o s i ty  .
( O b v io u s ly  these th ree  remarks are not independen t o f each other) .
I f  these sources are  p a r t  o f an e v o lu t io n a ry  sequence, then 
a p a r t  from  the strong com pact sources 3C 123, 14 /,  2 45 , 249 and 405 , 
the in fe re n c e  w o u ld  be tha t the w ea ke r  sources are younger than the 
s tronger sources, i . e . ,  the lum ino s i ty  Increases w i th  a t e .  H o w e v e r ,  component 
sepa ra t ion  may be a measure o f v e lo c i t y  o f e je c t io n  ra ther than 'age, and in this 
case the r a d io - lu m in o s i ty  needs to increase w i th  v e lo c i t y .
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2 . 3 .  E q u îp q r t î t io n  a rg u m e n t .
From e q u a t io n  (2 2 ) ,  the va lu e  o f the p roduc t 
is k n o w n .  For e m i t t in g  reg ions o f  know n d ia m e te r ,  absence o f a low 
f re q u e n c y  c u t - o f f  due  to  synchro tron  s e lf -a b s o rp t io n  down to a g iven  
f re q u e n c y  sets an upper l im i t  on H , w h ic h  is how eve r ra ther a weak 
c o n d i t io n  fo r  most sources.
The c o n d i t io n  is ( 68)
-  10 V /  S w he re  B is in gausss
G is in seconds o f arc
V is the s e lf -a bso rp t ion  f requency  
 ^ in H
z
and S is f . u .  
so 0 -  10 , < 10^ , S = 10 g iv e  B < I .7 gauss.
For a few  sources w i th  ve ry  small rad io  d iam eters  (or unresolved)
the c o n d i t io n  is more in te res t in g  (68) and fo r  3C 287 seems to im p ly
th a t  the ene rgy  in m ag ne t ic  f ie ld  is less than the energy in p a r t ic le s ,
a l th o u g h  th is  co nc lus io n  can be evaded by assuming th a t  the emission
a t  d i f f e r e n t  f req ue n c ie s  comes from d i f fe re n t  com ponents .
For the rem a in in g  sources some re la t io n  between K and H
must be assumed, and i t  is of in terest to  c a lc u la te  H , the f ie ld  tha teq
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g ives  e q u ip a r t i t io n  o f  ene rgy  between  r e la t iv i s t i c  p a r t ic le s  and m agne t ic  
f i e l d ,  s ince  th is  v a lu e  g ives  the m in im um  to ta l  energy  in the  sou rce .
The v a lu e  o f depends on tw o  assumptions;
( i)  the  range o f  e le c t ro n  energ ies (y , y  ) fo r  w h ic h  equa t ion  (23) 
is v a l id
( i i )  the  r a t io  o f  the  to ta l  energy in r e la t iv is t i c  p a r t ic le s  to  the energy 
in  e le c t ro n s ,  f .
N o w  the  ene rg y  in r e la t i v i s t i c  e le c t ro n s ,
/ 2   ^ 2 
= \  N (y )  . c .dy
n
-(2 a  -  I) -(2 a  -  I)
= K . m c ^ [  — --------------- — ------------------  ] , a /  02
e
2a -  I
2 1/  
= K . m c  l o g ( y 2 / y | ) /  °  ^ 2
The to ta l  ene rgy  is p a t ic le s  is then E -  f  E^^ ,
2
the  m a g n e t ic  ene rgy  E = -  w here  V  is the vo lum e o f the e m it t in g
re g io n  pervaded  by f ie ld  H and so the to ta l  energy -  E + E ^ ^ ^ .
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For a g iv e n  source P, â , V  are trea ted  as cons tan t ,  '
(X l  / 7 7 ) kn ow n  fu n c t io n  o f H , and K to be de te rm ined  o s a
fu n c t io n  o f H s ,t . E is a m in imum
to t
Suppose y. = g .H ^  , i = 1 ,2 ,  .
[  - (2 a  -  1) _ - (2 a  -  I) -,
Then E = f m 7   !----------------------- — ------------------------- p H - l - o - x ( ? a  -  0
(2a -  I) A  (a) ^  4 it
' h o t  ,  , 3 . o . x ( 2 o - l )  ( l . o . x ( 2 o - l )  Î
SO  n - i  = 0 i f  H -
dH
(2a -  I) A  (a) . V
and
to t  m in  I + a + x ( 2 a - l )  4ir
2 IT Pf m c^ [ gj ^ ] [ l+ a + x (2 a - I )
(2o - n A (W.V
- ■ 3 + 0  + X (2a -  1)
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E .g . (a) y . -  const , x = 0
2 , 2
( V m i n  = V
(W V j -  const , X = -  y -
4/7 ^ 7
(^ otLin = V°) > ^
(c) y . a H [ RL J
- 3  .3 /.
( V m i n  = V
5 + 2 a
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The v a r ia t io n  o f  h and ' w i th  a is shown fo r  a number of
va lues  o f  the  parameters
^  f  / 9| / 02 / P / V  in F i g .  16. a .
The d e p en de nce  on the parameters x ,  g ^ , g , is a t least as strong as
the  dep en de nce  on a , so i t  is im p o r ta n t  th a t  these parameters should
correspond to  the  source model be ing  considered .
The va lues  o f P, , V  and o f (E^ ) . , H
I4UU to t mm eq
fo r  case (b) w i th   ^  ^ = 10 M H ^  , -, ^ "  10^ M H , f  = 100,
have  been g iv e n  by M a c D o n a ld  e t al (66) fo r  each component o f 52
id e n t i f ie d  , reso lved , rad io -sou rce s ,  assuming the simplest possible
g eo m e try  fo r  the e m i t t in g  reg io n s .  The re la t io n sh ip  between P and V
is o f  p a r t i c u la r  im portance  i f  i t  is b e l ie ve d  tha t ra d io -g a la x ie s  form a
s im p le  e v o lu t io n a ry  sequence . For e xam p le ,  a cco rd in g  to the p ic tu re
o f Ryle and L o n ga ir  (62) the more extended ra d io -g a la x ie s  (and quasars) be long  to
an e v o lu t io n a r y  sequence in w h ic h  the lum ino s i ty  decreases as the
vo lu m e  o f  the  e m i t t in g  reg ion  (a b lob  o f r e la t iv is t i c  plasma) expands
a d ia b a t ic a l  ly  . F i g .  16b, a p lo t  o f aga inst V ,
does no t support th is v i e w .  W h i le  the se lec t ion  e r fe c t  discussed above
in c o n n e c t io n  w i th  F i gs .  15a and b exp la ins  the cu to f f  to the Ie rt
o f  the  d is t r ib u t io n  ( i . e .  a t sm aller values of V ) ,  the maximum e m it t in g
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vo lu m e  co rrespond ing  to  each r a d io - lu m in o s i ty  is an inc reas ing  fu n c t io n  o f 
lu m in o s i ty  . The d ispers ion  a bo u t  Ryle and Langa ir 's  e v o lu t io n a ry  sequence 
is more e v id e n t  than the  sequence .*
*  I f  the  e m i t t in g  regions have  r e la t iv i s t i c  v e lo c i t ie s  v
w i t h  respect to  the p a ren t g a la x y  (and corresponding expansion 
v e lo c i t i e s ) ,  then  the lu m in o s i ty  w i l l  be m o d if ie d  by a fa c to r
°  , and the  vo lum e  by ^  Z ^ ,  where
/ 2 2
Z  = ( I + v / c  cos ;^  ) /  /  I -  V /  c , and -  is the ang le
b e tw een  the d i r e c t io n  o f  m otion  as the t im e  o f s i g h t . Thus, 
the  a p p a re n t  re la t io n  P o V  w i l l  be m o d if ie d  o n ly  s l i g h t l y .
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The correspond ing  d is t r ibu t io ns  o f H and (E )
eq to t  m in
a ga in s t  P |^qq are shown in Figs , 16c and d . The m a jo r i ty  o f  the
reso lved  components have 10 < H < 10 ^  , w i th  mean o f
eq
- 4  .3
o rde r  10 . W hen the un reso lved  components are taken  in to
c o n s id e ra t io n ,  a h ig he r  va lu e  o f  the mean e q u ip a r t i t io n  f i e ld  w i l l  be
o b ta in e d ,  but p ro ba b ly  not much h ighe r  (acco rd ing  to the da ta  of
A l l e n  e t al (67)) .
The a c tu a l  m agne t ic  f ie ld  in the e m it t in g  regions m ay, of course,
bear no re la t io n  to  H . But i t  is o f some in terest tha t the l i f e - t im e
eq
9 -4
o f  e le c tron s  ra d ia t in g  a t 10 H in a f i e l d , H = 10 gauss,
= 1 0 " - 2  , - ^ 2  ^  .  10^-2 y e a . .
s
w h i l e  the  m aximum separa tion  observed in doubles is also o f th is o rd e r .  
Thus e i th e r  ( i)  more than one genera t ion  o f e le c t ion s  is in vo lved
( i i )  V ^  c ( i i i )  H < H .'  ^  ^ eq
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3 . M o d e ls  fo r  d o u b le  rad io -sou rces  w i th  r e l a t i v is t ic  motions .
I f  the  r e la t iv i s t i c  e lec trons  requ ired  to  p roduce  the synchrotron
emission a t  ra d io  f re q u e n c ie s  a re  c rea ted  in a s ing le  in i t i a l  even t
w i t h in  the  p a re n t  g a la x y ,  and i f  the  m a g n e t ic  f i e ld  p e rvad ing  these
blobs o f  r e la t i v i s t i c  p lasma is o f o rder the e q u ip a r t i t io n  v a lu e ,
H , then  w e  saw in the last sec t ion  tha t the  v e lo c i t ie s  w i th  w h ich  eq
the  blobs move a w ay  from the paren t g a la x y  must be o f order the 
v e lo c i t y  o f  l i g h t .  A p a r t  from the d i f f i c u l t y  o f  understand ing  the 
i n i t i a l  e ven t  w h ic h  no t o n ly  a cce le ra tes  the e le c tro n s ,  but also f ires  
them o u t  in the form o f com pact b lobs , an unsa t is fac to ry  fe a tu re  o f th is 
typ e  o f  m odel is th a t  the m ain  energy losses w h i le  the b lob  o f plasma 
is e x p a n d in g  are  the  a d ia b a t ic  losses.
In th is sec t ion  some cons iderat ions presented by Ryle and Longa ir  (62) 
w i th  respect to models in v o lv in g  r e la t iv is t i c  motions are examined in 
g re a te r  d e ta i l  .
3 . 1 .  Ratio  o f f lu xes  from 2 sources m ov ing  in oppos ite  d ire c t io n s  w i th  
V c lose to c .
Suppose tw o  s im i la r  ra d ia t in g  lumps A  
and B are e jec ted  v / i th  v e lo c i t y  v from 
0 a t t = 0 in 0 's f ram e , and observed
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from  E subsequen tly  a t  a t im e  co rrespond ing  to  t in O's f ram e , and
t / t in A  and B's f ram e s .  Then 
a r
t ^  (I -  v / c  cos ^  ^  ^  I + v / c  cos f  ) (4 )
w h e re  is the a ng le  be tw een  the d i r e c t io n  o f m otion  and the l in e  of
s ig h t .  The l i g h t  from the  rece d in g  and app ro ach ing  components is 
red sh if ted  by
I + cos 6 '
Z  = I + z =  — -----------   ■ and
'  '  2 /  2■ I -  V /  c
-  v /  cos
and the f lu x e s  arc d im m e d , due to  the m o t io n ,  by
3 ' 3"^oZ  and Z  , w here  i t  is assumed tha t both sources have
r a
spec tra l  ind ex  a . Thus the ra t io  o f  the f luxes
^a /  ^ 3+a ^   ^ I + v / c  cos ^ ^
5 “  ~p ( “ z  P(t ) 1 -  v / c  cos -
r r a >'
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w h e re  P(f) is the lum ino s i ty  o f a b lob  a t t im e  t .  Thus
“  "  T ( t l ~  ( W  ) ' by (4) (5)
r r r
I f  i'he v e lo c i t y  v is close to c ,  then the fa c to r  ( * ^  ^ °
I -  v / c  cos 6'
w i l l  be ve ry  la rg e .  H o w e ve r ,  in the m a jo r i ty  o f d oub le  rad io -sou rces
the  f lu x e s  ore  not ve ry  unequal . O u t  o f 60 d oub les , 53 (88 per cent)
h ave  f lu x  ratios sm aller  than 2 .5  : 1 , and 31 (52 percent)
" 1 .4 : 1 .
From equa t ion  (5) we must co nc lud e  tha t P(t) is a sharp ly  
d e c l in in g  fu n c t io n  o f t ,  such tha t
This was p o in ted  out by Scheuer (6 9 ) ,  and in Ryle and Longa ir 's
F ig .  2 (6 2 ) ,  log P -  log t , is the e x p la n a t io n  o f the l ines of
s lope - 4  w h ic h  jo in  the 2 components or each d oub le  . I t  is
-3
these l ines w h ic h  make the "m ean" locus, in w h ic h  P a t  fo r  the
e x tended  sources, p la u s ib le .  As we have seen from F ig .  15a, there  is
no support fo r  an e v o lu t io n  o f th is  type  when data  from d i f fe re n t  
doub les  are  compared .
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3 .2 Q u a d ru p le  sources
O u t  o f  82 sources studies by M a c D o n a ld  et al (66)
5( 3C , 33.1 , 61 .1 , 184.1 , 2 34 ,  452 ) consist o f  4 sources
a lo n g  an a x is ,  and 4 ou t o f  these 5 have an o p t ic a l  o b je c t  (a g a laxy )  
s i tu a te d  f a i r l y  cen tra l  ly  on the axis  . I t  is reasonable to suppose th a t  
w e  are  observ ing  products o f two separate events o f the type  discussed 
in sec t ion  3.1 , and w e  shall deno te  the parameters fo r  the 2 events by
/  ' \  ' k),  ' C '  ' 4 '
( th e  in n e r ,  more rece n t  even t corresponding to i -
N o w  i f  w e  cons ider the two sources m ov ing  in  the same d i r e c t io n  
fo r  exam p le  the  a pp roach ing  components:
s' P(t' )
a a r a 3 +
f. 2 , 2
P t f g /  ( I -  cos r  ) J _ ( I -  ' ' ^ 2
t
P Î tn  /  ( I -  V g /c  cos Ç ) ; ( I  -  COS Ï  ) / J \  -  . ] / c -
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c
 ^  ^ ■•' 2 2 ~ — 2 ' s im i l a r l y .  (7)
^0 I -  V o / c  S
For e xam p le  I f  and = 2 ,  s '  o o l 4 S ^
a
2 1 , 1 2  
and i f  -  3 (p robab ly  necessary fo r  3C 4 52 ),  S ^ ^ 7 0  5
But o u t  o f  10 p a irs ,  in no case does the ra t io  o f the f lu x  o f the inner 
member to  the ou te r  exceed 1 .5 ( in  the 3 most extreme cases the ra t io  
is 0 .18  , 0 , 2 6  and 0 . 4 6 ) .  Thus we need Vj /  and in fa c t
V must decrease w i th  t im e  such tha t
I -  a t (8)
So fa r  w e  have  assumed tha t there is no d e c e le ra t io n  o f the blobs and 
th a t  the i n i t i a l  v e lo c i t ie s  are the same in both d i r e c t io n s .  Under these
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assumptions equa t ion  (8) refers to the i n i t i a l  v e lo c i t y .
N o w  i t  is under these assumptions tha t Ryle and L onga ir 's  estimates 
o f  the  v e lo c i t ie s  in d i f fe re n t  doub les are v a l id  (we shall discuss the 
m ethod in the n ex t section) . The ta b le  shows th e i r  suggested mean 
r e la t io n  fo r  v os a fu n c t io n  o f t
Log t  = 5 5 .5 6 6 .5
V c .9 .8 .45 .1
1 -  v ^ / c ? .36 .80 .99
log  ( 1 - i . 7 ,
!
, -  .44 - .1 - . 0 0 4
; log  (1 -  v ^ / c " )
I
j .56
: log  t
^  ( lo g  t -  6 .4)
1
f -2 - . 4 5 - . 2
C om parison  o f rov/s 3 and 5 show tha t the i i  da ta  is f a i i l y  w e l l  
represented  by
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I v / c  -  ( t / I O  ) '  , t i n  years .
This is no t n e a r ly  as steep a d e c l in e  o f v w i th  t as requ ired  by 
r e la t io n  (8) ,  and the inner components w ou ld  be expected  to be much 
b r ig h te r  than  the o u t e r .
But a n y w a y  the o n ly  na tu ra l d e d u c t io n  from the fa c t  th a t  v 
decreases w i th  the t im e  t th q t  has elapsed s ince the e je c t io n ,  is tha t 
the  b lobs ore  be ing  d e c e le ra te d ,  and in tha t case the  above ana lys is  
must be m o d if ie d  .
3 . 3  V e lo c i t y  o f  in d iv id u a l  components decreases w i th  t im e
I f  V = v ( t ) ,  the d is tance  t ra v e l le d  in t im e  t
,  t  . t
\  -  _  I \
s(t) =  J  Q  v(x )  d x  = t . v  (t) , where  ' v (t) = —  v(x) d x
and so e q u a t io n  (25) must be rep laced  by
— v ( t  )
t ( 1 -  ^  (^a cos y ) = t = t ( I +   —  cos v  ) (9)
a   U •
c c
Ryle and L o n g a ir  estimate v cos c,' from equation  (4) using the fa c t  tha t
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i f  the v e lo c i t ie s  o f a pp roach ing  and rece d in g  components are the same and 
ind ep en d en t  o f t ,  then the ra t io  o f apparen t angu la r  d isp lacem ents  o f 
the  b lobs from the paren t g a la x y
e t
a _ r
b t
r a
H o w e v e r  th is  re la t io n  now has to be rep laced  by
( 10)t . V  ( t  
a a
I f  V (t) does not change too  ra p id ly  w i th  t (w h ich  is ra ther  l i k e l y ,  
as w e  sha l l  show be low ) then the method of Ryle and Longa ir  g ives a good 
es t im a te  o f  v ( t^ )  cos 6 . I n fa c t
"  > ' 0  ■
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c 1 i ' 2 ■     / w he re  is the
1 + 4  k . r  ( z ^ )  I + Z g
c o s m o lo g ic a l  re d s h i f t  o f  the paren t g a la x y ,  then
W  ®a ^  ® r>  *0  r \ !  —
G
V ( t ) , c o s  V  
V ( t g )  . sin Ç 1 -  (     ) ^
( 12)
Thus i f  the re  is a re la t io n  between v ( t g )  and t^  , a corresponding 
re la t io n  should appear in the
9 -  0 •
d ^ ( 9 ^  + 9  ^ ) -  ( —-------— ) p la n e ,  b lu rred  somewhat by
a "r
the e f fe c t  o f  o r ie n ta t io n  .
These q u a n t i t ie s  have been c a lc u la te d  from the da ta  o f 
M a c D o n a ld  e t al (66) ,  and p lo t te d  in Fig . 17, fo r  38 sources in w h ic h  
the  o p t ic a l  o b je c t  id e n t i f ie d  w i th  the d oub le  rad io  source lies near 
the ra d io  ax is  (see Table  6) . These in c lu d e  the  15 ob jec ts  used by 
Ryle and L o n g a ir ,  a lthough  two o f the id e n t i f ic a t io n s  used by them are 
n o t  co n f irm e d  by M a c D o n a ld  et al (3C 332 , due to a change of the 
es t im a ted  p o s i t io n  o f the  source, and 3C 3 5 6 ( a ) ,  w h ic h  Schm id t has.shown
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to  be a star (91)) . A  number o f the sources have several associated
cand ida tes  fo r  p a ren th oo d ,  and these are a l l  shown in F ig .  17. W i th
the new d a ta ,  i t  is ve ry  d i f f i c u l t  to  see any c o r re la t io n  be tween the
2 q u a n t i t ie s  p lo t te d  . The m a jo r i ty  o f the points are u n i fo rm ly  d is t r ib u te d
w i th  0 < d ,( 0 + 0 ) < 500 k p c  - and
a r ^
0 - 9
0 <------— -----------!—  < 0 . 2 5 .
6 + H
a r
9^ -
The f e w ,  more e x tre m e , va lues o f  —  have overage  va lues
+ -  
a r
o f  d( 0 + 9 ) , a lthough  i t  is true tha t the  most extrem e v a lu e ,
0 . 8 4  fo r  3C 340 , corresponds to one o f the sm aller  l in e a r  se pa ra t ions .
H o w e v e r ,  the  most na tu ra l  in te rp re ta t io n  o f F ig . 17 is th a t  the
blobs are  e je c te d  w i th  unequal and not necessar i ly  r e la t i v i s t i c ,  v e lo c i t ie s ,
and th a t  in ob jec ts  l i k e  3C 340 o n ly  one component is the resu lt  o f an
e je c t i o n ,  the  o the r  be ing centred  on the paren t g a la x y
(o f  M  87 and 3C 273) . N eve rthe less  i t  is o f in te res t to ca rry  the
a rg um en t a step fu r th e r  fo r  the  r e la t iv is t i c  case .
F irs t w e  c a lc u la te  v (t) fo r  a number of s imple  forms o f
v ( t )  .
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( i)  constan t d e c e le ra t io n ;
V -  ^  -  f t  , f  constant ,
= 0 when  t  - V / f ,
o
V (t) -  Vg ~Y— f t  -  V g /2  when v = 0 .
Thus w h i l e  v decreases from Vq to z e ro ,  v changes o n ly  from 
V q  t o  v y 2 .
M o re  g e n e ra l l y ,  i f  v = -  ft*^ \
-> — v_ as V — > 0 .
n + I 0
— c C t /  2n
V 0 )  = T  J o  ' I -  ( ) dt
n = “ e  ! I ...I 7 - f -  / z  .
max max
-> t t /4  as t  > t
max
n = A  : W I L  = ^  ! I -  ( I -  t / t  y ' ^  1 - >  4  os t - >  t
4 C o t m ax 3 m ax
I ~  / N 4t  9 1  ^ /^o I f 51 V (t) max r z ' 1 max  ^ Z I . , max /
n = 4  ^ ^  -  T  ‘ ' ■ ' —  ‘ + 5  t '  - +  - T —  '
-> . - r ^  as t  > t
15 max
t
N e w  v / c  >  X a i l  t ■
r
and
A  > (
I + X COS z
I -  X COS v ’
1 + X COS p
1 -  X COS p
^  6 .5 i f p ’ = 0 , X = tt'4
1 .8 tt/ 3 it/4
I .3 tt/ 3 2 ,/3
0 .9 n /3 8 /1 5
89
Thus I f  n -  I , over h a l f  the points In F ig .  17 should have
F -  d 
a r 
---------------------  > 0 .29
w h ic h  Is c e r ta in ly  fa ls e .
I f  n = , over  h a l f  should have — ----------- — >  0 .13
w h ic h  Is just abou t sa tis f ied  .
S ince  fo r  n >  , I > v (t)  /  c > —  a l l  the  assumptiion
made above  th a t  v (t)  does not change too ra p id ly  Is v a l id ,  and so
J -  G  
a r
-  +  S 
a r
is a good estimate o f v ( t^  ) . cos
H o w e v e r  v ( t)  can now be ve ry  much less than v (t) and expression ( S )  
becomes
2 2
5 P(t ) I + ( v / c )  cos T J \  -  V /  c q ,
a a r r a_________  , J -r - a
I -  ( v ^ c )  cos V 2 / ^ 2
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/ ' a  , (3 + o)n  , l + Goscp v l  )
2n
P(t ) ' t( - 7 ^  )
3 + a
’ I -  cos :p . / l  -  ( t  / t
a max
I t  is no t now possible to  o b ta in  rou gh ly  equal f lu xes  fo r  a l l  o r ie n ta t io n s  
by a s im p le  P -  t re la t io n  .
N o w  i f  t , t  «  t , and so v ( t  ) v (t ) ^  c,
r a max ' a r 1
_ P ( y (  I - = “ “ ))  ^ 1+  coscc , (3 + a)(l + n;
'h e n  r  ■ P ( f g /  ( T T - c - o w ) )  ■ ■ '  I -  cos 4. '
I i f  P a t ^  , w he re  x -  (3 + a )( l  + n) .
But i f  now f « f ^ f  , so v ( t ) c r c ,  v ( t ) z y X c ,  then 
r a "  max r a
^  = ( l l £ £ Ü L _  ) (I + cos T = (I -  X cos ~
r I -  X cos cp
T urn in g  to  the case o f quadrup le  sources:
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I I + V , COS c:
  f
to  I +  cos
. ( I +  V ^ / c  .COS rr ) /  J \ -  V g ' / c '
‘   T ^ r v  '
( I +  V | / c  .COS ,.,) /  . / I  -  V | /  C
where + refers to the two receding sources^ 
and -  refers to the two approaching sources,
/  2n
, 1^ . 3+0 , -  ( Y ^ m o x )  , 3 + 0
= (  ^  7  -  2 7 -  ^
I + COS )max
i f  J \  -  y ' / c  = ( t / t  Ÿ  and X = (3 + a)( i + n)
m a x
S. t
t, «  t., «  t : _2_ ^  ( - 1  °  «  I ,  oil  cp
I 2 m ax '2
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I fo r  rece d in g  components
I fo r  a pp ro ach ing  components i f  cp = -n/ 3  , = 2 t .
F in a l l y  to  c o n v e r t  Ryle and Longa ir 's  v -  t re la t io n  d i r e c t l y  in to
a V -  t  re la t io n  we note tha t
The best v a lu e  o f n is found to  be about 0 .2 5  : c e r ta in ly  n = I
does no t f i t  the  d a ta  .
To c o n c lu d e ,  the tendency  o f  both components in d o u b le  
rad io -sou rce s  (and o f  a l l  fo u r  in quadrup les) to  have s im i la r  f lu xes  
makes i t  u n l i k e l y  th a t  the motions o f the rad io  components are 
r e la t iv i s t i c  . I f  the r e la t iv is t i c  e le c tron  be long to a s ing le  g e n e ra t io n ,  
the  m a g n e t ic  f i e ld  must be cons ide rab ly  less than the e q u ip a r t i t io n  va lu e  
The d i f fe r e n t  separations o f the tw o  components must be due  to d i f fe re n t  
v e lo c i t i e s ,  d e c e le ra t io n s ,  or times o f e je c t io n  .
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4 . The in te ra c t io n  o f the m ov ing  components w i t h the surround ing  medium
In any  model in w h ic h  the rad io  components are w here  th ey  are 
because m a tte r  has t ra v e l le d  th e re ,  the in te ra c t io n  of th is m ov ing  m atte r  
w i t h  the  surroundings has to be c o ns ide red .  The maximum tem pera ture  
o f  the  in te r g a la c t ic  or in te rc lu s te r  medium is 10^  d ie
co rrespond ing  speed of sound 100 k m /s e c ,  so we  are a lmost c e r ta in ly  
d e a l in g  w i th  supersonic motions cind shock drag res is ta nce .  This is 
g iv e n  e s s e n t ia l ly  by the momentum destroyed per s e c .  in the tunne l 
swept o u t  by the m ov ing  o b je c t ,  and in the r e la t iv i s t i c  case is
ÎT ^
----------------------------  , in the  frame o f  the o b je c t .
I - v ^ /  ^
(O n e  fa c to r  — 7— !— ^—  2 i"he increase in apparen t mass o f th
V /  c7Y
m a te r ia l  h i t t in g  the o b je c t ,  and one fa c to r  fo r  the  t im e  d i l a t i o n ) ,  w here  
is the d en s ity  o f the am b ien t m a te r ia l  in the  rest f ra m e ,  and R is 
the  rad ius o f the o b je c t  assumed spherica l . The drag on the o b je c t  
w i l l  be measured to have the same v a lu e  in the res t- f ram e  (by the 
law  o f  t rans fo rm at ion  o f f o r c e ) , so the equa t ion  o f m otion  is
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9 2
d  , M v  _ -  TT , R V
d t  ^ ~ 7. 2 " 2   ^ "  -  T T T "
- /  1 -  V / c  I -  V / c
w h e re  M  is the p roper mass o f the o b je c t ,
/ 2 2
and i f  w e  w r i t e  w = v /  . / I  -  v / c
2
w d t  M
H e re  w e  are  now assuming tha t R is a fu n c t io n  o f t im e .  Equation (34) now has
2 2
the  same form as fo r  the n o n - re la t i  v is t ic  case, w i th  y /  I -  v / c  
in p la c e  o f  v , and can be in teg ra ted  ;
'  R^(t) d t
w  Wq M  0
w h e re  w = w ^  when t -  t^  .
( i)  R = R , constant:0 
2
« 0  ' ^0 " o
W. = I ,  w here  o  = ------------------
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so w = w q/ 2 a f te r  t im e  I /o
r~  - ' 2  Y  w
N o w  V -  w y I  - v ' / c "  , 50 V = —r—-  2  n =----- 7 --------------2---------9-------T
/  I + w ' / c  V ( I + a t)  + Wq / c  '
Thus the  d is tan ce  t ra v e l le d  in t im e  t,
W
S(t) = Y  v d t  = [ s i n h " '  t } - s i n h ‘ '
" 0  " 0
——  log °  fo r  lapge t
e wg
M  , , ,
 5— log ' ( --------------------  )
TT r Rq m
The v e lo c i t y  becomes small a f te r  a t im e  w h ic h  is a few  m u l t ip le s  o f 1/a ,
2
Q , ind ependen t o f Wqand the  d is tan ce  t ra v e l le d  is of order M /  i r R  w
Thus Rq ^ 1 0 ^ ^  cm , s >  10^^ cm M  > 1 0 ^ 0  i f  p >  10 g m / c c .
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( i i )  R -  U , constant
, _ 3 , ,2
I + IT I t WqU
~ 3 Â À
c h a ra c te r is t ic  t im e  is now f 3M : VdI T -  •'
and the  d is tan ce  t ra v e l le d  is
IT . Wq U
3M  Wg  ^ I/ 3
IT ,
w h ic h  is independen t o f w ^  i f  U a w ^  .
The ene rg y  th a t  is consumed in th is in te ra c t io n ,  per sec.
7 T Y Y 7  ‘ T T -  vVc'
9 ' 23 - 7 3
and i f  v ^  w ^  10 c m /s e c ,  R -"^10 cm , then E 10 p  e rg s /s e c .
10" ^  ergs/sec i f  p  = 10-^9 9m /c c
F in a l l y ,  i f  the  d i f fe r e n t  lum inos it ies  correspond to d i f fe re n t  v e lo c i t ie s  o f
e je c t i o n ,  and the sources are snuffed ou t a f te r  a f ix e d  t im e .
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the  fa c t  th a t  the maximum -separation in doubles increases w i th  
lu m in o s i ty  cou ld  be e xp la in e d  .
5 . A  n o n - r e la t i v is t ic  shock model .
W e  sow (F ig  . 16c) th a t  the d ispers ion in the e q u ip a r t i t io n  f i e ld  
is much sm alle r  than the d ispersion in rad io  lu m in o s i t ie s .  This is a 
consequence o f the fa c t  tha t most sources satis fy  a re la t io n  P a V  
a p p ro x im a te ly ,  and th is is not l i k e l y  to be serious ly  a l te re d  when  d a ta  is 
a v a i la b le  op sources a t present unresolved . I f  the e q u ip a r t i t io n  
a rgum en t is c o r re c t ,  and i f  the sources form an e v o lu t io n a ry  sequence, w e  have 
to  f in d  a model in w h ic h  the m agne t ic  f ie ld  remains constan t w h i le  the 
e m i t t in g  reg ion  increases its vo lum e by several orders o f m a g n i tu d e .
O n e  p o s s ib i l i ty  is tha t the m agne t ic  f i e ld  p rov ides  the  
pressure support beh ind a shock t ra v e l l in g  th rough a medium o f  un ifo rr  
d e n s ity  .
The m agne t ic  f ie ld  w ou ld  be o f o rder Hq % 8 tt TYq , 
w he re  the  shock moves w i th  v e lo c i t y  v ^  through a m edium o f
T
d e n s ity  , ^  .
The m agne t ic  f ie ld  energy is then p ro po r t io na l to the 
e m i t t in g  vo lum e  (or reg ion  beh ind the shock) .
■m
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and is formed at the expense o f the energy in the shock . Some f ra c t io n  
of th is energy may then be converted  in to  r e la t iv is t i c  p a r t ic le s  (a 
f ix e d  f r a c t io n ,  to g iv e  P c V) . In th is p ic tu re  the c loud  o f r e la t iv i s t i c  
p a r t ic le s  is not created in some unspec if ied  w ay  in the in i t i a l  exp los ion,,  
but m anu fac tu red  in situ out of m agne t ic  energy . The exp los ion  
tha t g ives rise to the shock is presumed to take  p la c e  a t the cen tre  
of a g a la x y  .
The com pact rad io -sou rces , in c lu d in g  quasars, N - g a la x ie s ,  
and Seyferts  l ik e  N G C  1275, w ou ld  correspond to  the phase w here  the 
shock trave ls  through denser g a la c t ic  m a te r ia l .  i f  we use C o lg a te 's
re la t io n  (71) fo r  the m otion  of a shock through the surface layers o f a
- ^ 4  , ,  q .  p  u 3+0
supe rnova ,  v a ^  then r i ^  a p  . b in ce  r a n
there  w o u ld  be a cons iderab le  decrease in brightness of the source as 
the shock passed ou t in to  the in te rg a la c t ic  medium . A  possib le h is to ry  
is i l lu s t ra te d  in the s k e tc h .
A
l.V r-T'.+tvA
Or’AAp.n I r  + 4 V.
Li  C.iS i f  A / j
J V
-1
Y
' I )
■>
t_L rV
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This model is s im i la r  to tha t o f Ryle and L a n g a ir ,  e xcpe t  th a t  d u r in g  (
phase 2 the lum inos ity  increases w i th  t im e ra ther than decreases .
S ince  the motions are n o n - r e la t iv is t ic  the t im e  scales fo r  the w h o le  
rad io  g a la x y  phase w i l l  be much longer than the 10 years of 
Ryle and Longa ir 's  model ,
I f  the g a la x y  (or its nucleus) is d isc-shaped  a na tu ra l e x p la n a t io n  
of the d o u b le  nature  of the sources can be found . A  sphe rica l b last 
w a v e  w o u ld  be re frac ted  in to  a dum bell  shape on passing out o f the 
d isc  in to  the  low er dens ity  surrounding m ed ium , in w h ic h  the shock 
v e lo c i t y  is a p p re c ia b ly  h ig h e r .  \
t  ' '
The o r ig in  o f the shock w ave  may l ie  e i th e r  in  m u l t ip le  supernovae 
outbursts (7 2 ) ,  in the ca tas troph ic  e v o lu t io n  o f a dense s te l la r  system (7 3 ) ,  
or perhaps in the exp los ion  of a supermassive o b je c t  ( /4 )  .
In section  2 . 3  the mean e q u ip a r t i t io n  m ag ne t ic  f ie ld  was found 
to be abou t 10 gauss, in doub le  ra d io -g a la x ie s ,  and i f  the ra t io  of
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m a g n e t ic  to  p a r t i c le  ene rgy  is f ,  th is  f ig u re  must be m u l t ip l ie d  by 
r l / 3  + a + x (2o  - I )  .
I - 5  - ^ 2  1 /(3  + a + x  (2a -  I))
Thus 10 L Q f
N e i t h e r  H q nor depend  ve ry  s t ro n g ly  on f  , The va lues  o f
Vq co rrespond ing  to  va r ious  ty p ic a l  d en s it ie s  are ;
v ^ r 10 c m /s e c  i f  , q  ,-+/ 10 , a p p ro x im a te  a ve rag e  d e n s i ty  o f  m a t te r
in g a la x ie s
9 -2 9
^  2 X 10 . 2 X 10 , the  d e n s i ty  o f  m a tte r  req u ired  to  " c lo s e "  the
un ive rse  ( i f  = 0 ) . '
10 . . .  10 ^  , the  ave rag e  d e n s ity  o f tise c lu s te r  i f  the  v i r i a l
theorem  is sa t is f ied  .
7 -2 5
3 X 10 . . .  10 , the a ve rag e  d e n s ity  in  the  d is c  o f  the  g a la x y  .
loi
A t  the  most lum inous phase, the  to ta l  ene rgy  in m a g n e t ic  f i e ld  and 
p a r t ic le s  is o f  o rder 10^ ^  ergs, so the ene rgy  in the  shock must exceed  
t h is .  O n e  s im p le  consequence  o f  the  passage o f  so strong a shock 
th rough  a g a la x y  m ig h t  be to  sweep a l l  the  gas ou t o f the  g a la x y  
and th is  m ig h t  e x p la in  w h y  e l l i p t i c a l s ,  w i th  w h ic h  strong ra d io -so u rce s  
are u s u a l ly  a ssoc ia ted ,  are  d e f i c i e n t  in gas w i th  respect to  sp ira ls  ( 7 5 ) .
In f a c t ,  the to ta l  ene rg y  in the  shock w i l l  be re la te d  
to the m axim um  d im ens ions  r o f  the  source ro u g h ly  by
9 3 2
c ■ ' 0 ' ' 'o  ■ c , .  .c  2------  / assuming a cone  of 1 s te rad ian  is
a c c e le ra te d  to  v e lo c i t y  Vq 
h 2 3
- Y —  1 0 - 8 - 6  + 7 2 - 1 , 6  .p r x . | 0 ^  i t  years
10 e rgs.
the  rest mass ene rgy  o f  a bo u t  10 so la r  masses and the  h y d ro g e n -b u rn in g  
e ne rgy  o f abou t 10 ^  so la r masses .
So fa r  o n ly  h e u r is t ic  cons ide ra t io ns  have  been p resen ted , 
bu t v e ry  l i t t l e  progress can be made q u a n t i t a t i v e l y .  F irs t w e  shall 
no te  th a t  in a p la n e  t ra n s v e rs e - f ie id  shock i t  is no t poss ib le  both to
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a m p l i f y  the m a g n e t ic  f i e ld  g re a t ly  across the  shock and 
c o n v e r t  most o f the shock ene rgy  in to  m a g n e t ic  f i e ld  e n e rg y .  
S e c o n d ly ,  by  a n a lo g y  w i th  the T a y lo r  b la s t -w a v e  s o lu t io n ,  w e  shall 
no te  th a t  i t  is u n l i k e l y  th a t  the  m a g n e t ic  f i e ld  beh in d  th e  shock w i 
rem ain  cons tan t as the shock expands .
5 . 1 ,  P lane sh ock ,  transverse f i e l d .
-> ->
A A
H,
I Y
C on s ide r  a p la ne  shock t r a v e l l i n g  a t v e lo c i t y  Uj
p e rp e n d ic u la r  to the  p la n e  o f  the s h o c k .  In the  fram e  o f the  shock 
le t  upstream and downstream  v a r ia b le s  have  su ff ices  I and 2 , 
and suppose the  m a g n e t ic  f i e ld  is t ranvsverse  to the m o t io n  .
Then the  mass-c o n s e rv â t ion  c o n d i t io n ,  and c o n t in u i t y  o f  the
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e le c t r i c  f i e l d ,  g iv e
""2 M  " I
2 ^
The momentum c o n d i t io n  is [ p + - u + ]  | = 0
I 2 2 2 1 1 2  2
or ^  [  n Sg -  S, ] = u I ( I -  - T  ) -  T  Q| ( y  -  I) (14)
2 2 2 
w h e re  a = H /4 - i r  . and S '  = y p /  ,
1 2  2 2
and the  ene rg y  c o n d i t io n  is u [ ^  u j +  — —  ]  | = 0
1 2  2  1 2  1 2 
or y : f —  [ -  s, ] = 1  U| ( I -  - L  ) _ a, ( n -  I) (15)
2
E l im in a t in g  S be tw een  equa t ions  (14) and (15) ;
104
u 2 . 2  2
2 _ ' _ [ y  + 1 -  T] ( /  -  1) ] 7
2 2 2 2 
47t p , u, u, y + 2r] -  T jy  + 25 /  a,
The m ax im um  v a lu e  o f T] is   p , and to g e t  t | 2$> 1 and
Y  = 0 (1 )  f w e  need y -  I «  1 , and then
r| ( y -  I )
 2----  / \ y  :
2 [ 2 - r ] ( y - l ) j
2
E l l im in a t in g  S, be tw een  equa t ions  (14) and (15)
2 2 .
< 8 2  + 02 i f  q > 1  , so the  shock is s ta b le .  N o w  q »  I ,
2 2 2
y  I im p ly  n '-'2 ^ 2  ; the  m omentum and ene rgy
c o n d i t io n s  become
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2 2
2 ^  I u 2  2 . ^ 2  ^  °2  t
^ l " l " " P 2  + - & T  "2  '  ° r  "1 ( - 7 -  + - I T  ) ^
<2 <2 
I 2 >2 ^  2 '' 2 , >2 ^  2 . \  ^
and 2 u, + n o ,  / or u + °2
Thus i f  the pressure support beh ind  a strong shock is m a in ly  m a g n e t ic  
( )$> Sg), w e  need most o f  the ene rgy  to  be d iss ipa ted  the rm a l ly
The m a g n e t ic  f i e ld  behaves l i k e  a gas w i th  y = 2; r e la t i v i s t i c  
p a r t i c le s ,  on th e  o the r  h a n d ,  fo r  w h ic h  p = e , behave
as i f  y = I .5 .
5 .2 3 -d im e n s io n a l  shocks ,
The o n ly  e x a c t  so lu t ion s  kn o w n  are  due  to  T a y lo r  (76) , . 
fo r  s p h e r ic a l ly  sym m etr ic  m otions  in w h ic h  p h y s ic a l  v a r ia b le s  depend  
on o n ly  one sp a t ia l  v a r ia b le  . The in t ro d u c t io n  o f  a m a g n e t ic  f i e ld  
a x is  ru les ou t the poss ib le  a p p l ic a t io n  o f  such s im p le  s o lu t io n s .  H o w e v e r  
one a m e nab le  p rob lem  is th a t  o f  a c y l in d r i c a l  shock m ov ing  r a d ic a l l y  
o u tw a rd s ,  the  m a g n e t ic  f i e ld  b e ing  e v e ry w h e re  p a ra l le l  to  the  ax is  o f the  
c y l i n d e r .
In c y l in d r i c a l  po lars  ( r , z ) .
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(u ( r , t ) ,  0 , 0 ) ,  H = ( 0 , 0 ,  H ( r ,  t))
The c o n t in u i t y  e q u a t io n  is
the e q u a t io n  o f  m o t ion  is
[ U + U Y L  ; + ' +  J -  = 0 (17)
o r  or  4 IT r
and the e q u a t io n  fo r  the f i e ld  is
H + —  — —  ( H u r) = 0 (18)
2
Equation  (17) is the T ay lo r  e q u a t io n ,  wdth (p + H /  Bit) in p la c e  o f 
p .  Thus i f  the shock f r o n t  has e q u a t io n  r = R (t ) ,  w e  can e x p e c t  
th a t  beh ind  the shock:
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%
RU) a t
w h e re  , ^  is the  und is tu rbed  d e n s i t y .
fo r  the b la s t -w o v e  case in  w h ic h  the  to ta l  ene rg y  c a r r ie d  by  the  w a v e  
is c o n s ta n t .  Thus H w i l l  n o t  be co ns tan t beh ind  the s h o c k ,  and th is  
is l i k e l y  to  ex tend  to  the  genera l  3 -D  c a s e .  M o re o v e r  i f  a b las t 
w a v e  in w h ic h  the  m a g n e t ic  f i e ld  p lays  an im j io r ta n t  r o le  in the 
pressure su pp o r t ,  the  shock w i l l  t ra v e l  fa s te r  p e rp e n d ic u la r  to  the 
d i r e c t io n  o f  the  f i e l d ,  than p a ra l le l  to  i t .  This c o u ld  even cause 
the  v e ry  strong asym m etry  observed in d o u b le  ra d io -s o u rc e s .
A  second im p o r ta n t  f a c t o r ,  bes ide  the poss ib le  e x is te n c e  o f 
an a l ig n e d  m a g n e t ic  f i e l d ,  is th a t  th e re  m ay be s trong d e n s ity  g rad ien ts  
in the  v i c i n i t y  o f th e  i n i t i a l  e xp lo s io n  . For e xa m p le  i f  th e re  is a 
p la n e  o f sym m etry  w i th  the  d e n s ity  dec rea s ing  w i t h  d is ta n c e  from  the 
p la n e ,  the v e lo c i t y  o f  the  shock w i l l  be g rea tes t w h e re  the  d e n s ity  
is lea s t ,  and the re  m ay be a m ushroom ing e f fe c t  (as in an H -b o m b  e xp los io n )
In w h a t  fo l lo w s  no p a r t i c u la r  w e ig h t  w i l l  be a t ta c h e d  to  the m odel 
o u t l in e d  above  _ But the  e v id e n c e  fo r  a r e l a t i v i s t i c a l l y  m ov ing  c o he re n t  
b lo b  o f  r e la t i v i s t i c  p a r t ic le s  and m a g n e t ic  f i e ld  is no t s tron g , and 
o th e r  p o s s ib i l i t ie s  shou ld  be c o n s id e re d .  O n e  o f  the  m ain  advan tages
1 0 8
in  supposing th a t  the  e n e rg y  req u ired  in  th e  r a d ia t in g  components  
is t ransported  from  the  p a ren t  g a la x y  or quasar in the  form  o f  k i n e t i c  
o r shock e n e rg y ,  is th a t  the r e la t i v i s t i c  e le c tro n s  are  n o t  req u ired  
to  su rv ive  inverse  C om pton  in te ra c t io n  w i t h  the o p t ic a l  photons from  the  
p a re n t  o b je c t .  This is a serious p rob lem  (77) and can be a v o id e d  o n ly  
by supposing r e la t i v i s t i c  m otions  are  p resent (78) . E v id en ce  a ga in s t 
such m otions  has been presented in se c t ion  3 .
6 .  The l i f e t im e  o f sou rces . i
The l i f e t im e  o f  sources c le a r l y  depends, v e ry  much on w h ic h  
m odel is the  c o r re c t  o n e .  But s ince  a l l  models in v o k e  syn ch ro tro n  
r a d ia t io n ,  the syn ch ro tro n  l i f e  o f  the  ra d ia t in g  e le c tro n s  is a q u a n t i t y  
o f  some in te re s t .  For e le c tro n s  o f  ene rg y  y  in  a m a g n e t ic  f i e ld
H , th is  l i f e  is = 10 / y  H - /  I f  these e le c t ro n s  e n c o u n te r
ra d ia t io n  w i th  e n e rg y -d e n s i ty  U ^  th e y  w i l l  a lso  lose ene rgy  by 
inverse  C om pton  r a d ia t io n ,  so the  l i f e  becomes
7 . 6  2
10 / y  ( H + 4 ttU
rad
Thus i f  U is due  to  cosm ica l b la c k -b o d y  ra d ia t io n  o f  tem p e ra tu re
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2 . 7 °  K a t  the p resent e p o c h ,  the l i f e  o f  the  ra d ia t in g  e le c tron s  
w i l l  beg in  to  be d r a s t i c a l l y  reduced  a t epochs such th a t
10 ^  ( I + z )  >  H (see c h a p te r  IV )
In models w he re  the  ra d ia t in g  l i f e  o f  the  e le c tro n s  de te rm ine s  the 
l i f e  o f  the s o u rce ,  the re  w i l l  be a co rrespond ing  re d u c t io n  in  the  
num ber d e n s i ty  o f  sources .
C H A P T E R  T H R E E
10
Summary . .
In sec t ion  I the  source m odels and types o f  e v o lu t io n  
discussed in  the  p rev ious  chap ters  are  summ arized . The case to  be 
in v e s t ig a te d  in  g rea tes t d e ta i l  here is ^ Iv e re  a l l  sources o f  a p a r t i c u la r  
class have  the same m a g n e t ic  f i e l d ,  and e i th e r  th is  f i e ld  is strong enough 
so th a t  the b la c k -b o d y  ra d ia t io n  does no t in te r a c t  s ig n i f i c a n t l y  w i t h  the  
r e la t iv i s t i c  e le c tron s  u n t i l  epochs such th a t  the  re d s h i f t  is ten o r  m o re ,  
or the  b la c k -b o d y  r a d ia t io n  is not co s m o lo g ic a l  in  o r ig in  . The s im p les t 
types o f e v o lu t io n  are  the e x p o n e n t ia l  e v o lu t io n s  proposed in  1 .6 , 
c h a ra c te r iz e d  by one p a ram ete r  o n l y .
Three in d e p e n d e n t  methods o f  d e s c r ip t io n  o f the  
dep en de nce  o f  n u m b e r-d e n s ity  on lu m in o s i ty  and e p o c h ,  and th e i r  
app ropr ia teness  fo r  d i f f e r e n t  types o f  e v o lu t io n ,  a re  o u t l in e d  'in se c t io n  2 ,  
s ince  some co n fus ion  on th is  p o in t  is a pp a re n t  in  the  l i t e r a t u r e .
S e c t io n  3 presents some th e o re t ic a l  co ns id e ra t io n s  on 
n um be r-co un ts  o f a set o f sources w i t h  the  same lu m in o s i ty  and spec tra l  
s h a p e .  I t  has o f te n  been t a c i t l y  assumed, on the  basis o f  an e x a m in a t io n  
o f  the f i r s t  o rde r  term in  a p ow e r  series e x p a n s io n ,  than the  n u m b e r-  
co un t  s lope fo r  a set o f  u n i fo rm ly  d is t r ib u te d  sources w i th  the  same 
lu m in o s i ty  and spectra  is less than  the  E u c l id e a n  v a lu e  o f I .5 fo r  a l l  
co sm o lo g ica l  models o f in te re s t .  In se c t ion  3.1 th is  is p roved  fo r  models
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w i th  k  < 0 ; fo r  k >  0 , the  s ta tem en t is n o t  t rue  In g e n e ra l ,
and seems hard to  p rove  even  fo r  the  case 4 = 0 ,  w he re
n u m e r ica l  c a lc u la t io n s  in d ic a te  i t  to  be t r u e .  In se c t ion  3 . 2  the  n u m b e r-  
co un t slope as the  f l u x - l e v e l  tends to  z e ro  is found  to  be n o n -z e ro  o n ly  i f  
Cq = 0 .  In se c t ion  3 . 3  and 3 . 4  the log  N  -  log  S r e la t io n
is e v a lu a te d  fo r  sources w i th  e x p o n e n t ia l  lu m in o s i ty  and d e n s i ty  e v o lu t io n  
in  the  E ins te in  de S i t t e r ,  M i l n e  and de  S i t te r  m odels : lu m in o s i ty
e v o lu t io n  is b e t te r  a b le  to  a c c o u n t  fo r  the  sharp change  in  th e  observed 
s o u rc e -c o u n t  s lope  a t  f a in t  f l u x - l e v e l s .  The e f fe c t  o f  lu m in o s i ty  and 
d e n s ity  e v o lu t io n  on the f i r s t  o rd e r  term in the  p ow er  series expans ion  o f  the  
s o u rc e -c o u n t  s lope is e v a lu a te d  in  se c t ion  3 . 5 ,  and a rough in te rp re ta t io n
g iv e n  o f  the counts  o f strong r a d io - g a la x ie s  d esc r ibed  in  I .14
(see a lso A p p e n d ix  4) ,
S e c t io n  4  is e s s e n t ia l ly  a red iscuss ion  o f  G o w e r 's  
" c o n v o lu t io n  o f ra d io  s o u rc e -c o u n ts " (17) . The coun ts  a re  in te rp re te d  
in terms o f both d e n s ity  and lu m in o s i ty  e v o lu t io n ,  and d e n s ity  e v o lu t io n  
o f a l l  sources is found  t© be im p ro b a b le .  A n  in te re s t in g  q u a l i t a t i v e  resu lt  
is th a t  the  peak c o n t r ib u t io n  to  so u rc e -c o u n ts  d o w n  to  a ny  f l u x - l e v e l  
is l i k e l y  to  come from  sources w i th  a lu m in o s i ty  th a t  decreases w i th  
dec rea s ing  f lu x - d e n s i t y  . The m a in  c o n t r ib u t io n  a t  f a in t  f l u x - l e v e l s  
co u ld  come from  a class o f sources m a k in g  an in s ig n i f i c a n t  c o n t r ib u t io n  a t
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and is in d e p e n d e n t  o f  f l u x - d e n s i t y ,  i t  is found  th a t  the shape o f the  
s o u rce -co u n ts  shou ld  beii n de penden t o f  f r e q u e n c y  o v e r  a w id e  range  o f  
f r e q u e n c y .  The observed counts  a t  2770  M H z  can be understood i f ,  
in  one source in  500 a t  178 M H z ,  the  f l u x  increases w i th  f r e q u e n c y ,  
ra th e r  than  decreases as is u s u a l ly  the  case . Such a p o p u la t io n  is 
k n o w n  (a subset o f  the  quasars), so the re  is in  th is  sense no d is c re p a n c y  
be tw een  the counts a t  l78  and 2770 M H z  .
In sect ions 8 - 1 1  the  observed s o u rc e -c o u n ts  are in te rp re te d  
in terms o f e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  o f  the  s tronger r a d io - g a la x ie s  
( n o  e v o lu t io n  b e ing  assumed fo r  o th e r  classes o f  source ) in th ree  
a s y m p to t ic  co s m o lo g ic a l  models . S ig n i f i c a n t  d i f fe re n c e s  are  found 
be tw een  the th ree  m ode ls ,  both in the  goodness o f f i t ,  p a r t i c u la r l y  a t
h ig h e r  f l u x - l e v e l s  .
In se c t ion  5 the  e f f e c t  on counts  o f  the  d ispe rs ion  in  
spec tra l  ind ices  is in v e s t ig a te d ,  and is found  to  be no t v e ry  g r e a t .
y  /
To s u f f i c ie n t  a c c u ra c y  the  sources m ay be trea te d  asy they  a l l  had the /  ,
mean spectra l in d e x  . The d ep e n d e n ce  o f  the  lu m in o s i ty  fu n c t io n  on 
f re q u e n c y  in t ro d u c e d  by  th is d ispers ion  in  spec tra l  shape , is shown to  be 
no t too  g re a t  in sec t ion  6 ,  and se c t io n  7 d ea ls  w i t h  a re la te d  p ro b le m ,  
the  d e p en de nce  o f  the  so u rce -co u n ts  on f r e q u e n c y .  I f  the  d ispers ion  
in spec tra l in d ice s  a t  h igh  f l u x - l e v e l s  is represented  by a G a u s s ia n / ,/
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low  f l u x - l e v e l s  w he re  the  models p re d ic t  d i f f e r e n t  a s y m p to t ic  s o u rc e -c o u n t  
s lopes, and in the  v a lu e  o f the c r i t i c a l  lu m in o s i ty  a bove  w h ic h  the  
e v o lu t io n  is supposed to  o p e ra te .  The la t t e r  is the  o n ly  p a ram e te r  in 
the  p ro b le m ; the  ra te  o f  e v o lu t io n  is e s s e n t ia l ly  d e te rm in e d  by the
a na lys is  o f C h a p te r  I , as a lso is th e  lu m in o s i ty  f u n c t io n  (se c t io n  8) . Thus
the e x c e l le n c e  o f f i t  in the  M i l n e  m odel seems to  be a s ig n i f i c a n t  
r e s u l t .  C e r t a in ly  i f  a t te n t io n  is c o n f in e d  to  c o s m o lo g ic a l  m odels  w i th  
' -  0 ,  the  counts  are more e a s i ly  understood in  a lo w  - d e n s i t y  u n iv e rs e .
L o n g a ir 's  c la im  th a t  the s o u rc e -c o u n ts  p ro v id e  e v id e n c e  o f  a t r u n c a t io n  in  the  
d e n s i ty  o f sources beyond a re d s h i f t  o f  3 or 4  can be f i r m ly  re p u d ia te d  .
The e f fe c t  o f such a t ru n c a t io n  is in v e s t ig a te d  . A  t ru n c a t io n  beyond  a 
re d sh i f t  o f  10 w o u ld  have  a n e g l ig ib le  e f fe c t :  one a t  a re d s h i f t  o f  5
w o u ld  b lu r  the d is t in c t io n  b e tw een  the  co s m o lo g ic a l  m o d e ls ,  as a lso does 
the  s ta t is t ic a l  u n c e r ta in t y  in  th e  observed lu m in o s i ty  fu n c t io n  (sec t io n  I I ) ,  
and the e f fe c t  o f  e le c t ro n  s c a t te r in g  (sec t io n  12) .
In sec t ion  13 the  e f fe c t  o f  the d e p e n d e n c e  o f  spec tra l  in d e x
on lu m in o s i ty  is found  to  be s l ig h t :  a d e p e n d e n c e  o f  spectra l in d e x  on
epoch  w o u ld  have  a s im i la r  e f fe c t  to a m o d i f ic a t io n  o f  the  ra te  o f  
e v o lu t io n  .
F i n a l l y ,  in se c t ion  14 i t  is fo und  to be im poss ib le  to 
a c c o u n t  fo r  the  observed counts w i t h  e x p o n e n t ia l  d e n s i ty  e v o lu t io n .
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even w i th  an a rb i t ra ry  t r u n c a t io n ,  p ro v id e d  th is  t ru n c a t io n  Is 
in d e p e n d e n t o f ra d io  lu m in o s i t y .  H o w e v e r ,  as discussed in  se c t io n  2 ,  
d e n s i ty  e v o lu t io n  w i th  a lu m in o s i ty -d e p e n d a n t  t ru n c a t io n  w i l l  loo k  v e ry  
l i k e  lu m in o s i ty  e v o lu t io n ,  and th is  p o s s ib i l i t y  w i l l  be exam in e d  in  C h a p te r  IV
15
1 , Source models and types o f e v o lu t io n
Unless the  m a g n e t ic  f i e ld  in quasars and r a d io - g a la x ie s  has an energy- 
d e n s ity  much g re a te r  than  the  b la c k - b o d y  r a d ia t io n  a t a l l  epochs from 
w h ic h  the re  is a s ig n i f i c a n t  c o n t r ib u t io n  to  the ra d io  s o u rc e -c o u n ts ,  then  
w e  have  to  ta k e  a c c o u n t  o f the  d e p e n d e n c e  o f  th e  ra d io  lu m in o s i ty  on 
m a g n e t ic  f i e l d .  In genera l  th is  d ep e n d e n ce  w i l l  n o t  be s im p le ,  
but tw o  cases a re  o f  p a r t i c u la r  in te res t;
( i )  The m a g n e t ic  f i e ld  is the  same fo r  a l l  sources ( in  a p a r t i c u la r
c lass), so th a t  by e q u a t io n  (I)  o f  se c t ion  II .2 , P a K .
( i i )  The p a r t i c le  e n e rg y ,  K , is the  same in  a l l  sources, so th a t
P a h '
I f  the re  is no p rospec t o f  d is t in g u is h in g  b e tw een  these 
tw o  cases, th e re  is no p o in t  in c o n s id e r in g  more c o m p l ic a te d  cases w he re  
both  K and H depend  on the  phase o f  the  source  .
A  source observed to  have  a p a r t i c u la r  lu m in o s i ty  a t  the p resent
epoch w o u ld  then have  had d i f f e r e n t  lu m in o s i t ie s  a t  e a r l ie r  epochs i f
K and H v a ry  w i th  epoch . This co u ld  happen  because g a la x ie s
or c lusters o f g a la x ie s  had d i f f e r e n t  p ro pe r t ie s  a t  e a r l ie r  epochs , or as 
the resu lt  o f  in te ra c t io n  w i th  in te rc lu s te r  m a te r ia l  whose p rope rt ies  
(d e n s i ty ,  m a g n e t ic  f i e ld )  change  w i th  epoch .
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H o w e v e r  th is  la t te r  e x p la n a t io n  w i l l  h a rd ly  serve f o r  e v o lu t io n  
in sources o f class ( a ) ,  the  quasars and c o m p ac t  r a d io - g a la x ie s ,  s ince  
the ra d io -e m is s io n  comes from  a reg io n  too  small to  k n o w  a bou t 
in t e r g a la c t i c  (or in te rc lu s te r )  c o n d i t io n s .  Thus i f  in te r a c t io n  w i th  a u n ive rsa l 
gas is the  o n ly  cause o f e v o lu t io n  in  sources on a co s m o lo g ic a l  s c a le ,  w e  
have  to cons ide r  c o sm o lo g ica l  m odels  in w h ic h  quasars a re  u n i fo rm ly  
d is t r ib u te d ,  i . e .  c e r ta in  L e m a it re  m o d e ls .  In paper I I I  i t  was shown 
th a t  a range o f  models can be fo und  re q u i r in g  no e v o lu t io n  in the  quasars: 
but o n ly  the most ex trem e  models ( q ^  < - 2  ) do  n o t  re q u i re  e v o lu t io n  
fo r  the  r a d io - g a la x ie s .
In models w i th  ze ro  cosm ica l c o n s ta n t ,  on the  o th e r  h a n d ,  
e v o lu t io n  is req u ired  fo r  both  quasars and ra d io g a la x ie s  . In te ra c t io n  w i t h  
a un ive rsa l gas w o u ld  then cause s teeper e v o lu t io n  in r a d io g a la x ie s  than  quasars 
This appears to be the  case i f  pow er law  e v o lu t io n s  a re  c o n s id e re d ,  
though s im i la r  e v o lu t io n a ry  rates a re  found  in  both  classes o f source i f  
e x p o n e n t ia l  e v o lu t io n s  are  cons idered  ( see I .14) .
The p r o b a b i l i t y  th a t  sources o f  a p a r t i c u la r  lu m in o s i ty  class 
w i l l  e x is t  may be a fu n c t io n  o f e p o c h ,  i f  th e re  is e v o lu t io n  in  the  
p rope rt ie s  o f the  p a re n t  o b je c ts ,  or i f  the  p a ren t o b jec ts  are s t i l l  
be ing  fo rm ed o ve r  the  epochs cons ide red  (so th a t  the  num ber d e n s ity  
o f parents va r ies  w i th  epoch). The n u m b e r -d e n s i ty  o f  sources w i l l  a lso
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v a ry  w i t h  epoch i f  the  l i f e t im e  o f sources d o e s .  For e x a m p le ,  i f  the
ra d ia t in g  l i f e  o f the  r e la t iv i s t i c  e le c tron s  is the  c o n t r o l l i n g  f a c to r ,  
the  number d e n s ity  o f  sources w i l l  decrease  w i th  epoch due  to  inve rse  
C om pton  losses, and s tro n g ly  so o nce  10 ’ ( I + z) >  H
(see ch a p te r  IV).
2 . The d e p en de nce  o f  the lu m in o s i ty  f u n c t io n  on epoch
There are 3 c o m p le te ly  genera l  ways o f  d e s c r ib in g  the  d e p e n d e n c e  
o f the c o o rd in a te  n u m b e r -d e n s i t y , t) , on lu m in o s i ty ,  ^  , and
re d s h i f t ,  z :
( i )  s l ices  o f  co ns tan t z ,  r\ ?  ) , i . e .  the " lu m in o s i ty  f u n c t io n "
a t  d i f f e r e n t  e p o c h s .  This is usefu l i f  w e  have  " d e n s i ty "  e v o lu t io n ,  
w i th  T\ -  i (z )  . c^. {  ^ i . e .  the same r e la t iv e  d is t r ib u t io n  o f
lum in o s i t ie s  is found  a t d i f f e r e n t  epochs , bu t the d e n s i ty  va r ies  w i t h  
epoch .
( i i )  l ines o f  cons tan t n u m b e r -d e n s i ty ,  q ( f  , z) = c o n s ta n t .
This is usefu l in the  case o f  " lu m in o s i t y "  e v o lu t io n ,  w he re
r j(  T  / z) = T in ( f  -  k ( z ) ) .
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so these l ines  o f  cons tan t r\ a re  p a r a l le l  In the jF -  z  p la n e .
This is the  case w h e re  the  p r o b a b i l i t y  o f  o c c u r re n c e ,  and th e  a g e ,  • 
o f  sources o f  a p a r t i c u la r  ty p e  are in d e p e n d e n t  o f  e p o c h ,  bu t th e  
lu m in o s i ty  va r ies  w i th  epoch .
( i i i )  s l ices  o f cons tan t lu m in o s i ty ,  ^ ( z )  , o r " lu m in o s i ty
d e p en de n t d e n s ity  e v o l u t i o n " .  This is usefu l i f  w e  have  d e n s ity  e v o lu t io n  
trun ca ted  a t a re d s h i f t  d ep e n d e n t on lu m in o s i ty ,  z * (  ^  ) , 
fo r  e xam p le  w he re  the  lu m in o s i ty  o f  sources is d e p e n d e n t  on m a g n e t ic  
f i e ld  .
W h i l e  these 3 methods o f d e s c r ip t io n  a re  c o m p le te ly  e q u iv a le n t ,  
the p a r t i c u la r  forms o f  e v o lu t io n  desc r ib e d  above  os " lu m in o s i t y "  and 
'd e n s i ty "  e v o lu t io n  a re  no t ( though  in C h a p te r  I w e  saw th a t  i t  is as y e t  
d i f f i c u l t  to  ru le  o u t  ei the r  typ e  o f  e v o lu t io n  fo r  any  class o f  source) .
N o te  th a t  i f  the re  exists a m in im um  lu m in o s i ty  fo r  a class o f  source 
w i th  " lu m in o s i t y "  e v o lu t io n ,  then  from  v ie w p o in t  ( i i i )  the re  is a 
lu m in o s i ty -d e p e n d e n t  t ru n c a t io n  in the  d e n s i ty  o f sou rces . But th is  is 
no t the  n a tu ra l  v ie w p o in t  fo r  th is typ e  o f  e v o lu t io n .
I f  the  lu m in o s i ty  fu n c t io n  has a power-1  aw dep en de nce  on 
lu m in o s i ty  a t the  present e p o c h ,  say
•og|Q r, ( T , 0 )  = b -  a j ’ , < T  < 7 2 '
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then  in d e n s i ty  e v o lu t io n :
l ° 9 |0  i X - F ,  z) = b + loc,|Q i(z )  -  a J  , <  f  <
w h i le  in lu m in o s i ty  e v o lu t io n :
'og jQ n ( f  / z) -  b -  a ( f  -  k ( z ) ) ,  + k (z )  < f  < 3 ^  + k (z )
So i f  loQjQ |(z) = a .k (z)  both  types p f  e v o lu t io n  g iv e  the same
n u m b e r-d e n s ity  fo r  + k (z )  <
(assuming logg^ |(z) and k (z )  a re  both  p o s i t iv e  i f  z >  0) .
H o w e v e r  th e y  are  no t e q u iv a le n t ,  because th e y  g iv e  d i f f e r e n t  d ens it ie s  
in the  ranges  ^ + k (z )  and
1  r  1  f ;  + k (z )  ■
W e  now cons ide r  the  e f fe c ts  on so u rce -co u n ts  o f  co sm o lo g ica l
m o d e l ,  e v o lu t io n a ry  hypo the s is ,  and d ispers ions in lu m in o s i ty  and 
spectra l shape .
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3 .  N u m b e r -c o u n ts  fo r  sources w i th  the  same lu m in o s i ty  and spectra
3 , 1 .  The c o n d i t io n  th a t  the  n u m b e r -c o u n t  s lope be less than  1.5
Le t (f)  be the num ber o f  sources b r ig h te r  than
S a t f re q u e n c y  V , per s te ra d ia n ,  w h e re  f  = lo g j^  S , and d e f in e
X ( t ;  -  -    , the n u m b e r -c o u n t  s lope .
d f
Then i f  the  sources have  pow er law  s p e c t ra ,  w i th  spec tra l  ind ex  a , 
and m o n o c h ro m a t ic  lu m in o s i ty  P ( w / H z / s t e r ) ,  by I . ( I I )
wherre
"  '°® I0  ’’ v = f  + 2 log|Q D (z )  + (a -  I) lo g |g  (1 +  z) (I)
D (z) -  R„ V ( I + z) , the  lu m in o s i ty  d is ta n c e  ,
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• r-  ^ d r
^ 0  ( l + i  k r V
For k = - I  , V = sinh % / 7  = ( v v  1 + v -  lo g ^  (v  + v  I + v ) ]
0, V = X , 7 -  v ^ /3  (2)
+1, V ^  sin X , l  X  -  s in X, cos X
w he re
'o "o  X  7 2 ^ 0  + ( ' +^0 - 3 'o ) + =0 - ^ 0
and
Ro"o , , - '/2 ,
  -  I 3 -Q -  -  I I , k /  0 (3)
I , k = 0
From (1) and (3 ) ,
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f  = c o n s t . -  2Iog|Q v + log^^ | 3 ’-q -  -  I | - ‘ ( I + a) log|Q (I + z )  (4)
so th a t  i f  < v ^ / 3  and —j— > 0  a i l  z (and i f  a >  - I ) ,
— dz  — —
i t  is c le a r  th a t  x  (f)  < I .5 a l l  f  , O b v io u s ly  th is  c o n d i t io n  iIS
V
sa t is f ied  fo r  k = 0 , by ( 2 ) .
>  = • '  '  = - T — ^  < a l l  v /  0
y i  + V
and w hen  v -  0 , ^  -  0 , so l l T  < v ^ / 3  a l l  v >  0
A ls o  "4 — = cosh > . j  ^ -  > 0  a l l  z ,
dz  d z -
so X  < 1,5 fo r  a l l  models w i th  k  < 0 .
But i f  k -  +1 , (4 n -  I) t t / 2  < X (4 n + 1) t t / 2  , n an in te g e r .
d I f '  v ^  _ d 3
^  '  t T :
1 I ^
In f a c t  I 3T I >  — ------------  a l l
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KA d V - d
M o re o v e r  —,--------  = cos >- . — r
< 0 w hen  (4n + I) it/ 2 < % ^  (4n + 3) tt/ 2  .
In f a c t  X (f) -------- > 00 w hen  — —  + -j— —  -  0 ,
V V dz  I + z
-  2 ( 1 + z) d V
or tan y  =
1 + 0  d
and there  w i l l  c e r ta in ly  e x is t  such a s o lu t io n  i f
" z — > »  >
VM o d e ls  o f  th is  t y p e ,  in w h ic h  the  a n t ip o le  is o b s e rv a b le ,  a re  discussed
in paper III . W e  no te  here th a t  even i f  X ( < it , x cou ld  be
g re a te r  than I .5
I f  the c o s m o lo g ic a l  cons tan t is z e ro ,  k = + 1
I
corresponds to  ^  ~2~ '  and (99)
qg Z + (qg -  I )( I + 2 q^^z -  I )
= -- '^q  - I   2----------------------------------------------- } ,
So ( I + z)
so
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V ( «  ) = I i f  = I i . e . ,  X ( =“  ) = -n/2
and
V ( 00 ) ------> 0 as q ^   >  , i . e . ,  ,\( “  )  >  it
Even though v is g iv e n  e x p l i c i t l y ,  i t  does n o t  seem poss ib le  to  p rove  
the resu lt  th a t  seems e v id e n t  from  n u m e r ica l  c o m p u ta t io n s ,  th a t  
X  < I .5 fo r  a l l  f  in a l l  models w i th  . = 0 ,  and th a t  fo r  g iv e n
f  , or g iv e n  N  (f) , x (f)  decreases as q ^  increases
3 .2  A s y m p to t ic  s lope in gene ra l  mod'el
This w i l l  be im p o r ta n t  w hen  in te rp re t in g  the observed source- 
counts to  low  f l u x - l e v e l  . W e  cons ider f i r s t  models w i th  k  = + I
then
■■
. / i T T ?  [ 2  + I j L s  V
I + z d v
+ i f  (4n -  1) tt'^ 2 < y  < (4n + I) tt/ 2
i f  (4n + I) t t / 2  < / < (4n + 3) i r /2
and
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' ^  = ( m z ) c o t  ,< /   V° ~  2------------------
2 y ( l + z )  + (  l + q g - 3  ’y ) (  l + z) + 'o  -q^:
 >  0 as z ----- > =0 i f  : ^  /  0 and x, ( ® ) /  ni r
so X --------> 0 i f  : Q /  0 and X ( # ) /  n it .
f o r  z  )E> I ,  X
+ ( -l)*^
n n /2  [ 2 + (I + a) -y' 2 ' qT ^  + z) v ( - i ) '^  ]
■> 0 as z -------> œ .
k = 0
2 + (I+o)2  ^ 2 + (l +a)2 /2 -gZ^+l -2
-> 0 as Z  -------> » i f  - /  0 .
3
k = - I  X =
ï X l  + v ' X 2  + (I + a )  ^  ^  ]
L  dv
and
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> 0 as z  — > if r _  /  0 ,
so X  >  0 as Z    >
-  0 : q > -1 : 7  / V  co th  i  > I as Z   >
0 0 V d Z
2
V
"  — > T ' + ( l + a )  = T T ^  ^  - >
Z  dv
V d Z
■> I as Z  ------- > -  , ] r - =  V / 3
SO X --------- >
3 + a
Thus, le a v in g  aside models on or to the  le f t  o f  the  E dd ing ton -  Lem aftre  
locus in the : ^  "  9 q p la n e  ( fo r  w h ic h  models there  exists a
f i n i t e  m ax im um  redsh if t )  the  a»sym pto t ic  n u m b e r -c o u n t  s lope is zero  
unless Q = 0 , I t  is a lso ze ro  fo r  the s te a d y -s ta te  m o d e l ,  s ince
^  log ^  Z  fo r  la rge  Z  , and v = Z  -  I , so
y i o g  Z  
-  - 3 t / -  — > 0 -
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3 .3 C oun ts  w i th  e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  
7  (z) = 7  (0) + . log IQ e . (  I -  l / Z )
k = 0:
3 dr 
7  ~ IZ
2 d r  1 + 0
7  T z  ~ z ~  '  ^
e .g .
o ,  2 ( Z -  I) 7
— z “  "  — r —
3
=  +1 : X = ---------— ---------------------------------------- —
X./rZ [^2 + (l+a)^  ^ ^  2 ^ ]
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k  =  - I :  X  =   —
T
3
Z.
+ V [ 2  + (l  + a  -  - p -  ) -  - ^ 1
e .g . in the  M i l n e  m ode l:
Z ^ - l  d v  Z ^  +  I /  2 Z ^  +
2 Z  2 Z
8 Z ^
( Z ^  _ ^ 3
Z  2
4 Z ^  ( Z ^  + I) I Z  1  -  ' / 8 Z ^  -  lo g ^  Z / 2  ] [  2 + ( l+ a  -  - y  ) ]
Z  Z  + I
3 .4 C oun ts  w i th  e x p o n e n t ia l  d e n s ity  e v o lu t io n  
k  =  0 : J J '  (z )  = ^  r . e .dr
e . g .  in the  E ins te in  de  S i t te r  m ode l:
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d Z
Let X -  Z p / Z ,  th e n 2 / ' ( z )  = 4 .e . Z ^  . ( 3 /^  y
V2
4- ^   ^ -X  ,
+  K-JZ— J e d x
Z p  I I "  ' 2
^  - t V  + x T r -  j
3 / ,  ■ '  Z  “  ■
Z d  '
+ 4 -  [ - e ' V z  + j ^
D
= S e ^ D  ( + — - 3 /  ) ' "  d t+A '
y Z  /-,
d / z
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in the  de  S i t te r  m ode l:
X A )  =  / ( Z - X  d z
Z  j /  3
= e DC - Z ) [ z / 3  -  Z r / 6 + l )  +  Z ( Z p / 6  + Z(^ +  l ) ] - Z p / 6 - 5 Z p / 6 -  i
2
Z p  e (Z j^  / 6  + Z p  + I ) [  V (I , Z p )  -  V ( I , Z ^ / Z )  ]
X —y ^  I
w h e re  y ( a , x )  = \  e y d y  is the  in c o m p le te  f u n c t io n .
" 0
k = - I  : r  ' (z)
e . g .  in the  M i l n e  model :
Z  X d r
e rw
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/ D ( l  -  / )
+ (Z p /8  -  l / 2 Z | j ) [ y ( l , Z p ) - Y ( l , Z  . .
F igs . 18 a , b  and c shows log N  -  log S curves fo r  3 cosm o log ica l  
m od e ls ,  the E ins te in  de  S i t te r  (E ) ,  M i l n e  (M )  and de  S i t te r  (S) 
m od e ls ,  ( i)  w i th  no e v o lu t io n  ( i i )  w i th  e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n ,
Zj^ = 6 ( i i i )  w i th  e x p o n e n t ia l  d e n s i ty  e v o lu t io n  -  10,
these param eters  b e ing  cons is ten t w i th  the  ana lys is  o f  C h a p te r  1 
fo r  quasars and r a d io - g a la x ie s  .
The curves are la b e l le d  w i th  va lues  o f  re d s h i f t ,  and i t  w i l l  be 
seen th a t  w h i l e  the curves w i th  e v o lu t io n  have  s im i la r  slopes in the range 
z < 1 , th ey  d i f f e r  g re a t ly  a t  la rge  re d s h i f t .  The lu m in o s i ty  e v o lu t io n
curves show a f a i r l y  rap id  decrease  o f s lope a t f a in t  f lu x e s ,  and the 
d i f fe re n c e s  be tw een  the 3 models are much more marked than fo r  the  
curves w i t h o u t  e v o lu t io n  . The d e n s ity  e v o lu t io n  curves show no 
p a r t i c u la r l y  rap id  decrease o f  s lo p e ,  and d i f f e r  among themselves less 
than  the  curves w i t h o u t  e v o lu t io n .  Thus the re  is l i t t l e  p rospect o f
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e x p la in in g  the  observed counts on the basis o f  e x p o n e n t ia l  d e n s ity  e v o lu t io n ,  and 
th is  is c o n f i rm e d  by more d e ta i le d  a n a ly s is .  W i th  e x p o n e n t ia l  lu m in o s i ty  
e v o lu t io n ,  on the  o th e r  h a n d ,  the re  is n o t  o n ly  the p rospect of 
e x p la in in g  the  counts w i t h o u t  any  c u to f f  a t  some re d s h i f t  Z * , 
but a lso the  p rospec t o f  d is t in g u is h in g  be tw een  c o sm o lo g ica l  models .
3 .5  C ounts  fo r  small r e d s h i f t .
U s ing  expansions o f ~y(z )  and D (z)  as pow er series 
in z (2 7 ) ,  i t  is easy to see th a t  when  the e ffec ts  o f  e v o lu t io n  are 
in c lu d e d  ( e i th e r  p o w e r - la w  or e x p o n e n t ia l ) ,  to  the  f i r s t  o rder in z :
3
lo 9 |Q N ( f)  = c o n s t .  + 3 log^^ z + p  ( - y -  -  -  l )z
- f  = c o n s t .  + 2 log jQ z + (a -  q ^  -  ) z ,
both ind ep e n d e n t o f  Q '
w he re  is the param ete r  fo r  d e n s ity  e v o lu t io n  and
Q  is the  pa ram ete r  fo r  lu m in o s i ty  e v o lu t io n  .
L
To th is o rde r  in z .
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3 20. I
X = ^  [ I + z [ ----------- -------------  -  — g - -  - ]  ]  (5)
The in te re s t in g  p o in t  is th a t  th is  is in d e p e n d e n t o f  J ^  and
( the  s te a d y -s ta te  th e o ry ,  on the  o th e r  h a n d ,  corresponds to Qj^ = 0 ,
Q d  = - 3 ) .
F i g .  19 shows the  e x a c t  d ep en de nce  o f x  on z fo r  
fo u r  co s m o lo g ic a l  models: the  E in s te in -d e  S i t t e r ,  M i l n e ,  de  S i t te r
and E d d in g to n -L e m a it re  ( Z ^  = 2 .95) m ode ls ,  to g e th e r  w i th  a
h is tog ram  o f  the v isua l m agn itudes o f  strong 3C ra d io -g a la x ie s  
( ^  >  -  27) and the  co rrespond ing  redsh if ts  as est im ated  by e qu a t io n
(14) o f  1 .14 . The dep en de nce  o f  x  on a c o sm o lo g ica l  model
ove r  the range o f  z o f in te res t fo r  these o b jec ts  is s l ig h t  and equa t ion  
(5) is a reasonab le  e s t im a te .  The m ed ian  z fo r  these o b jec ts  is 0 .17 : 
s u b s t i tu t in g  th is ,  and th e  v a lu e  x  1 .8 o b ta in e d  in 1 .14, w e  f in d
+ 2 Q |_  10 ( 6)
w h ic h  agrees v e ry  w e l l  the  parameters found  d i r e c t l y ,  by means o f  th< 
m o d i f ie d  lu m in o s i ty  -  vo lu m e  te s t ,  in 1 .14.
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4 .  Sources h ave  the  same spec tra l  in d e x ,  bu t a d i spersion in lu m in o s i ty
( i)  no e v o lu t io n ;  ^
(■
^  ( I F ,  Z )  = r ,Q  X' ( ? )  w he re  ^  q ) ( f ) d : f  -  1 (7)
L e t  n | . ( ^  ) d ^  be the  number o f  sources b r ig h te r  than f  h a v in g  lo g i^P  
be tw e en  ^  and + d ^  , so
N(f )  = \  n ( T )  d f  , (8)
*■'' —CO
3
then b |.( 4  ) ~ ^  ( T  ) • • 2 T ( ^ )  (9)
w h e re  ^  ( z) is d e f in e d  by  I .3 .(8) 
and
? =  f  + 2 l o g | g D ( z )  + (a -  1) l o g , g ( l +  z) ( 10)
N o w  i f  a l l  sources had the  same lu m in o s i ty  4 r
N ( f )  = T | Q R Q 3 y ( z )  = N ^ ( f )  , say ( 11)
w he re  7  -  7 n e q u a t io n  ( 10) ,
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In th e  gen e ra l  case
CO 00
N ( f )  =  • r , ^ ( î ) d f =  ', N Q ( f  + T g  -■ ? )  cf { ^ )  d : f  (12)
— CO ' _  00
This is the  " c o n v o lu t io n  r e la t io n "  re fe rred  to  by G o w e r  (17) bu t not 
e x p l i c i t l y  sta ted by  h im .
( i i )  d e n s i ty  e v o lu t io n :
n ( f  / z )  = T]q . j ( z ) . ; ( f )  , w he re  |(0 ) = 1
Equa tion  (9) now becomes
n f ( ? )  = ; ( T ) .  - i g R o  . 2 T '(z )  (13)
w h e re  i T ^ z )  = (  |(x )  . d X ( x ) ,
and ( 11) and ( 12) become
N g ( f )  = TIq Rq . i / ' ( z )  (14)
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N ( f )  = 5 N g ( f  + f Q - T ) . ' V ( T )  d T  ,
as be fo re
( i i i )  lu m in o s i ty  e v o lu t io n ;
n (:Ç ,z) = riQ . cp { f  -  k(z) ]
w h e re  k ( 0 ) - 0 .
Then
N ( f )  = • 4  7  ! A  T| . ,, { J  -  k (x )  i  . d y ( x )
• -  »  0
w h e re  4 ' = f  -  k ( x ) ,
=  "  N g ( f +  I  'q -  - J ' )  Ï  ( T '  ) d ?
w h e n
T  Q -  f  + 2 log jQ D (z )  + (a -  1) log^^ (1 + z )  + k (z )  (15)
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Thus the  c o n v o lu t io n  r e la t io n  ho lds fo r  both  lu m in o s i ty  and d e n s ity  
e v o lu t io n ,  and in  f a c t  fo r  any  e v o lu t io n  o f  the  form
t/ Î / z ) = n  (z) . A { y  -  k (z )  } .
R e la t ions  (9) and (13), w h ic h  w e  can summ arize
H f ( î )  = N q (  f + f  Q -  T  ) .  t ( T )  ■ (16)
o n ly  ho ld  fo r  d e n s i ty  e v o lu t io n .  But even fo r  lu m in o s i ty  e v o lu t io n ,  
th is  r e la t io n  ho lds w i t h  X '  fo r  Ç  .
I f  w e  can w o rk  o u t  the  lum in o s i t ie s  o f a l l  sources d ow n  to 
some g iv e n  f l u x - l e v e l ,  then  th e  L .  H .  S .  o f  (16) is an obse rvab le  
q u a n t i t y  . I f  w e  p o s tu la te  the fo rm  o f  N g ( f )  , then w e  can deduce
the  fo rm  o f cp (3 ') ‘ . This is p resum ab ly  the p rocedure  fo l lo w e d  by G o w e r .
From (16), the  d is t r ib u t io n  n^( f  ) c a n ,  fo r  g iv e n  f ,
have  a m axim um  a t  ?  = 4  ( 0  i f
N n  ( f  + f n  - f )
~  ( 4  ( 7  ) ] / : r ( ? )  = = -  Xq ( f  + - 7  )
N o ( f  + T o  - f )
(17)
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w he re
XQ(f)
' ° 9 |0
d f
E . g .  (a) cp ( f  ) a exp  ( - a  f )  , w h e re  a is a p o s i t iv e
c o n s ta n t ,  then
XQ (f +  -  7  ( f ) )  = a
so
f  -  7  ( f)  = cons ta n t  = (a) -  7 ^
The c o n d i t io n  th a t  the  t u r n in g - p o in t  be a m axim um  is e a s i ly  show to be
d x J f )
- r -
Thus, as f  decreases, so a lso does 7  (0  / ,
i .e . the  peak c o n t r ib u t io n  to  so u rce -co u n ts  dow n  to  any  f lu x  le v e l  comes 
from  sources w i th  a lu m in o s i ty  th a t  decreases w i t h  dec reas ing  f l u x -  
d e n s ity  . ry
■ , ( f  -  f  o') '
E . g .  (b) X)( 7 )  a exp  { - -------------- «------
2 :
then
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Xp ( f + T q -  T ( f ) )  =  T —) 2 —  ' f rom (17),
so - 2 '^’<0
df I f + T o  -  T(f)dT(f) ^ —
df 2 ' ‘ ’‘O
I +
df ' f + 7p  - T(f)
cIxq
> 0  i f  —j -^ -- >  0 e v e ry w h e re  .
As a b o v e ,  th is  t u r n in g - p o in t  can be shown to be a m axim um  ( the  c o n d i t io n  is
< I ,  _  -  ) .
d ' X ( f )  d T  ' - J  df ' f + T p - T
w h i l e  the  lu m in o s i ty  fu n c t io n  p ro b a b ly  does no t h ave  e x a c t ly  the form 
o f e i t h e r  e xa m p le  a b o v e ,  the  genera l  p o in t  rem a ins , th a t  the main  
c o n t r ib u t io n  to  s o u rc e -c o u n ts  dow n  to  low  f lu x -d e n s i t ie s  may come from 
a class o f  source w h ic h  makes a n e g l ig ib le  c o n t r ib u t io n  a t  h ig he r  f l u x - l e v e l s  
To i l lu s t r a te  the  p ro p e r t ie s  o f  the  c o n v o lu t io n  re la t io n  we 
a do p t  a s l i g h t l y  d i f f e r e n t  app roach  to  G o w e r  . Rather than c a lc u la te  the 
lu m in o s i ty  fu n c t io n  from  (16) w e  p os tu la te  th a t  i t  is o f  the  form (b) 
a b o v e ,  and c a lc u la te  the  n u m be r-co un ts  fo r  a w id e  range o f  p a ram ete rs .
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L ik e  G o w e r  (17), w e  suppose N  (f) has the  form :
Io 9 |0  N p ( f )  X| ( fpp  -  f | )  / f  2  *00 '  F
+ * 2  ^ 0 0  -  F -  0 , f  <  foo  -  F
SO th a t
X p ( f )  =  X |  , f  >  f p o  -  F
X2 / f  < Eqq -  F , w i th  x ^  < X.
Then i f
I , ( f - T o ) '  ,
% ( f )  "   ;L.________  exp  1 -   5--------  ]
i t  can be shown th a t  ( 12) g ives
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2 2
1 - 2^  " 2^ 0 0 -  *2 ^  r ?
+ 10 2 r ,  . r ^ ^ 0 0  + F - % 2  ' ^ 9 e  W
>x, -  x^ )F  + X ( f  -  f)  + X “ - log  10
[ 1 - 5  [ ] ]
whei'(
f = - T ^  SX - t  %e d t
W r i t i n g
2
X . T . log  10
fo  = ^00 + ......... 2 '  '  ^ = fo  -  f
2
F -  e -  Xj " log^ lO
X|€ -  2------^
N (fQ  -  e) = 10 . $ 1-------------------------------------------
- x , X F - X 2 - 2 j o g J 0 )  F-c + ( *1 - x J ' ^ l o g l O
-------------9-------------- ~  ®
+10 ^ [ i - u --------------- ------------------------------------- ] ]
A  + B  ^ soy .
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X| A  + B
Then x ( f ^  -  e) -    , a w e ig h te d  mean
X| + Xg
o f A  and 
N o te  th a t
= L  2 * -   r - 7
2 tt j  2
* 1^00 - f )  + X| ^ ^ l o g ^ i o  
* 1 0  ^  , T <  T |
( T -  F n  -  -  %  log  10) ^0
—7 J -  exp  { -
, / 2n 7 2
«10 , F > T| ,
w he re  T  , = f  + F q -  fpo  + F -
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•y
w h ic h  are  G aussions w i th  peaks a t "p  + " x . log 10 ,
U I e
i = 1 , 2  re s p e c t iv e ly
2
Thus i f f  »  X| . log^ lO  + fpo  -  F
or i f  f  Xp . log^ lO  + f ^ ^  -  F ,
the lu m in o s i ty  d is t r ib u t io n  w i l l  have  the appea rance  o f a s imp le  Gaussian 
d is t r ib u t io n  . O n  the  o the r  hand i f  fa l ls  in or near
I
2 2 
the in te rv a l   ^ 7  q + ' J o g  10 / T q  + • l o g ^ lQ ,
an asym m etr ic  d is t r ib u t io n  w i l l  be p ro d u c e d .
\
\ \
4 '
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The lu m in o s i ty  d is t r ib u t io n  o f  L o n g a ir  and Sco tt (100) is in  fa c t  q u i te  
w e l l  represented  by a G a u s s ia n ,  w i th  -  = I + .1 .
But the s i tu a t io n  i l lu s t ra te d  in the f ig u re  ca n n o t  be ru led  o u t  because the  
h igh  lu m in o s i ty  end o f the  d is t r ib u t io n  is v e ry  p o o r ly  d e te rm in e d ,  due to lack  
o f co m p le te  re d s h i f t  d a ta  fo r  g a la x ie s ,  and depends on c o sm o lo g ica l  
model (and e v o lu t io n a r y  hypothes is  in the case o f  lu m in o s i ty  e v o lu t io n )  .
U s ing  a c o m p u te r ,  the models w h ic h  best f i t  the  s o u rc e -c o u n t  d a ta  a t  
l78  M H z  have  been se lec ted  from  the  g r id  o f  models
c = 0 . 9 ( 0 . 0 5 )  1.1 
X ,  =  1 .9 (0 .1 )  2.1
= 0 (0 .2) 0 .6 .
The counts w e re  n o rm a l iz e d  so that- N ( - 2 4  .1) = I , w h ic h  de te rm ines
fg in each  case .
For a lm os t a l l  models a v a lu e  o f  F co u ld  be found  w h ic h  gave  
reasonab le  co ns is te ncy  ( to  +  0 . 0 6  in log  N )  w i th  the d a ta  dow n  to  
f  = - 2 6 . 6 ,  the  l im i t  o f the R y l e - N e v i l l e  survey (101) and the range 
cons idered  by G o w e r  (17) . The v a lu e  o f F ranged m a in ly  be tw een  
3 and 4 .
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H o w e v e r ,  v e ry  fe w  o f  ih e s e  models gave  a s a t is fa c to ry  f i t  to  the
da ta d ow n  to the  5C le v e l  . The best models are shown in F ig  . 2 0 ,
log N  -  f .
They h ave  the param eters :
;7
""l ""2 F 'o
A 0 . 9 2 .0 0 . 0 2 . 9 15.5 - 2 4 . 0 8
B 0 . 9 2 . 0 0 . 6 2 . 8 22 - 2 4 . 0 8
C 0 . 9 5 2 . 0 0 . 2 3 .0 17.5 - 2 4 . 0 7
D 1 .0 2.1 0 . 0 3 .0 19 -2 4  .04
E 1 .1 2 .1 0 . 0 3 . 3 23 -2 4  .02
M a r g in a l l y  the  best f i t  is th e  model A .  The co rrespond ing  in teg ra te d  
backg round  te m p e ra tu re  ( re la te d  to  SdN  -  see III .9) 
is g iv e n  in co lu m n  6 , and is cons is ten t w i th  B r id le 's  (94) es t im a te  o f 
30 + 7 °  fo r  sources w i th  spec tra l  in d e x  0 . 8  ( s l ig h t ly  on the  low  
side) .
In the case o f  d e n s i ty  e v o lu t io n  we  can  d e te rm in e  the 
red sh if t  o f the  b reak in log N g ,  in any  co sm o lo g ica l  m o d e l ,  from
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2 lo g jg D (z )  + (a -  1) log^g fl  + z) = 7  q "  ^00 ^
(18)
= ( Î"q + - ^  X |  . iog^IO) -  fg  + F -  - L  ; ^  X |  J o g ^  10 .
-T Z
p ro v id e d  t  | ( - 2 5 )  is a p p re c ia b ly  g re a te r  than ( ^ g  + ; X| J o g  10)
w e can id e n t i f y  the  la t te r  q u a n t i t y  w i th  the  peak lu m in o s i ty  a t ^  - 2 6
o b ta ine d  by L o n g a ir  and S c o t t  (100), and then fo r  m odel A :
2 log  D (z )  + (a -  I) log^ ( H z )  ^  - 2 6  + 24 .08 + 2 .9 -  I .87 = - 0  .89 (19)
so z /'-F 0 . 3 7  i f  Pg
0 . 2 9  i f  q.
A  t ru n c a t io n  in the n u m b e r -d e n s l ty  o f  sources a t such small re d s h i f t  seems 
q u i te  inco n s is te n t  w i th  th e  ana lys is  o f  C h a p te r  I ,
O n  the  o th e r  hand i f  N g ( f )  is in te rp re te d  in terms of 
lu m in o s i ty  e v o lu t io n ,  the t ru n c a t io n  re d s h i f t  w o u ld  becocne v e ry  much 
la rg e r ,  s ince  the  L .  H . S ,  o f  (18) w o u ld  then have  the  e v o lu t io n a ry  
fa c to r  su b trac ted  from  i t  .
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H o w e v e r ,  w i t h  the  above  param eters  (m ode l A ) ,  ^  | ( -2 5 )  = - 2 5 . 8 7 ,
o n ly  just a bove  the peak a t  - 2 6  , so the observed d is t r ib u t io n  should 
look  n a r ro w e r  than  a G auss ian  w i t h  7 -  0 . 9 .  This a g a in  makes
d e n s ity  e v o lu t io n  u n l i k e l y  .
A l th o u g h  th is typ e  o f  a rgum en t is o f  some in te re s t ,  
in d ic a t in g  th a t  d e n s i ty  e v o lu t io n  a lo n e  is u n l i k e l y  to  be s a t is fa c to ry ,  
its in d e p e n d e n c e  o f  c o s m o lo g ic a l  m o d e l ,  and its assumption t not a l l  
sources h ave  the  same e v o lu t io n a r y  p ro p e r t ie s ,  render the  m ethod o f  l i t t l e  
use in g a in in g  in s ig h t  in to  the  m ean ing  o f  the  rad io  s o u rc e -c o u n ts ,
5 . Sources hove  d ispers ion  in  spec tra l  in d e x  and lu m in o s i ty  .
L e t  T| ( T'/ z) d ^  be the number o f sources h a v in g  l ° 9 |g  F
be tw een  ^  and ^  +  d ^  a t  epoch  z , per u n i t  c o m o v in g  
c o o rd in a te  v o lu m e ,  and le t  q( a , z) d a be the  f r a c t io n  o f 
sources o f  lu m in o s i ty  ^  h a v in g  spec tra l  in d e x  b e tw een  a and 
Q + d a , a t  epoch z , so \ ^  q ( a , ^ , z )  d a = I
a l l  ?  ; z .
CO
D e f in e  a ( ^ z )  -  \ a q( a , T j z )  do
g ( T ,  z) = _ ^  { a -  a ( ? , z )  ] ^ q ( a , T  , z) d
148
and le t  " } /  (z) be d e f in e d  as in
Then the  num ber o f  sources per s te rad ian  b r ig h te r  than 
f ( = lo g jg  S , w h e re  S is the  f l u x  d e n s ity )  is g iv e n  by
z R
N ( f )  = [  "  do  . “  d : ( q ( o , T ,  : ) . (  7  ) ■
0 ,3  d l (  . )
0 . - 0
w he re  T  -  f + 2 lo g |p D (z )  + (a -  l ) lo g |p ( l  + z) , as in 3.1 .(I)
W e shall suppose 7 ( ^  , z) = '' g . a (z) . - ( J ')
\ f  (x) d x  = I
J  _  00
and a (0 ) -  b(0) = I .
W r i t in g  q ‘ ( a , ^ ' ,  : ) q ( a , ^ ,
and d y  ( : ) a(  ) d ^ (  ; )
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then
^0  . 3
N ( 0  = 4 n ( Y T  ) \  + ( T ' ) d j '  [  \  da ( q ' ( a , ; ' , - )
0 -(%' "^ -cc  0
W e shall see th a t  i f  q '  ( o z) is in d e p e n d e n t  o f  T  ' , z  ,
2
and «  I , then  the  q u a n t i t y  in  the  square b racke ts  is
/  _  _  
a p p ro x im a te ly  "%) f z ( a ) ■ , w he re  z( a ) is the  s o lu t io n  o f
= 7  -  logj,^ b(z) f  + 2 lo g jg  D (z )  + ( a -  I) log^g (I + z) . (20)
W e shall then cons ide r  the  case a = a ( ,  z )  ,
and show th a t  the e f f e c t  on source counts o f  such a d e p en de nce  o f
spec tra l  index  on lu m in o s i ty  and epoch is l i k e l y  to  be s m a l l .
D ro p p in g  p r im es , i f  q( a , T  , z ) is ind ep en d en t  
of 7 ” and z ,
R J -L  o “  . “
N ( f )  = Tig ( — - —  ) ^  cp ( T )  d T  \  q(a) I T  . z (a) j d a
and
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y { z ( a )  i = % :  z ( ô ) } + ( c - ô  ) A 2 L  I
a a a -  a
. .  q (a )  I f  f z ( a )  ■' da = -  ^
0 "  d a a = a (22 )
/ — \ a
, ( a -  o )  / \ J
w he re  J = \  :----------  .q ( a ) d a
n \ n .
and q( a )  has to  be such th a t  the  in te g ra ls  J  ^ e x is t ,  fo r  the expans ion  
(21) to be v a l i d .  The f i r s t  tw o  n o n -z e ro  terms o f  (22) a re
^ • ■ 1 “ > 1 • - 7  1 . . ;
d a
and w e  sha ll  e v a lu a te  the o th e r  terms under the assumption tha t
q(a) =  y  exp  [ — -----%  ' (^3)
, / 2n . 2 7 "
a a
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w h ic h  represents the  obse rva t ions  w e l l  in the  range 38 -  1400 M H z  (5 0 ) ,
w i th  a 0 . 8  , 0 0 .15  .
a
Then
J =  !----- —  ( a -  a ) exp  [ °   ^ ] d ( o -  a )
^ n , 2 IT ^  -CO 2 '
a a
[ - ( a - P r ' . J  . e x p  I > . r ° 7 .  1 ]
n : ' / 2 n °  2 -
a o
+ (n -  I) "  ^  (a -  a )'^ ^  exp  f  ■ ■—  j da ]
°  .. = 2 '
a
on in te g ra t in g  by  parts
—  J on n
N o w  J, = 0 so Jr, , = 0 a l l  n
I zn+1
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Jp so -  : 7  /  2 " . n
So fo r  the  p a r t i c u la r  fo rm  o f  q(a) g iv e n  by e q u a t io n  (23):
N ( f )  = i : p (  ) t I t ' ,  z ( o ) ’ + ^  ^  4 = 7
d a
,
2^ .2 : d o " *
4
Since 0 .15 , th e  terms o f  o rder  /  and h ig h e r  are  ve ry
a a
small .
N o w  e q u a t io n  (20) g ives
F -  2 lo g ^  V J -  f  -  2 I ° 9 |o 4
a(z) =   - I  , w h e re  F = -------------------------------
log  ^ Z  lo g |p  e
SO
-  2 v ' / v  -  ( a + l ) / Z  d l o g ^ V
d z  l o g  Z  X log  Z  d Z
e e
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where
d lo g ,_ N
d lo g ^
10 d Z
d f
-  2 v ' / v  -  (a + l y Z
Thus
p T  = -  X . log  7 /  . y
d a  e
and
d 3 "  . . I  d , d y ,
, 2  a ' dz
d a
X . log
. l o g  ^  . y  + 7  +  f x . l o g  Z .  ^
d log y  dz  ' e ' Z  e ' dz
d z
n
x x ' ( y . l o g  Z ) "  2 ^ 2  log  Z  ;
® ® + ¥ (  x  log Z )
dz
d y  ' Z  " e
dz
In the de S i t te r  m od e l:  v = z ,  -  z ^ 3  ,
2
z
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X  -
3 / z _____________
2 / z  + (I + a ) / ( l + z )
3(1 + z)
2 + z (3 + o)
-3(1 +  a)
{ 2 + z (3  + a)
2
so
■9(1 t  o )( l  + z) ^  ^  9(1 + z: z J o g  Z e
2 f  (3 -t- o )z
9z '
2 + (3 + a )z  9 z " ( l+ z )
+ ( l o g ^ Z ) -  - = y
( l + z ) z 2 | o g Z  - d + o ) z . l o g ^ Z
^   + z + 3(1 + z) J o g ^  Z  ”]•
"^2 + z (3  + a) ^  2 + z (3  + a)
3 z  - log  (I + z)
2
( 3 + a)
fo r  la rge  z
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FgH 2 _  9 M o g ^ ( l+ z )
Thus N ( f ) : v  r  ( . % z ( a ) ' l  . [ I 4-
O '  c • -  ' 2 ( 3 . 7 ) '
fo r  f a in t  f
e . g .  Z  = 100 , a = 0 . 8  ,  ^ = 0 .15  -------> ! : = 1.187
so lo g jg N ( f )  -  lo g jg  -  I f  I z (o  ) ; ^  0 . 0 7
(th is  corresponds to  f  = 7  -  7 .6 -  - 3 3  .6 i f  7  = - 2 6  ) .
2 ,2 Y
F ig .  21 shows l o g _  ■ I + — ^  ^  | -  ; —  f
lU I  , /  0 - 0
d o
fo r  E S ,M ,S  models w i th  e x p o n e n t ia l  lu m in o s i ty  and d e n s ity  e v o lu t io n
{7.^ -  6 , Z ^  = 10 ) and p ” = - 2 6 .  O v e r  the range o f  in te res t
( -  24 >  f >  -  28) the e f fe c t  o f  the  d ispers ion  in spectra l ind ices  
is to  inc rease  the  number of sources by less than  10 per cen t in a l l  cases 
and th is is less than  the  e f fe c t  o f the  u n c e r ta in t y  in o .
In w h a t  fo l lo w s  w e  sha l l  take  o -  o .
6 . D e p e n d e n c e  o f  lu m in o s i ty  fu n c t io n '  on f r e q u e n c y .
S in ce  o n ly  m o n o c h ro m a t ic  source counts and lum ino s i t ie s  
are a v a i l a b le ,  i t  is im p o r ta n t  to k n o w  w h e th e r  i t  matters much a t w h ic h
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f re q u e n c y  w e  per fo rm  our a n a ly s is .
L e t the  num ber o f  sources a t  h a v in g  ' ° 9 |q F
betw een  " 7  , 7  ^   ^ and spec tra l  in d e x  (assumed cons tan t
fo r  each s o u rce ,  i . e . ,  in d e p e n d e n t  o f f re q u e n c y )  be tw een  a and 
a + da be
w he re  q ( c , p  ) d q = I fo r  a l l  '5 ',  •
11 nee a source o f lu m in o s i ty  " p  and spec tra l  in d e x  o a t  f re q u e n c y
becomes one of lu m in o s i ty  p  -  a lo g j^  v ( and spec tra l ind ex  a)
at f r e q u e n c y  \ g ,  the  r e la t io n
n ( f )  q ( a , 7 )  " ' ( f - a lo9|0 '  ^  ^ v ( ° ' f  " ° 0 ^
0 0
(24)
holds id e n t ic a l  ly  .
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In te g ra t in g  w i th  respec t to  a from  -  œ to  + co :
11 ( Î )  = \ -  cc 9  ^ ( a ,  7 -  a lo g jg  . g /  . ) p  ^ ( f -  a log^g \ g  /  v  ) d a
(25)
so
4T] "
 2—  ^  —— i q ( a ,  f  -  Q log ,_  v V  v  ) r, ( 7 -a  log, _ / v ) ' ’ adc
U o g i p v  ^  " O  °
•> — ^  (T )  a ( f )  ’ as ■ _  > „ (26 )
w here
a (7 ) = \ q ( a , 7  ) a d
(p rov id ed  q and -, are  s u i r î c ie n t l y  w e l l - b e h a v e d  fu n c t io n s )  . 
Thus i f  a ( 7 )  is in d e p e n d e n t  o f p  ( fo r  e xam p le  i f
q ( a , 7 )  is) then
V
T] ( p )  is a f u n c t io n  o f  7  + ^  a d log  ;• (27)
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That is , the  lu m in o s i ty  fu n c t io n  a t  f re q u e n c y  v is o b ta in e d  from  th a t  
at y 2 s im p ly  by s h i f t in g  the  lu m in o s i ty  sca le  by
But the r e la t io n  (24) im p l ie s  th a t  no t a ny  r  ( 7 )  is 
p e rm is s ib le ,  s ince
T; ( 7  - G log  ' /  . Q ) q (a , 7  -  a log  V ^ Vg)
must be in d e p e n d e n t  o f a
—  9
{ 7 - 1 /
For e x a m p le ,  suppose q ( p )  a exp  ; -  --------------y—
^ 2  2 -
/ \ r ( a ~ Q r , ) 'q ( a , i  ) a exp i  -  z
( in d e p e n d e n t  o f  7  ) /
Then from (25)
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2
( f - o l o g  y /  y , -  f g ) '
11 ( T  ) a d a . exp | -    i    j
h  ' ,  2
^ ' 2  . ^ ^ 2
^  e x p  -  x ( g ) } d  g  ,  s a y .
Let f  = 7  "  ^  2  ^ ~ l °9  ^ 2  /  V, t and d rop  subscrip ts:
2 2 2 _ -  - 2
, . t  -  / t  Q • +  G ' G -  2 g  G +  G
x ( g ) =   2 ---------------------^   7 T 2 -------------------
-   g  -  2  G L --------- g + ---- -------------«—  ï +  ----------- ly , w h e r e  — g — — ?y- +  —a—
2 :  2 :  2 L  2 S ^  S"  : L
.2 2
i . e  . s '"  = -------------------- --- -----------------
2 ^ 2  , 2
a n d
,  - s ' c  f  .  J  +
2 - '  2 r '  f 2
   +   ^    +  c o n s t
2 $ 2 - 2 S
(28)
so
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f2 j- g2 ,2  2 —
I IT' \ F r a( ? )  a ex p  t - g -  -  — 5—  ]  +  f .  ;
I J  v; V 2_/
N o w
s '  '  I s '
so
—  2
4 ( J )  o exp { —  2— °  2— 2--  ^
I 2 ( J + L  \  )
—  —  2 
-  ( 7  -  T  2 ~ y  'N )
and th is is o f fo rm  (27) i f  and o n ly  i f  /  = 0 .
In p r a c t i c e ,  fo r  ra d io  sources ^  I .0 , Z! ^  .15 a t  178 M H z ,
so
) '  xV .02
and the  second term in the d e n o m in a to r  o f  (29) is n e g l ig ib le  fo r
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I log  V /  178 I < I ■ ( V in  M H z )  
N o te  a lso th a t
( f  -  ' « 4 ^
q ( a f y  } a> exp  1 -  x (a )  +   j
2 ' ^ 2
f  V 2 ^  2 -
n  z ,  2 °  2 . 2
- ( a  -  —g------------- A---------- A----------  )
4  +  ^ 2  ■
CC exp {     ] , by (28)
w h ic h  is in d e p e n d e n t  o f  7 " o n ly  i f  2_,_ = 0 .
Thus q (a , 7 )  in d e p e n d e n t o f  7  a t  one f re q u e n c y  c e r ta in l y  does 
not im p ly  q ( o , 7  ) in d e p e n d e n t  o f p  a t  a ny  o th e r  f re q u e n c y
V
In fa c t  i f  q ( a , 7 )  is in d e p e n d e n t  o f  7  a l l  v
V
then
h . (p )  q ( o ) = i| ( 7 - 0  log Vo /  V , ) q ( « )V I V I 2 vg
so
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q „ (a) .
q ( „ )  ( f -  a l o g  v ^ / v ,  )
' '2   ------------------
;  7
and
F l ,  ( ? )
a ^ v ,  ( ? )
a 7  ?
r. (T) 
2
T p - a lo g v ^ / '
P u t t in g  a =  0 im p l ie s
w
( ? )
is ind ep en d en t
of , and p u t t in g on the L . H . S . im p j ie s  th a t
, (?)
(?) a T
is in d e p e n d e n t  o f  7  . Thus
•og n ^  ( p i 7  + b ( V )
w here  a is a c o n s ta n t ,  and fo r  the  to ta l  d e n s ity  o f sources to  be 
f i n i t e ,  th is  r e la t io n  c a nn o t  h o ld  fo r  a l l  7 * ( from -  ^  to  “  ) .
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H o w e v e r ,  a lth o u g h  i t  is ,  s t r i c t l y ,  in c o r re c t  to  assume th a t  the 
d is t r ib u t io n  o f  spec tra l  ind ices  is in d e p e n d e n t  o f lu m in o s i ty ,  i t  w i l l  be 
found in  s e c t io n  II o f th is  c h a p te r  th a t  the  e f fe c t  is not l i k e l y  to  be too
serious . M o re  serious m ig h t  be a d ep e n d e n ce  o f  th is  d is t r ib u t io n  on epoch
7 . N u m b e r  counts  as a fu n c t io n  o f  f r e q u e n c y  .
There is an in t im a te  r e la t io n  be tw een  the  spec tra l  shape o f
a p o p u la t io n  o f  sources , and the  d ep e n d e n ce  o f  source counts on f re q u e n c y  .
W e  sha ll  co ns ide r  sources w i th  spectra  o f  the  fo rm  S( v  ) a v  ^  ,
w h ic h  is sa t is f ied  fo r  th e  m a jo r i t y  o f ra d io  sources o ve r  a w id e  range o f
50
fre q u e n c ie s  (38 -  1400 M H z  ) .
L e t  n ( f)  d f  be the  number o f sources be tw een  
f and f  + d f  a t  f r e q u e n c y  v  and le t
N  (f) = ' n ( f ) d f
. ' r  V
be the num ber o f  sources b r ig h te r  than f  . Let p ( a , f )  da be the
f r a c t io n  o f  sources o f  f l u x  f  a t f r e q u e n c y  v  h a v in g  spectra l ind ices  be tw een  
a and a + d o ,  so
164
p ( a , f )  da = ’ 1 a l l  ' f , V .
_  oo V
N o w  a source  w i t h  f l u x  f  and spec tra l  in d e x  a a t f re q u e n c y  v  j 
becomes a source o f  f l u x  f  +  a log  y   ^ /  V (and the  same spectra l
index)  a t  f re q u e n c y  v  g . Thus
n . ,  ( 0  . p ( a , f)  = T] ( f  + a log  /  v  ) . p ( a , f - i - a  log  v , /  >; o)^2 I  ^ V2 I 4
(29)
i n t e g ra t in g  both  sides w i t h  respect to a
r œ
^  ( f  ) -  \  n ( f  + Q log  V , /  V ^) . p ( a , f  + a log  V , /  v „ )  .da
^ _ c o  ^ 2  2
(30)
E x a c t ly  as in the  p rev ious  se c t ion  w e  can p rove  th a t  i f  a (f)
.
is in d e p e n d e n t  o f  f , w he re
  COa (0 \ a p ( 0 , 0  da,
then the shape o f  the  n u m b e r -c o u n t  cu rve  is ind ep en d en t  o f v .
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A lso  th a t  i f  p ( a , f )  is in d e p e n d e n t  o f  f  , then
N ^ ( f )  a S , w he re  x  is a cons tan t , in d e p e n d e n t o f f re q u e n c y
We sha ll  now cons ide r  tw o  s im p le  forms fo r  N  ( f) ;
" 2
( i)  N  ^ ( f) a S i . e . ,  l o g j ^ N v  (f) = i o g j ^ N ^  + x  ( f^  -  f)
2 2
then
n (f)  =  -  - T -  N  (f) = X .  N  ( f )  . log  10
^2 ^2 '.2 e
so
n, ( f)  = X . log  10 .N  . S *  \  ( —^  ) ° * . p  (a,f+alog /  v  ) . da
® ' I 2
This i f  p ( a , f )  is in d e p e n d e n t  o f  f ,  the  counts have  the same
■'■2
shape a t f r e q u e n c y  v j  . A lso  i t  fo l lo w s  from  e qu a t io n  (29)
th a t  p (oj , f)  is a lso  in d e p e n d e n t  o f f  ,
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If the  d ispers ion  in spec tra l  ind ices  is d e p e n d e n t  on f  
a t , the  c o un t  s lope a t v   ^ may be m o d i f ie d  .
E g .  i f
( o / O  = ' [ a -  a (f) ] , a (f) = + k(f  -  f^)
then
n (f) = X .log Id . N .  . lO "'' °  W  '°9 |0  ^2 /  '^  |
V , e Z
- ( x - k l o g , .  V /  V ) f  + a ^ lo g ,  v  /  v  , -  k f
x . l o g  IO . N . . I O  lU ^ 1 ^  ^ ^
e i
so
x( V ) = X + k . log  v /  V 2
N e v e r th e le s s  i t  is su rp r is ing  th a t  w h a te v e r  the d ispers ion  in spec tra l  in d ic e s ,  
p ro v id e d  o n ly  th a t  i t  is in d e p e n d e n t  o f f l u x ,  the  co un t  s lope is ind ep en d en t  
o f f re q u e n c y  .
H o w e v e r  the observed n u m b e r -c o u n t  slope a t 178 M H z  
is c e r t a i n l y  no t in d e p e n d e n t  o f  f lu x - d e n s i t y  so w e  now cons ider:
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( i i )  iog jQ N  ( f)  = lo g ,^  N
(f - h)
10 2
2 0-
Then
n (f) 
^ 2
( f -  f? )
N g  . lo g ^ lO  .-------2—
log 10
z e
(31)
SO
n _  (f) = 2
N -  . lo g  10 ) log^ lO
2-----------  -'■Pv
w h e n
( f - f  log  10 
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N o w
^  j  o - Z  log^IO
f  -  fg  + a /  = f  -  f ^  + (
L> log  10 
e
- V - f j  +  o . )
2 2 . 2 , _ 
0 + log  10
so
n ( 0  = ' ________  ( f - f  ) . I 0
and
- ( f - f g  “  a -  )
'^ 2  2 ( 0 log 10)
( f)  = — ,----------^  = .10 “  '"We (32)
" I  , 7 + 1 /  ■■ -  ' 2log  10/
e
Thus i f  a is in d e p e n d e n t  o f  f  , and i f
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2 2 2 
E  i  l09g 10 «  1 (33)
a change  o f  f r e q u e n c y  m e re ly  sh if ts  the  f l u x  d e n s ity  sca le  by 
^  ^^^10 ^ 2  '
The observed counts a t  178 and 408 M H z  are  w e l l  
respresented by
log|^N|7g = I .6 - I .89 ( f  + 25) - .24 ( f  + 25)'
= 5.321 -
2 0 . 4 4 ^
and
^  =  , 3 .  -  "  - ' V
2
The in e q u a l i t y  (33) is sa t is f ied  i f  .0225 1 log  10 «  2 .0
e
i . e .  ^  ^ ^  7 8 .
This should c e r t a in l y  be sa t is f ied  fo r  v  j -  2770 M H z ,
y ' =  178 M H z ,
(34)
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fo r  w h ic h  A = 1 .19 .
The s o u rc e -c o u n ts  observed by Shimmins e t  a! (79)
do  n o t ,  h o w e v e r ,  ag ree  w i th  those p re d ic te d  by e q u a t io n  (32)
(see F i g .  2 2 ) ,  and i t  is d i f f i c u l t  to understand P oo ley 's  c la im  (97) th a t  
there  is no d is c re p a n c y ,  unless Shimmins e t al have  grossly underes t im a ted  
the errors in v o lv e d  .
O n e  w a y  o f  a c c o u n t in g  fo r  th is change  in n u m b e r -c o u n t  slope 
be tw een  178 and 2770 M H z  is to  p os tu la te  a dep en de nce  of 
a on f  a t 178 M H z  . In f a c t ,  d i f f e r e n t ia t in g  e q u a t io n  (3 2 ) ,
-  d log  N  ( f)  f - f g + a  , -
X  ( f)  = /  = ^ { I +  • W  °
"2-------— T
d f  :  + L  :  log  10
d f
X  ( f  +  a  . ) . { I + 
2 -------
d a I
• d f
2 9 2
I + L  A ^ g  m / :  
e
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so the  n u m b e r -c o u n t  s lope w i l l  be reduced  i f  - <  0
H o w e v e r ,  th is w o u ld  p ro du ce  a p ro p o r t io n a l  e f fe c t  a t in te rm e d ia te  
f re q u e n c ie s ,  and th is  is no t observed .
The s im p les t e x p la n a t io n  is th a t  a *sm a l l  p ro p o r t io n  o f 
the  sources observed a t  a n y  p a r t i c u la r  f l u x - l e v e l  a t  178 M H z  have  
a b n o rm a l ly  s trong emission a t  2770 M H z  ( th is  is kn o w n  to  be the case 
fo r  a subset o f  th e  quasars) .
The fo re g o in g  ana lys is  can be a p p l ie d  to a set o f  sources 
w i th  non p o w e r - la w  ra d io  spectra  to  d e te rm in e  the  r e la t io n  b e tw een  counts 
a t 2 f r e q u e n c ie s ,  p ro v id e d  a is d e f in e d  by
^  V | )  -  f ( V g )
Thus i f  the  spec tra  o f the w h o le  p o p u la t io n  k in ke d  up a t  h igh  f requenc ies  
in the  same w a y ,  the  counts w o u ld  s t i l l  be s im i la r  a t  f req ue n c ie s  on e i th e r  
side o f the  k i n k ,  p ro v id e d  th a t  (33) h o ld s ,  w he re  /Z now 
descr ibes  th e  d ispers ion  in  the  q u a n t i t y  d e f in e d  above  .
Thus fo r  the  c o u n t  shape to  v a ry  w i th  f r e q u e n c y ,  i t  is 
essentia l th a t  " a " be no t d ispersed abou t a s ing le  m e a n .
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The s im p les t d e p a r tu re  is to  suppose th a t  the  va lues  o f a are 
dispersed a bo u t  tw o  d is t in c t  va lues  , O g . Then i f  the  d ispers ions
are small ( in  the  sense o f  (33) ) ,  w e  can w r i t e
p (a) -  X , 6 (a -  Oj) + (I -  X) . : (a -  o ^ )  (35)
w he re  c (x) is the  D i r a c  -  f u n c t io n ,  and >  Q| .
We sha ll  see th a t  X need n o t  be v e ry  d i f f e r e n t  from ze ro  to  p roduce  
in te re s t in g  e f fe c ts ,  p ro v id e  ( 0 2  -  0 |) is la rge  enough .
Then
N  ( f )  = X ^ 4  ( f  +  a, :  ) +  ( I - X ) . N  )
V|  ^2  . v . .
= N g . l O  ^ { I -  X + X .10 2 - 2
and
f  -  fg  + Og . X ( o ç - Q ,  ) y
X (0  ^
"1 -  - [ I -  X + X y
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w here
2 i  (f -  f j  )( 0 2  -  a,) + A ^ ( 0 2  -  )
:  2 '---------------
y = 10 "
SO
(I "  X )( f  -  f „  + a~ ) + X y ( f  -  fg  + a, 
X (f) =--------  ^ -------------------------------------— L
V , Z
( I -  X + X y )
and
d X , 2 , .2  ,
( l - X ) X y  ( ° 2  -  ' ° 3 e
/  c ' ( l - X + X y 7
0 (I -  X + X y  7  _ ^ ( ° 2  ' ° 9 e
(I -  X)X y
The L . H . S . o f th is  r e la t io n  is a m in im um  w hen  Xy = I -  X so
/  2
i  ( a 2 -  O] ) J 2 . /  IQ
176
The va lues  o f  x  and N  co rrespond ing  to
V t V 1
d X
V
d F
0 a re :
d f
N
V
Thus using the observed fa c t  th a t  x  = I .4 ove r  a wid.e range o f
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fre q u e n c ie s  a t  2770 M H z  a l l  the  req u ired  parameters caP be
d e te rm in e d ,  assuming X «  I .
S u b s t i tu t in g  (34) and (35) in (37) g ives
N  1 =  2 . 0 3 ,
(36)
- ( f - f  ' ) ^ / 2
= 2 N  (I -  X ) .  10 ^ (37)
A L =  0
d f
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so from  the  observed counts  a t 2770 M H z  w e  need to  ta ke  
f  -  26  in (36) , w h ic h  g ive s  ° |  ~ - 0 . 8 2  , c.^ = 0 . 7 8 ,  '
the la t te r  a g re e in g  w e l l  w i t h  the  mean spec tra l  in d e x  observed a t
178 M H z  . The co rrespond ing  v a lu e  o f  X is 2 .17 x  10
w h ic h  is indeed  <K I .  The p re d ic te d  counts a t  va r ious  fre q u e n c ie s  
on the  above  m odel are  shown in F i g .  22: ag reem en t w i th  observa t ions
is v e ry  good .
Thus i f  o n ly  one source in  500 a t  178 M H z  has an 
e f f e c t i v e  spec tra l  in d e x  be tw een  178 and 2770 M H z
o f -  0 .8  , w h i l e  the  rem a in de r  h ave  spectra  v e ry  s im i la r  to  those found  |i
the  range  38 -  1400 M H z ,  the  counts a t 2770 M H z  can be
u n d e rs to o d .  I t  is a l re a d y  w e l l - k n o w n  th a t  a subset o f  the  quasars have 
a < 0 (79) and th is  is p resum ab ly  th e  p o p u la t io n  req u ired  .
C le a r l y  the  r e la t io n  (35) is an o v e r s im p l i f i c a t io n ,  
a l th o u g h  d ispers ions A   ^ ^  in a a b o u t  the  tw o  means
0 | , Og / w o u ld  no t a l t e r  the  above  ana lys is  p ro v id e d
2 2 2 
z-v. lo g ^  10 «  c '  fo r  i = 1,2 .
But the  above  arguments c e r ta in ly  support the  suggestion o f 
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Shimmins e t  a l th a t  the  counts a t 2770 M H z  cou ld  be a f fe c te d  by a
178
s u b -p o p u la t io n  w i t h  p e c i r i ia r  spectra l b e h a v io u r  a t  h ig h e r  ra d io  f re q u e n c ie s .  
There seems no reason to  d o u b t  the  in te rp re ta t io n  o f  the  counts  a t  178 M H z  
in terms o f se cu la r  e v o lu t io n a ry  e f fe c ts .
In te rp re ta t io n  o f  th e  counts a t 2770 M H z - c a n  o n ly  p roceed 
w hen  the  tw o  (o r  more) p o p u la t io n s  in v o lv e d  h ave  been separated .
I f  the  in te rp re ta t io n  presented h e re  is c o r r e c t ,  each p o p u la t io n  s e p a ra te ly  
w i l l  g iv e  counts  s im i la r  to  those a t  178 M H z .
8 , L u m in o s ity  fu n c t io n  .
D e ta i le d  in v e s t ig a t io n  o f  source counts has been co nduc ted  
in the  3 a s iy m p to t ic  models discussed in sec t ion  1 . 2 . ,  the 
E ins te in  de  S i t te r  (E ) ,  M i l n e  ( M ) , and de  S i t te r  (S) m o d e ls .
The observed m a te r ia l  rn g a la x ie s  corresponds to O q = 0 .0 3 5  , (3 0 ) ,
and i t  is ra th e r  u n l i k e l y  th a t  c ^  > 0 .5 , so the  E and M  models
represent ex tre m e  cases i f  /. = 0 .  A c t u a l l y  i f  c ^  >  V | qq /
- ' / 3the S m ode l is a good a p p ro x im a t io n  o n ly  fo r  Z  «  (2 o ^  ) < 4 .
The M  m o d e l , on the o th e r  hand is a good a p p ro x im a t io n  to  the
= 0 case p ro v id e d  c ^  Z  «  I ,  i . e . ,  ou t to  Z  = 10
i f  / q -  0 . 0 3 5 .
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In c a lc u la t in g  the lu m in o s i ty  P of a source from  its
2
observed f l u x - d e n s i t y  S , a fa c to r  ( c T ^ ) '  appears w h ic h  depends
on the  ra th e r  u n c e r ta in ly  kn o w n  H u b b le  c o n s ta n t .  This fa c to r  p lays no 
pa r t  in the ana lys is  o f source counts and in te g ra te d  backg round  th a t  fo l lo w s ,  
so i t  w i l l  be c o n v e n ie n t  to  d e f in e  the  lu m in o s i ty  in un its  o f
-2
( cTQ/metres^ . W (H z )  (ster) . Thus to  c o n v e r t  J ^ ^ - l o g j ^ P to
the  m ore  f a m i l i a r  un i ts  o f  W  (H z)  (ster) , the q u a n t i t y
2log,p.( c T , ) must be added in w h a t  fo l lo w s ,  i . e . ,  + 5 1 . 9 .
lU U /m etres
- 3Similarly th e  source n u m b e r -d e n s i ty  w i l l  be measured in un its  o f ( cT^)
and must be m u l t ip l i e d  by 10 to  c o n v e r t  to  un its  o f  m ^ .
Be low  a lu m in o s i ty  o f = - 2 8  the  lu m in o s i ty  fu n c t io n  V] (~^)
h a rd ly  depends on m odel or e v o lu t io n a r y  hypo the s is ,  w hen  d e te rm ine d
from 3CR sources (com pared  w i th  s ta t is t ic a l  u n c e r ta in t ie s ) ,  so w e  shall
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use th e  lu m in o s i ty  fu n c t io n  o f  C asw e ll  and W i l l s
From se c t ion  I .14 w e  saw th a t  fo r  3CR ra d io g a la x ie s :
fo r  -2 8  < ^  < -  2 6 .5  w e  m ay or m ay no t have  e v o lu t io n ,
whereas fo r  - 2 6 . 5  < ^  e v o lu t io n  is d e f i n i t e l y  n e e d e d .  in both
cases the lu m in o s i ty  fu n c t io n  depends on co sm o lo g ica l  m odel and 
e v o lu t io n a r y  h y p o th e s is .  F i g .  23 shows ^  + log  q ( ^ ) , 
no e v o lu t io n ,  E . M  . S
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' + log  q ( ^ ‘ ) , e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n ,  -  5 ,6
^  + log  q  ) ,  e x p o n e n t ia l  d e n s ity  e v o lu t io n ,  Z p  = 8 , 9,10
c a lc u la te d  from the  r a d io - g a la x y  d a ta  using I I I  (16), assuming th a t  the 
id e n t i f ie d  3CR sources c o v e r  6 s te rad ions  o f sky (see r e f .  4 6 ) .
The e rro r  bars rep resen t s ta t is t ic a l  u n c e r ta in t ie s .  W h e re  the e f fe c t  o f 
a l t e r in g  the  m agn itudes  o f a l l  r a d io - g a la x ie s  w i th  unknow n  re d s h i f t  by + I 
(see s e c t io n  I .14) is to  g iv e  a v a lu e  fo r  ' q ( ^ )  ly in g  ou ts ide  these 
error bars, these va lues  o f  q are show n , and i t  is c le a r  th a t  th is is 
a g re a te r  source  o f  u n c e r ta in ty  than  s ta t is t ic a l  u n c e r t a in t y .  A t  ve ry  
fe w  va lues  o f  lu m in o s i ty  is ^°9 |g q k n o w n  to b e t te r  than
0*2  ] .  The lu m in o s i ty  fu n c t io n  fo r  quasars is a lso  s h o w n .
The p o in t  o f  p lo t t i n g  ^  + log^^  q ( i p ) , ra th e r  than  log^^ q ( ^ ) ,
is th a t  i t  g ives  an in d ic a t io n  o f  the  r e la t iv e  c o n t r ib u t io n  o f  sources o f 
d i f f e r e n t  lu m in o s i ty  to  the in te g ra te d  ra d io  b a c k g ro u n d ,  s ince  the
i
backg round  f l u x  is p ro p o r t io n a l  to  J  q ( ^ ) . P . d ^ .
The lu m in o s i ty  f u n c t io n  fo r  r a d io -g a la x ie s  is i l  I -d e te rm in e d  
fo r  lu m in o s i ty  e v o lu t io n  i f  ^  ' >  - 2 6 ,  in the case o f lu m in o s i ty
e v o lu t io n ,  or ^  >  - 2 5 . 5  in the  case o f  d e n s ity  e v o lu t io n ,  but is 
cons is tent w i t h  the  quasar lu m in o s i ty  fu n c t io n  in most cases. This suggests
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th a t  m os t, o r  even  a l l ,  -ve ry  s trong sources a t  la rge  re d s h i f t  are quasars, 
and th a t  r a d io -w is e  the re  is no d is t in c t io n  be tw een  the 2 c lasses.
9 .  Background  te m p e ra tu re  a t  178 M H z .
This can now  be c a lc u la te d  in  each model as a fu n c t io n  o f  
, w h e re  e v o lu t io n  is assumed fo r  ^  >  j F  : some exam ples
are shown in F ig  . 24 fo r  e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  . To o b ta in  
T |7g = 30 1  7 ° K ^  must be
- 3 0 . 5  to  - 2 8 . 8  , - 2 8 . 4  to  - 2 7 . 5 ,  - 2 6 . 4 5  to  -2 6 .1  ,
fo r  the  E , M , S  models r e s p e c t iv e ly ,  i f  = 5 .  In f a c t  w e  see
r ig h t  a w a y  th a t  in the  de  S i t te r  m odel too  much backg round  ra d ia t io n  
w i l l  be p roduced  even  i f  ‘ ^  has its m a x im u m 'v a lu e  o f  - 2 6 . 5 .
From F ig  . 23 the  most n a tu ra l  v a lu e  fo r  ^  is perhaps a t the 
m in imum  in  the  d o u b le -h u m p e d  d is t r ib u t io n  ^  + ^°9 ]g q  ,
i . e .  - 2 9  <  ^  < - 2 8 ,  w h ic h  is also the p o in t  o f t ra n s i t io n  from
— c —
class (a) to  (b) ( II  . 1) ,  " n o rm a l"  g a la x ie s  to  " r a d io - g a la x ie s " .
F i g .  24 dem onstrates th a t  g iv e n  the form o f  the  
e v o lu t io n ,  a strong d ep e n d e n ce  on c o sm o lo g ica l  model rem a ins , even  i f  
o n ly  the  w id e ly  d i f f e r e n t  va lues  o f ^  requ ired  .
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10. Source  counts as a f u n c t io n  o f , fo r  e x p o n e n t ia l
lu m in o s i ty  e v o lu t io n  .
U s ing  the  lu m in o s i ty  fu n c t io n s  c a lc u la te d  in  111.?, source 
counts can be p re d ic te d  as a fu n c t io n  o f  ^  , the  lu m in o s i ty  above
w h ic h  lu m in o s i ty  e v o lu t io n  is assumed to  a p p ly  . S ince  fo r  the  M  and E
m odels  o n ly  one 3CR source is k n o w n  w i th  ? "  ' >  - 2 5 ,  the
d e n s ity  o f  such sources w i l l  be assumed to  be ze ro  (and fo r  ^  ' >  - 2 4 . 5
in the de  S i t t e r  m ode l)  . D own to f  = -  2 8 ,  the c o n t r ib u t io n  o f
sources w i th  ^  <  - 3 0  is a p p re c ia b ly  less than I p e rc e n t ,  
and so can be n e g le c te d  to the  p resent a c c u ra c y  o f the  observed so u rce -  
counts . For - 2 6  < ' < - 2 5 ,  the  lu m in o s i ty  fu n c t io n  is ve ry
u n c e r ta in  due  to  th e  small num ber o f sources v is ib le  in th is  range dow n to 
the p la te  l i m i t .  The rad io  lu m in o s i ty  fu n c t io n  c a lc u la te d  fo r  quasars 
is o n ly  a lo w e r  l im i t  because the  o p t ic a l  lu m in o s i ty  fu n c t io n  may have  a 
s ig n i f i c a n t  l o w - lu m in o s i t y  t a i l  . The p rocedure  w e  have adopted  is to
ad jus t the  lu m in o s i ty  fu n c t io n  fo r  ^  ' >  - 2 6  to the  c o n d i t io n  tha t
log N  ( - 2 5 )  = 1 ,6 .  This c o u ld ,  o f  course , be done  in a r b i t r a r i l y  m any
Ways; to  f i x  the  lu m in o s i ty  fu n c t io n  w e  demand th a t
—  ^ cons tan t fo r  ^  ' >  - 2 6 ,  and tha t the fu n c t io n  fo r
^  ' >  - 2 6  f i t  c o n t in u o u s ly  on to  th a t  fo r  ^  ‘ < - 2 6 .  I t  w i l l  be
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seen in  F i g .  23  th a t  th is  " n o r m a l i z a t io n "  is e n t i r e l y  cons is ten t w i t h  the  d a ta
N o te  th a t  i t  w o u ld  be q u i te  in c o r re c t  to " n o r m a l iz e "  the  w h o le  lu m in o s i ty
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f u n c t io n ,  as has been d one  by  Petros ion . This u n c e r ta in ty  a t th e  h igh
lu m in o s i ty  end o f  the  r a d io , lu m in o s i ty  fu n c t io n  turns o u t  to  be u n im p o r ta n t
a t low  f l u x  le v e ls .  The counts fo r  = 5 , 6  in the  E ,M ,S  models
are  shown in F ig  . 25 as a fu n c t io n  o f  ^  fo r
f  = - 2 4  .5 ( -  .25) - 2 8  . A n  impression o f  the  goodness o f f i t  can
be o b ta in e d  by in te r p o la t in g  the observed v a lu e s ,  w i th  th e i r  u n c e r ta in t ie s  
(see T ab le  7) . I f ,  a t  a l l  f l u x - l e v e l s ,  the  same v a lu e  o f 
is r e q u i r e d ,  a good m ode l has been found  .
For a l l  3 models Z . = 6 g ives  too  steep counts be tw een
f  = -2 5  and - 2 6 . 5 .  (The e x a c t  ag reem en t i n / ^  cases fo r
f  >  -2 5  fo l lo w s  from the  f a c t  th a t  w e  h ave  a lre a d y  used a l l  the
in fo rm a t io n  d ow n  to the  3C le v e l ;  and shows o n ly  th a t  i t  is cons is ten t to
assume th a t  the u n id e n t i f ie d  3C sources are  the  same k in d  o f  o b je c t  as the
i d e n t i f i e d , but b e lo w  the  p la te  l i m i t ) .  = 5 g ives  a reasonab le
f i t  in  each m odel d ow n  to  f  = - 2 6 . 5 ,  w i th  T "  ^ = - 2 8 ,  - 2 7 . 5 ,  - 2 6 . 5
fo r  E , M , S .  Thus w e  can see im m e d ia te ly  th a t  L o n ga ir 's  asse r t ion , th a t  the
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da ta  d ow n  to  the Ryle - N e v i  I le su rvey le v e l  ( f  = - 2 6 , 6 )  requ ired  a real
t ru n c a t io n  in the  d is t r ib u t io n  o f sources, is in c o r r e c t ,  and is a consequence
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o f  the p a r t i c u la r  k in d  o f  e v o lu t io n  cons ide red  by h im .  M o r e o v e r ,  dow n 
to th is le v e l  ( f  = - 2 6 . 6 )  i t  is n o t  even  necessary to assume e v o lu t io n  
o n ly  fo r  ^  ' g re a te r  than  some ^  in the  E and M  models:
a l l  sources co u ld  be assumed to e v o l v e .  Be low  th is  f l u x - l e v e l  in te re s t in g
d i f fe re n c e s  in the models emerge . The decrease in s lope is too  rap id  
in the  E m o d e l ,  much too  s low in  the  S m o d e l ,  and e x a c t l y  r ig h t  
in the  M  m ode l (w i th  ^  ^ = - 2 7 . 5 ) .  This is a r e f le c t io n  o f the
a s y m p to t ic  n u m b e r -c o u n t  s lope discussed in II 1.3.2 .
The in te g ra te d  b ackg round  tem pera tures  a t l78  M H z  
co rrespond ing  to  the op t im um  va lues  o f ^  are
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E , -2 8  18°K
M  -2 7  .5 23 observed: 30 + 7
S - 2 6  j  41
C le a r l y  the in te g ra te d  backg round  is re la te d  to the  asym p to t ic  n u m b e r-c o u n t  
s lop e , so th a t  i t  is no t su rp r is ing  th a t  the model w h ic h  g ives  the best 
f i t  to  the  counts  ( the  M i l n e  m ode l)  a lso g ives the  best v a lu e  fo r  ^ 173 -
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This d is t in c t io n  in  a s y m p to t ic  b e h a v io u r  be tw e en  the  
co sm o lo g ica l  m odels  depends s t ro n g ly  on the f a c t  th a t  the e x p o n e n t ia l  
e v o lu t io n s  cons ide red  here  tend tow ards  a un ifo rm  d is t r ib u t io n  o f  n on ­
e v o lv in g  sources a t  la rge  re d s h i f t .  Two fa c to rs  l im i t  th is  assumption;
( i)  r a d io - g a la x ie s  w i l l  çiot be found  a t  epochs e a r l ie r  than th a t
a t w h ic h  g a la x ie s  f i r s t  fo rm ed . W h i le  th is  epoch Is r\ot k n o w n ,  i t  is 
u n l i k e l y  to  correspond to  redsh if ts  g re a te r  than  1000 (83) .
( i i )  i f  th e  l i f e  t im e  o f the  sources is l im i te d  by the l i f e - t im e  o f
the r e l a t i v i s t i c  e le c t ro n s ,  and i f  th e  m ic ro w a v e  backg round  ra d ia t io n
is cosm ica l b la c k - b o d y  r a d ia t io n ,  then  w hen  the  q u a n t i t y  10 ^  ( I + z )^
exceeds the  m a g n e t ic  f i e ld  in rad io -sou rce s  there  w i l l  be a d e c l in e  in  the 
n u m b e r -d e n s i ty  o f  sources (w i th  in c re a s in g  redsh if t )  -  see sections 11.6 and
I V .  I .
Thus our d iscussion o f  so u rce -co u n ts  w i l l  be v a l id  o n ly  i f  
these tw o  t ru n c a t io n s  a re  too  rem ote  to a f fe c t  the  counts . To in v e s t ig a te  
th is ,  w e  b reak  d ow n  the  coun ts  a c c o rd in g  to  redshifts. F i g .  26 abc 
shows the  f r a c t io n  o f sources ou t to  a g iv e n  re d s h i f t ,  dow n  to  a g iv e n  
f l u x - l e v e l ,  as a f u n c t io n  o f  re d s h i f t ,  fo r  the  3 models E ,M ,S  
(w i th  = 5 ) .  A  t ru n c a t io n  a t re d sh i f t  20 w o u ld  have  a lm ost
no e f fe c t  d ow n  to  f  = - 2 8 ,  and a t ru n c a t io n  a t re d sh i f t  10
w o u ld  a f fe c t  th e  counts o n ly  b e lo w  f  =  - 2 7 ,  and even then  o n ly  s l i g h t l y .
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But a t r u n c a t io n  a t re d s h i f t  5 w o u ld  h ave  an a p p re c ia b le  e f f e c t ,  and 
w o u ld  e l im in a te  the  p o s s ib i l i t y  o f d is t in g u is h in g  b e tw een  the models 
on the  basis o f  s o u rc e -c o u n ts .  This can be seen in F i g ,  2 7 a . ,
lo g io  N / N ^  -  f  , w he re  log^^  = 1 .4 + I .5 ( - 2 5  -  f)  .
Coun ts  are  shown fo r  the  3 m ode ls ,  to g e th e r  w i th  the e f fe c t  
o f a t ru n c a t io n  a t  redsh if ts  5 ,  10 , 20 , compared to the  observa t ions  
a v a i la b le  d ow n  to  the  5C le v e l  .
Thus i t  m atters  v e ry  much w h e th e r  the m a g n e t ic  f i e ld  in
- 4  . • .r a d io - g a la x ie s  is nea re r  2 x  10 gauss (co r re spo n d ing  to a t ru n c a t io n
- 4
re d s h i f t  Z *  = 10), o r  0 . 5  x 10 gauss (co rrespond ing  to  Z *  = 5)
-  see ( i i )  a bo ve  .
E f fe c t  o f  u n c e r ta in t y  in lu m in o s i ty  fu n c t io n
If  the  d is t r ib u t io n  o f  sources dow n  to  d i f f e r e n t  f l u x - l e v e l s  
a c c o rd in g  to  lu m in o s i ty  is exam ined  ( F ig .  2 8 ) ,  i t  is found th a t  as f  
decreases, the  peak c o n t r ib u t io n  to  sources b r ig h te r  than f  comes 
from p ro g re ss ive ly  lo w e r  lu m in o s i t ie s  (as p re d ic te d  in s e c t io n '  111 . 4 ) .
The n u m b e r -c o u n t  s lope can th e re fo re  be s ig n i f i c a n t l y  a l te re d  by 
inc reas ing  the  num ber d e n s i ty  o f  sources a t  one lu m in o s i ty ,  w h i le  
dec rea s ing  i t  a t  a n o th e r .  W e  saw in I I I . 3 tha t the  observed lu m in o s i ty
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fu n c t io n  is ra th e r  u n c e r ta in  . The q ues t ion  is; can the  s o u rce -cou n ts  in  
the  E and S models be b rough t in to  a g reem en t w i th  the  observa t ions  
by means o f  a l te ra t io n s  to the  lu m in o s i ty  f u n c t io n  cons is ten t w i th  the 
p resent d a ta ?  U n fo r tu n a te ly   ^ f rom  the  p o in t  o f  v ie w  o f d is t in g u is h in g  
be tw een  c o s m o lo g ic a l  models by means o f s o u rc e -c o u n ts ,  
b e t te r  a g reem en t can be o b ta in e d  by such a d ju s tm e n ts .  The ad jus ted  
lu m in o s i ty  fu n c t io n s  a re  shown in F ig s .  23 and the  co rrespond ing  s o u rc e -  
counts in  F ig ,  2 7 b . .  The a s y m p to t ic  s lope is s t i l l  d i f f e r e n t  in the d i f f e r e n t  
m ode ls ,  bu t the  d is t in c t io n  be tw een  the models does not appear  u n t i l
f  < - 2 7 .
The M i ln e  m odel s t i l l  g ives  the  best f i t  a t  present 
(and the  best v a lu e  fo r  T j ^ g ) , bu t the  v a lu e  o f ^  requ ired  in the 
E in s te in -d e  S i t te r  m odel fa l ls  nea re r  the  t ra n s i t io n  be tw e en  class (a)
( " n o r m a l "  g a lax ie s )  and class (b) ( " r a d io - g a la x ie s " )  sources .
12 . E f fe c t  o f e le c t ro n  s c a t te r in g  . . .
For the E ins te in  de  S i t te r  m odel to  be re le v a n t  to  the 
observed u n iv e rs e ,  an a p p re c ia b le  f r a c t io n  o f the m a tte r  in the  un iverse  
must be as y e t  unobserved (see 111.3). I f  th is m a tte r  is in the form 
o f Io n iz e d  h y d ro g e n ,  e le c t ro n  s c a t te r in g  w i l l  m o d ify  the f l u x  re c ie ve d
84
from remote sources a p p re c ia b ly  . From the  p o in t  o f v ie w  o f the  present
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a n a ly s is ,  e le c t ro n  s c a t te r in g  s im p ly  requ ires  a m o d i f ic a t io n  o f  the  lu m in o s i ty
84
d is ta n c e  -  in  f a c t  i f  A = 0 ,
0 .1 3  log,Qe    .
^ ---- ------------------ 3^ --------  { . / I  + 2 q Q z  (3qQ + q g Z  -  I ) . -  (3qg -  I) ) .
F i g .  29 shows the  counts  in  the  E m o d e l ,  w i t h  = 5 ,  as a fu n c t io n  o f 
^ , in c lu d in g  the  e f fe c t  o f  e le c t ro n  s c a t te r in g ,  using the  lu m in o s i ty  
fu n c t io n  o f I I I  .8 .
The e f fe c t  on the  counts is a p p re c ia b le ,  p a r t i c u la r l y  a t  low  
f l u x - l e v e l s ,  and is a lm os t s u f f i c ie n t  to a l lo w  e x p o n e n t ia l  lu m in o s i ty  
e v o lu t io n  o f  a l l  sources ( though  th is  can be ru led  o u t ,  s ince  the 
p re d ic te d  b ackg round  te m p e ra tu re  a t 178 M H z  w o u ld  then be 5 0 ° )  .
The best v a lu e  o f  is now - 2 8 . 5 ,  and the co rrespond ing
coun ts ,  shown in F i g ,  2 7 a ,  ag ree  q u i te  w e l l  w i th  the  observa tions  . ,
Thus i t  is n o t  poss ib le  to  d is t in g u is h  be tw een  the 
E inste in  de  S i t te r  m o d e l ,  as m o d i f ie d  by e le c t ro n  s c a t te r in g ,  and the  
M i l n e  m o d e l ,  on the  basis o f  th e  present s o u rc e -c o u n t  d a ta .  The main
d is t in c t io n  is in the  req u ired  v a lu e  o f  3F ( - 2 8 . 5  and - 2 7 . 5
re s p e c t iv e ly )  .
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13 . S p ec t ra l  rndex d e p e n d e n t on lu m in o s i ty  and epoch .
In se c t ion  I I . 2 . 1 w e  m en t io n e d  a c o r re la t io n  be tw een  mean 
spectra l in d e x  and lu m in o s i t y ,  represented  by
a = 0 .8 5  + 0 .0 7 5  ( J  -  2 5 . 4 ) ,
w he re  the  lu m in o s i ty  is in un its  o f  w  ster  ^ H z   ^ . I t  has 
a lso  been suggested (92) th a t  the  spec tra l  in d e x  may increase w i t h  r e d s h i f t ,  
as a resu lt  o f  in te r a c t io n  o f the  r e la t i v i s t i c  e le c tron s  w i th  the b la c k -b o d y
ra d ia t io n ,  e . g . ,  a (z )  = a (0 ) + 0 . 5  ( I - 1 / ( 1  + z)). The
consequence  o f  bo th  these e f fe c ts  fo r  the s o u rce -cou n ts  are shown in  
F i g .  2 7 b ,  fo r  the  co s m o lo g ic a l  model c q  ~ 9g  ~ 0 . 0 5 ,
w i th  e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  (Z ^  =  5 ,  = - 2 7 . 5 ) ,
in c lu d in g  the  ( ra th e r  s l ig h t )  e f fe c t  o f  e le c t ro n  s c a t te r in g .
The c o r re la t io n  be tw een  spec tra l  in d e x  and lu m in o s i ty  has a 
• fa i r ly  n e g l ig ib le  e f f e c t ,  bu t a d e p en de nce  o f  spectra l in d e x  on 
red sh i f t  has a la rge  e f fe c t  and w o u ld  re q u ire  d i f f e r e n t  va lues o f 
Z|_ , J  e t c .
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14. C oun ts  w i th  e x p o n e n t ia l  d e n s i ty  e v o lu t io n .
in  se c t ion  i l l  .4 w e  saw th a t  i t  was u n l i k e l y  th a t  the
source coun ts  c o u ld  be e x p la in e d  by  means o f e x p o n e n t ia l  d e n s i ty  e v o lu t io n ,
by c o n s id e r in g  a set o f  sources a l l  w i th  the same lu m in o s i ty :  the s o u rce -
co u n t  s lope changes much too  s lo w ly  w i th  f lu x -d e n s  i t y  to g iv e  the  observed
rap id  change  o f  s lope b e low  f  = - 2 6 .
M o re o e v e r ,  i f  Z  >  8 ( in  I .14 w e  fo und  Z  10 + 2)
ü  — D —
m any too  m any  sources are  p re d ic te d  a t low  f l u x - l e v e l s  even i f  ^
is g iv e n  its m ax im um  v a lu e  o f - 2 6 . 5 .
To see w h e th e r  the  a d d i t io n a l  p os tu la te  o f a t ru n c a t io n  in  the  
d e n s ity  o f sources beyond  re d s h i f t  Z *  improves the s i tu a t io n ,  w e  show in 
F ig  . 30 so u rc e -c o u n ts  as a fu n c t io n  o f  Z *  fo r  the E m odel w i th
= '0  '  F c  = - 2 6 . 5 .
For e xam p le  Z *  = 3 .5 w o u ld  g iv e  a reasonab le  f i t  to
the d a ta  fo r  f  >  - 2 6 . 2 5  and fo r  f  = - 2 7 . 7 5 ,  bu t the  f i t  is v e ry  poor
fo r  - 2 6 . 5  >  f  >  - 2 7 . 5  (more than  tw ic e  too m any sources a t
f  = -2 7 )  . No v a lu e  o f  Z ^  f i ts  the  counts a t  a l l  f l u x - l e v e l s ,  and
this c o n c lu s io n  a p p l ie s  a lso to  p o w e r -1 aw d e n s ity  e v o lu t io n  once  the
re q u ire m e n t ^  < - 2 6 . 5  is in t ro d u c e d  (L o n g a ir 's  cons is ten t m odel (d)
c —
has J ” = -2 5  .1) .
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in IV  .4 w e  shalT co ns ide r  e x p o n e n t ia l  d e n s ity  e v o lu t io t  
in a p o p u la t io n  o f sources in w h ic h  th e  lu m in o s i ty  o f sources is a 
fu n c t io n  o f th e  m a g n e t ic  f i e ld  .
C H A P T E R  F O U R
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Summary .
A f t e r  a summary o f fo rm u la e  c o nn ec te d  w i t h  synch ro tron  and
inverse C om p ton  ra d ia t io n  from  r e la t i v i s t i c  e le c tro n s  in  a u n i fo rm  m a g n e t ic
f i e l d ,  in  the  p resence o f  cosm ica l b la c k - b o d y  ra d ia t io n  (sec t ion  I ) ,  
a d iscuss ion  is g iv e n  o f the  va r iou s  fa c to rs  w h ic h  d e te rm in e  the  l i f e t im e  
o f  sources (s e c t io n  2) . S e c t ion  3 is a red iscussion o f  a p rob lem  f i r s t  
cons idered  by S c h m id t  (9 3 ) ,  the  r e la t io n  be tw een  the f re q u e n c y  o f rad io  
events and the  e ne rg y  requ irem en ts  o f  these events  . The ene rgy  requ irem en ts  
o f each p a re n t  a re  severer w i t h  lu m in o s i ty  e v o lu t io n  than  w i th  d e n s ity  
e v o lu t io n ,  bu t the  paren ts  need form o n ly  a small m in o r i t y  o f  the w h o le  
p o p u la t io n  o f  g a la x ie s .  W i th  d e n s i ty  e v o lu t io n ,  cosm ic rays co u ld  be a c c e le ra te d  
in r a d io - g a la x ie s ,  a lth o u g h  most o f  the  ene rgy  resources o f  the  la t te r  
w o u ld  be expended  on th is  a c c e le ra t io n  .
In se c t ion  4 the in te g ra te d  rad io  and X - r a y  backg round
in te n s it ie s  are  c a lc u la te d  under  3 d i f f e r e n t  assumptions:
(a) a l l  sources have  the same m a g n e t ic  f i e l d ,
(b) the  m a g n e t ic  f i e ld  is in d e p e n d e n t  o f  r a d io - lu m in o s i t y ,  but
va r ies  w i t h  e p o c h ,
(c) ^  the m a g n e t ic  f i e ld  is a fu n c t io n  o f ra d io  lu m in o s i t y .
The observed X -  ray  backg round  c a n n o t  be e x p la in e d  as inverse  C om pton  
ra d ia t io n  from  r a d io - g a la x ie s ,  i f  the re  is e q u ip a r t i t io n  o f  m a g n e t ic  f i e ld  and
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r e la t i v i s t i c  p a r t i c le  e n e rg ie s .  E i th e r  the f i e ld  in  ra d io -g a la x ie s  is o f 
-6order 10 gauss, o r  th a t  in  the  w e a k  ra d io -e m i t te rs  must be o f o rder 
- 7
10 gauss. In the  la t te r  case the  b reak in  the  observed X - r a y  spectrum 
b e low  10 k e v  can be understood . Perhaps the best model is w he re  
the w e a k e r  r a d io - g a la x ie s  have  v e ry  low  magnet,ic f i e ld s ,  and are  the 
source o f  the  X - r a y  b a c k g ro u n d ,  w h i l e  in  the  strong ra d io -g a la x ie s  and 
quasars the  m a g n e t ic  f i e ld  is c lose r  to  the  e q u ip a r t i t io n  v a lu e .  The
so u rc e -c o u n ts  can a lso be w e l l  in te rp re te d  in  such a m o d e l .
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1 . In te ra c t io n  o f r e la t iv is t ic  e le c tro n s  in  ra d io  sources w ith  the  cosm ica l
b la c k  body ra d ia t io n  .
The synch ro tron  pow e r  o f  a source in  w h ic h  the  m a g n e t ic  
f i e ld  is B and the  ene rg y  spectrum  o f  the  e le c tro n s  is g iv e n  by 
E(y) d y  = K y  " ^ ° d y  is (65)
P . (  V  ) =  I O " ' 6 - 2  |0' 6 - ' ( l  a )  v  °  e r g / H z / s e c  ( I )
I f  a source a t re d sh i f t  z is observed a t f re q u e n c y  v
R
then  V = V (I + z) , .  ^ r
R and the emission observed a t  f re q u e n c y  v  ^
is due  to  e le c t ro n s  oF ener gy
I0 ' 6  ' v ^ ( l  + z )
The same e le c t ro n s  w i l l  in te r a c t  w i t h  cosm ica l b la c k -b o d y  ra d ia t io n  o f 
te m p e ra tu re  T to  g iv e  inverse  C om pton  ra d ia t io n  a t  f re q u e n c y
V = 3 .6  y ^  ” 1 ~  (3)
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o f p o w e r
i n - 2 4 . 7 5  ,
= — T —  ( T o t  ) W
4
w he re  U = aT (92) ,
I f  Tq is the  b la c k - b o d y  te m pera tu re  a t  the  present e p o c h ,  then a t 
epoch co rresp on d in g  to re d s h i f t  z
T = Tg (I + z)
U = U q ( I + and
V  =  V  ( I + z)
w h e re  v  is th e  f re q u e n c y  o f  obse rva t ions  ( in  the  X - r a y  reg ion )  
Thus
_-24 75 V _ -
P { V  ( l + z )  ; =-----  =---------  ( — b y - ■ ) °  K U ^  (I + z) e r g /H z /s e c .  (5)
c  c  Tq  i q IO . 8 7 ^ ^  0
Inverse  C om pton  ra d ia t io n  re c e iv e d  a t  f re q u e n c y  v ^ was e m i t te d ,  
a t  epoch z ,  a t  f r e q u e n c y  v  ( I + z ) , .  a f te r  in te ra c t io n  w i th  photons
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o f ene rg y  3 . 6  k ( I + ' z ) , and so is due  to  e le c tro n s  o f ene rgy
y = V  ^ /  3 .6 k Tq , in d e p e n d e n t  o f z .
Thus
■ , 0 - 8 . 3 3  , 3 , 0 .2  %
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i f  a =  0 .8 , V ^ = 10 H z , =  10 H z ,
so th is  r a t io  is in d e p e n d e n t o f  Pg i f  B is the  same in a l l  sources
2 . L i f e t im e  o f sources .
(a) S yn ch ro tro n  and inve rse  C om pton  l i f e t im e s .
The rates a t  w h ic h  an in d iv id u a l  e le c t ro n  loses ene rgy  by 
synch ro tron  and inverse  C om pton  ra d ia t io n  are (65)
y =  - 10- 2 -6 . U . y 2
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so the  l i f e t im e  o f  an e le c t ro n  o f  e ne rg y  y  is
v ( y )  =  2 / ! ----------------------  (7)
y ( U + B /  4 n )
Thus i f  Tq -  3 , inve rse  C om pton  losses are d o m in a n t  a t  epochs
such th a t  the  re d s h i f t  is ' z and
B < B* (z) = I0 '6  '^6 (I +
w h i le  i f
Tq = 2 . 7 °  , B* (z) = 1 0 '^  66 (I +
I f  w e  w r i t e  t( v , z ) fo r  the  ra d ia t in g  l i f e  o f  e le c tro n s  in a source a t
epoch z , whose ra d ia t io n  is observed a t  f r e q u e n c y  v  , then
: ( V  , z) I +
  ----------- =---------T ---------------T  (B)
T ( , 0 ) Z  +  Z *
w he re  Z  = I + z
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z* = yi/ B (9)
r i v ^ , z )  _  I + -  ^2
( V |^ ,  0 ) + Z * ^
Z  - (10)
T ( V .  , 0 )  /  3 . 6 k  Tg . V j
C
( Vp  / ^  ) y  h V . 10 ' BK '  c  c
(I)
10
_ y
- 2 . 7 4  _ ' 2
These re la t io n s  w i l l  be needed in se c t ion  4 .  For com pac t 
rad io -s o u rc e s  w i t h  d im ens ions o f  o rd e r  a fe w  l i g h t  years or less, a fa r
more serious d ra in  on the  e le c t ro n  energ ies  w o u ld  be inve rse  C om pton
in te ra c t io n  w i th  the  photons from  the source i t s e l f .  In te ra c t io n  w i th  rad io  
photons m ig h t  be the cause o f  o p t ic a l  emission in  quasars and quasar-1 ike  
o b jec ts  in  g a la x ie s .  In te ra c t io n  w i th  o p t ic a l  photons cou ld  make such 
sources s trong X -  o r y - r a y  e m i t te rs .  But w e  sha l l  see th a t  no
s ig n i f i c a n t  p a r t  o f  the  X - r a y  backg round  is l i k e l y  to be due  to  such
sources .
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(b) The l i f e  o f  sources d e te rm ined by fa c to rs  o th e r  than  the
synch ro tro n  l i f e
( i)  e x p a n d in g  'p lasm on '
In the  m ode l o f  Ryle and L o n g a ir  (62) , discussed in  11.3, 
the m a in  ene rg y  losses fo r  the  m a jo r i t y  o f  sources a t  any  p a r t i c u la r  
lu m in o s i ty  a re  due  to  the  a d ia b a t ic  expans ion  o f  the  r e la t i v i s t i c  p la s m a .  
D u r in g  such an expans ion  the  ene rgy  o f  the  e le c t ro n s ,  and the  m a g n e t ic  
f i e l d ,  v a ry  w i t h  t im e  a c c o rd in g  to
y a r ^ , B a r '  (12)
w he re  r is th e  rad ius  o f  the 'p la s m o n ' .
Thus y  = -  ( —^  ) y ^  (13)
^0  0
w he re  s u f f ix  z e ro  refers to  the  b e g in n in g  o f  the  a d ia b a t ic  expans ion  phase 
(phase ( i i i )  in  re f 62) . I f  the  expans ion  is u n i fo rm ,  so th a t  r is a
co n s ta n t ,  th is  e le c t ro n  e ne rg y  ioss - ra te  has the  same fo rm  as th e  
synchro tron  and C om pton  ra d ia t io n  ra tes , and an " e q u iv a le n t "  m a g n e t ic  
f ie ld  B| can be d e f in e d  by com par ing  (13) w i th  y _ .
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For a source  a t  epoch z ,  observed a t  a f re q u e n c y  
178 M H z ,
yB lo '   ^ (2)
' / 2y . 1
Xo ®0  M  *=7 ( ' 2) ' (14)
N e g le c t in g  th e  synch ro tron  losses (bu t  n o t  inverse C om pton )
T ( ,  Z )  =  (  —  )
^0 ^ 0
+ I O '2 - 6  u  j
°  { t „ " '  + IO"6-6 B „  2 '"7 (14),0 0 0
0
w he re  tg  =  /  . ^
*7 /
( p / p j '
Thus
( " R ' Z
+ Z,
445
( v ^ , 0 )
z 4 .|5  ^  4..,5
Z
0-17
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w h e re
I0 ‘ = b / 3  ' T i i r
z .  = [ -------------- ?-------  ]
"°0 0^
A S ?  f  ®o 1 t / g . ]
10" ^ ^  [  /  ; f  = ' 2 .7°K  .
and these tw o  fo rm u la e  are  ind ep e n d e n t  o f— r , and hence  P 
The param eters  suggested by Ryle  and L o n g a ir  are
B Q 10 gauss , t ^  10^ yrs = 10^^ secs
(and these g iv e  B 10 ^  w hen  v 1 0 ^ '^  It yrs
i f  r r v  c , in good ag reem en t w i t h  the  mean e q u ip a r t i t io n  v a lu e s ) ,
W "
i .e .
C 'O ^
Z _
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Thus inve rse  C om pton  losses do  n o t  s ta rt to  d o m in a te  o v e r  a d ia b a t ic  
losses u n t i l  a re d s h i f t  s u f f i c i e n t l y  la rge  fo r  the ana lys is  o f  C h a p te r  I I I  to  be
v a l id  .
A c t u a l l y  the c o n d i t io n  th a t  expans ion  losses exceed  
synch ro tron  losses is n o t  q u i te  sa t is f ied  in  th e  e a r ly  p a r t  o f  the  expans ion  
fo r  the  param eters  suggested by Ryle and L o n ga ir  , H o w e v e r ,  th is  o n ly  
increases the  v a lu e  o f  fo r  the h ig h e r  lu m in o s i ty  sources .
The s i tu a t io n  is v e ry  much more c o m p l ic a te d  i f  r 
is no t a c o n s ta n t ,  bu t i f  fo r  e xam p le  (as in  the  model suggested by Rees 
and S e f t i  (85) r a ''K" ^  Z  then
t a r ' z  
y o rZ
and
I .1 ÎX 4 ) 5
Z .  10 ^ ' 6  + 1.15 ( ^  )
4
r,. 4 *l5  +  1^)5
10° *^2 ( / j r . 3 ( 1 . 2 o  )
... &3 ( P / P , , ( 16)
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Such a c u to f f  w o u ld  c e r ta in ly  rnod ify  the  counts a t  low  f l u x - l e v e l s  . 
C u t -o f f s  o f th is  ty p e  a re  discussed in se c t ion  4 (c )  .
( i i )  C o n t in u o u s  in je c t io n  o f  e le c t ro n s .
In th is  case the l i f e  o f  the  source can be v e ry  much 
g re a te r  than  the  syn ch ro tro n  l i f e  o f  the  e le c t r o n s .  Suppose n(t) 
e le c tro n s  are  c rea ted  per sec , w i th  l i f e  r ; then  the  number o f 
e le c tro n s  a t  t im e  t ,
t
N ( t )  = \ n (t)  d t  /V n(t) : ( t)  i f  <K t . (17)
^ t - T
The to ta l  num ber o f  e le c tron s  c rea ted
source
N  \ n(t)  dt
to t  0
7 source
 ^ j\ | w h e re  N  =     j  ^  N ( t )  e | t ,
r " source ^  U
assum ing : in d e p e n d e n t o f t
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The ene rg y  re q u i re m e n ts 'a re  thus increased  by a fa c to r  - —
If  T is the  r a d ia t in g  l i f e  o f  the  e le c tron s
: r - r - ' u ) = V ~ ~ 4  ^  Z* = / | 0 ^ - 6 6 h , as b e fo re ,
but th is  no lon ge r  a f fe c ts  the  n u m b e r-d e n s ity  o f  sources . In s te a d , i t  is 
the lu m in o s i ty  th a t  is p ro p o r t io n a l  to  t , because o f  (17) . The 
in te ra c t io n  w i th  the  b la c k -b o d y  ra d ia t io n  thus has th e  e f fe c t  of a n e g a t iv e  
lu m in o s i ty  e v o lu t io n  beyond  Z *  .
3 .  F re q u e n cy  o f  ra d io -e v e n ts  and ene rgy  re q u ire m e n ts .
Le t  cp ( t) d t  d be the  num ber o f  sources per
u n i t  vo l  . born b e tw een  t ,  t  + d t  h a v in g  lu m in o s i ty  be tw een
f  + d T~ . I f  a source has constan t lu m in o s i ty  fo r  t im e
T , t) «  t ^  f the  age of the u n iv e rs e ,  and w e  n e g le c t  the
change  in p , 7 b e tw een  t -  ' ( f , t)  , t , then the
num ber o f sources a l i g h t  per u n i t  vo lu m e  a t t im e  t ,  h a v in g  lu m in o s i ty  
be tw een  ^  + d ^  :
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ri ( t)  4;: (Tr 0  -  P (T/ 0  -  ( T /  t) d , w he re  ^  ( F ,  t) d T  = 1
( 18)
I f  T| I is the  num ber d e n s ity  o f  p a ren t  o b je c ts ,  the  number o f  events 
up to  now in a ny  one o b je c t
*0 I “
N (  t ) = \ d t  . — —  p ( f ,  t) d f
"^0  ‘ 1 ^ - 0=
\  d t  i f  T ( F  , t) indep  o f  ^  ,
^  T ( t )
^1 0 0
\ n ( t ) d t i f  I indep  t also ,
and i f
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ri ( t)  -  ri Q . j (z )  , w h e re  j(0) -  I and rj ^ -^10^ ( co rrespond ing  to
F  >  -  28)
then
F ^  t I
N ( ü  =   —  \ i(z) d ( t / t  ) (19)
'1 ' 0  0  ^
^ ^ 0
A n y  p a r t i c u la r  o b je c t  is then a l i g h t  fo r  a f r a c t io n  t g
o f the  t im e ,  and i f  the  ra d io  events  in  a p a r t i c u la r  p a ren t are  in d e p e n d e n t ,
th is  is a lso  th e  p r o b a b i l i t y  th a t  sources a lre a d y  a l i g h t  w i l l  go o f f  fo r  a
second t im e ,  i . e . ,  ^  0 ^  ^0 9 'ves the f r a c t io n  o f  sources in w h ic h
more than one e v e n t  is observed . O f  82 sources fo r  w h ic h  d e ta i le d
s truc tu res  a re  g iv e n  by M a c D o n a ld  et al (66) ,  8
(3 3 .1 ,  4 6  , 61.1 , 184.1, 2 3 4 ,  4 5 2 ,  129, 465) a re  cand ida tes  fo r
more than one e v e n t  h a v in g  o ccu rre d  . Thus
0 .1 , th is  v a lu e  re fe r r in g  to  r a d io -g a la x ie s  ( i . e .  sources
w i th  3^  jy g  >  -  28) . Equa tion  (19) im p l ies
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" ' I  - ' 0
\  i(z) d ( t / y  w  0.1 (20)
This is v a l id  i f  ■ depends on 1" , s ince  in  p la c e  o f  N  ^ ^  ,
w e hove
2 ‘
M T , t ) d f d f  = J -  r , ( t ) d ( 0 Q )
I f  th e re  is no e v o lu t io n  in  num be r-dens i t y ,  so j (z )  = I
then  T) I /V. 10^ , w h ic h  is cons is ten t w i th  the p a ren t  p o p u la t io n
be ing  th e  set o f  s trong e l l i p t i c a l  g a la x ie s ,  fo r  w h ic h  "H 10 (93)
I /
W ith  e x p o n e n t ia l  e v o lu t io n , j (z )  = exp  [ Q  ^  (I ~ ) ] ,
6 ( -  M
T| . / V 10 — Î —— -------------  , in  the  M i l n e  model
U q
9 3
^  10 ■ i f  Q  / V  10
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i . e .  a l l  g a la x ie s ,  a l th o u g h  th is  co u ld  be reduced  by ta k in g
3
T) 0 ^  10 (co r re spo n d ing  to  ^  > - 2 6 . 5 ) .
To ta l e ne rg y  ra d ia te d  per p a re n t  t i l l  now
t 00
^( Fg ) -  ^  —  3 ^  P ( ? /  0  .P . i" ( T  7^) IF
0  I —00
w h e re  p is the e f f i c i e n c y  fa c to r
' I -  CG
N o w  let T ( T ,  t) = Ç Q 1 T  -  log jQ k (z )  ] , 
so
E(tg) = _ o- lT -  i (z )  k ( z )  d(H  t )  \ T _ ( f ) . P . d  f
 ^ '|P^"0 Z=0  ^ -0 ^
}(z) k (z) d (H _ t)  
z=0 ^
^   P   ÔÔ-------------------------------------  / e qu a t io n  (20 )
\  i (z )  .d(H t)
"  z =0
w he re  H q is the  H u b b le  constan t
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and
Pq "  \  T Q ( T J . P .  & Î
— OD
,0 -2 2  c / H q  ■ I
( % % ;:%  ) w / s t e r / H z  ( f r o m / i l l )  .n  0 metres
^  ,0 - 2 2 -5 + 5 2 + 7 + i  =  33 e r g / s e c / H z  , i f  q
8 25
To c o n v e r t  from  a m o n o c h ro m a t ic  lu m in o s i ty  a t  10 ’ H z
to an in te g ra te d  lu m in o s i ty ,  w e  must m u l t i p l y  by 
9
r v  10 ,so
58 .5
E ( t^ )  ^ 1 0  ’ /  p e rgs, fo r  d e n s ity  e v o lu t io n  o n ly  (21)
Q|_(I -  ' 4 )58 .5
^  10 ‘ e *' d(H  t ) ,  fo r  lu m in o s i ty
• z=0  °
e v o lu t io n  o n ly
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^  10^^ /  B ergs i f  Q | _ 5 , in  the  M i l n e  model
Thus the  e n e rg y  req u irem en ts  o f each p a re n t  are  severer fo r  lu m in o s i ty
e v o lu t io n ,  bu t the  paren ts  fo rm  o n ly  a m in o r i t y  o f  the  w h o le  p o p u la t io n
o f g a la x ie s  . p in c lu d e s  one fa c to r  due  to  any  d e v ia t io n  from
e q u ip a r t i t io n  o f  e ne rg y  be tw een  r e la t i v i s t i c  e le c tro n s  and m a g n e t ic  f i e l d ,
and a second fa c to r  fo r  the  ene rg y  th a t  goes in to  pro tons .
-12
N o w  th e  e ne rg y  d e n s i ty  o f cosm ic rays ^  10 e r g / c c  so fo r
these to  be p roduced  u n iv e rs a l ly  f rom  a set o f o b je c ts  whose number
d e n s i ty  is q | ( c / H ^ )  ^  , an ene rg y  per o b je c t  ^ 1 0  ^^ ^ " ^ /  -n j ergs
9
is r e q u i r e d .  I f  w e  ta k e  T|  ^ 10 , co rrespond ing  to a l l  g a la x ie s ,
63
th is  is 10 e rgs, the to ta l  e ne rg y  a v a i la b le  from  h y d ro g e n -b u rn in g  
o f a ty p ic a l  g a la x y .  Thus i t  is re a s o n a b le ,  w i t h  d e n s i ty  e v o lu t io n  
to suppose cosm ic rays are  genera ted  d u r in g  the  r a d io - g a la x y  phases,
- 4 . 5  .p ro v id e d  a v a lu e  o f  10 ’ is ta ken  fo r  p .  Thus a n e g l ig ib le
f r a c t io n  cf the  ene rgy  in these events  a c tu a l l y  appears as r a d ia t io n ,  on 
th is p ic tu re  . • -
I f  w e  ta ke  T]| /v  10^ , co rrespond ing  to lu m in o s i ty
e v o lu t io n ,  then w e  need E y^lO*^*^ ergs to  p roduce  the cosm ic rays ,
c le a r l y  u n re a s o n a b le .
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E f fe c t  o f  b la c k - b o d y  ra d ia t io n  .
W h a te v e r  t im e -s c a le  T ^  opera tes  w i t h in  the  source 
(no t  n ec e s s a r i ly  the  synch ro tron  l i f e )  the re  is u l t im a t e ly  an epoch 
Z *  beyond  w h ic h  inve rse  C om pton  r a d ia t io n ,  due  to  in te r a c t io n  o f  the  
r e la t i v i s t i c  e le c tro n s  w i t h  the  b la c k - b o d y  r a d ia t io n ,  is the  m a in  emission from 
the s o u rc e .  This has the  e f fe c t  o f  re d u c in g  the num ber d e n s ity  (o r  lu m in o s i ty )  
o f ra d io -s o u rc e s ,  bu t p ro v id e d  Z *  l ies  beyond the  obse rvab le  
3C vo lu m e  fo r  Q s  and RGs (need Z *  >  3 ,  B  >  10
the a bo ve  ana lys is  is s t i l l  c o r r e c t .
The same re la t io n s  a lso ho ld  i f  a l l  sources have  the  
same h is to ry  P (s ,t)  , w h e re  s is the  t im e  s ince  b i r t h ,
is the epoch  o f b i r t h ,  so P(t^ -  t , t )  = , the  present lu m in o s i t y .
I f  the  b i r th  fu n c t io n  is p ( t )d t  , the  num ber o f  sources h a v in g  lu m in o s i ty
F  0 to  F  0 + d a t  epoch t ;
n f t g )  T  ( ? 0  '  tg  ) <^Tq = p (t)  d t  w h e re  P( -  t , t )  = . Pg
P ( t . )0 7P _  F P .  n
dP assuming «p . V4 I I I I I 1 ^ ^
t Q - t , t
2 1 2
P(tQ)
( tg) (+0 ' V  =  - J
P ( ) “ ( ^ Q  / ) as b e fo re ,
w he re
( T n  < t '0 '  0
0
In th IS cose
\  P(t) i  \  P ds ] d t
N o w
^0 ^
Y (7.f)dT -----^ >E= -1- \ T,(t) \ .^W.P.df
/ • 'N  D -'-CO
as be fo re  .
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The conc lus ions  o f  the p rev ious  tw o  sections are summarized 
in F i g .  31, the l i f e t im e  o f  sources a ga in s t the  m a g n e t ic  f i e l d ,  fo r  
models o f  type  (a) , ( b ) ,  (sec t io n  2) ,  w i t h  the r a t io  o f  the
to ta l  e ne rg y  r e q u i r e d ,  compared to  the  e q u ip o r t i t io n  v a lu e ,  show n .
4 .  In te g ra te d  ra d io  and X - r a y  backg round  in te n s it ie s .
W e  sha ll  c a lc u la te  these under  3 d i f f e r e n t  assumptions w h ic h  
c o ve r  a range o f  source  m od e l:
(a) A l l  sources h ave  the  same m a g n e t ic  f i e l d ,  .
L e t  F ^  be the in te g ra te d  backg round  in te n s i ty  a t
r  • • r  - 2  - I  - It r e q u e n c y  v  in un its  o f w  m Fiz star
Then
'= '0  ___
= j  r, p J z )  . cI(HqO (22)
t=0
(see Paper I I I )  . 
w he re
^  P .  (z) = \  r] ( J ,  z) . P ( V , z) . d y
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ra d io  bak eg ro u n d , v ^  = 178 M H z :
178 ^178 ■ '"s
(23)
w h e re
0 p (z) k (z )
(z)
(0 ) • ^
R
(24)
w h e re  the  th ree  fa c to rs  in the  in te g ra l  g iv e  the d ep en de nce  on epoch o f:  
the p r o b a b i l i t y  o f  a ra d io  ou tburs ts ,  the  to ta l  e le c t ro n  e n e rg y ,  the 
l i f e t im e  o f  sources . I f  the  la t te r  is the  synch ro tron  l i f e  o f the  e le c t ro n s ,  
e q u a t io n  ( 10) g ives
0
s
p(z) k (z )  I + Z
.4 -  |/2  -  a
t=0 p (0 ) • k ( 0 ) • ^ 4  ^  ^ . 4
.d (H g t)  (25)
w he re
Z *
5 .6 5
10 (26)
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"  /  ^
In the  case ( i )  o f  se c t ion  2 (b ) , '  the  Z  term is absent and 6^
must be re p la c e d  by the " e q u iv a le n t "  m a g n e t ic  f i e ld  Bj : in the  case
( i i ) ,  a s im i la r  fa c to r  is p resent due  to  the  n e g a t iv e  lu m in o s i ty  e v o lu t io n  caused 
by the  b la c k - b o d y  ra d ia t io n  .
The observed in te n s i ty  is quo ted  as T j^g  = 3 0 °  + 7
23 01
by B r id le  ( 9 4 ) ,  and T j^g  = 10 ’ F |^g  (see paper 111).
Thus g iv e n  the  fo rm  o f  e v o lu t io n  and n  ( "? / 0) a s t r ip  o f  models
cons is ten t w i t h  the observed in te g ra te d  ra d io  backg round  cou ld  be found  in 
the  7 Q -  Pq p la n e .  In p ra c t ic e  'n ( "5", 0) depends on c o sm o lo g ica l
m o d e l ,  and so a lso  does "Ç* ^ , the  c r i t i c a l  lu m in o s i ty  above  w h ic h  
e v o lu t io n  opera tes  . But i t  is o f  in te res t  to  o b ta in  a rough idea  o f the 
c o n t r ib u t io n  to  the  ra d io  b ackg round  w hen  e v o lu t io n  opera tes on sources 
w i t h  ^  ^  = - 2 6 . 5  ( the  m axim um  v a lu e  o f  ^  , by the
argum ents  o f  I .14), and ^  q ~ - 2 8  ( the  t ra n s i t io n  from  normal
sp ira ls  to  r a d io - g a la x ie s ;  see 11 .1) . To do  th is  w e  show T j^g
co rrespond ing  to  (I)  pk (z )  =  p k (0 ) , no e v o lu t io n ,
(2) p k (z )  =  p k ( 0 ) ,  exp  { Q  (I -  ' / z )  j  Q  = 5 ,
l u m in o s i t y -e v o lu t io n  (3) Q  = 10 , d e n s ity  e v o lu t io n ,  fo r
r| P (0) = 0 . 5  , 4  , r e s p e c t iv e ly ,  as a fu n c t io n  o f  - g and q ^  ,
2)6
in F ig  . 3 2 a ,  assuming Z *  ^  Q  .
W e see th a t  d e n s ity  e v o lu t io n  w i l l  no t w o rk  w i th o u t  
severe t r u n c a t io n ,  bu t th a t  lu m in o s i ty  e v o lu t io n  o f  a l l  r a d io -g a la x ie s  
g ives  sens ib le  v a lu e  fo r  ^ 173 * c o n t r ib u t io n  o f  normal sp ira l
g a la x ie s  w i l l  no t be in c lu d e d  in Br id les e s t im a te  o f  ^ |y g  p ro v id e d  th e y  have 
spec tra  s im i la r  to  our own g a la x y .  The a c tu a l  s tr ip  o f  the  : ^
p la ne  shown shaded in F ig  . 32a should  no t be taken  s e r io u s ly ,  s in c e ,  
as w e  show b e lo w ,  w he n  w e  com pare  d i f f e r e n t  co sm o lo g ica l  models 
in more d e ta i l  the  d i f f e r e n t  va lues  o f ^  req u ired  to  g iv e
co ns is te ncy  w i th  the  so u rce -co u n ts  smooth o u t  the d i f fe re n c e s  in the 
p re d ic te d  va lues  o f  T j^ g  .
19
X - r a y  b a c k g ro u n d ,  = 10 Flz
By e qua t ions  ( 6 ) ,  (11) and (22)
(26)
wher«
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and (26) becomes
, -1 0 .5  , ^0 , 3 / z  -  ° - 3 - 2 a
= 10 • ( ^  ) - . Z .  -  P , y g ( 0 ) .  V ,  (28)
- 2  - 2  -1
The observed f l u x  is (95) 10 photons cm k e v  ster
19
and 1 pho ton  a t 10 H z  "  h v  ergs
=  10- 26-18 +  1 9 - 7
I k e v " '  10 '2 '-43  H z '
4 -2
, -2  10 m
1 cm
f i n a l l y  th e  observed
F == 10 w m H z  I  ster  ^ (29)
X
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The p re d ic te d  q u a n t i t ie s  fo r  the  3 c o s m o lo g ic a l  m od e ls ,  E , M> S, 
w i t h  e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  (Q|^ =  5) a re  shown in  the ta b le
b e lo w ,  assuming Z *  -  10. (see II .6) ,  and using the  va lues  o f
d e te rm in e d  in  III ,10.
c
?
l i
10 n P ,y g ( 0 ) :
T j y g /  in c lu d in g
Z  fa c to r
T  >  ?  c
T c
T >  ;  =
TF <
E
-28
3 .5  
7 . 8
8.6
3 . 4
M
- 2 7 . 5
.17
9 .2
8.6
5.1
- 2 6 . 5
0 . 5 7
( in c lu d in g  normal 
sp ira ls)
7 . 0
14
E x c lu d in g  Z  
fa c to r
178
T> f
12
13.5
14
14 .5
21
14
10
178 17 20 28
0 .0 0 0 0 5  0.00011 0 .0 0 0 5 5
(c o n t r ib u t io n  from  ^ < T ”  s t i l l  more n e g l ig îU e )  .
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-  y  2
O t h e r  th ings  b e ing  e q u a l ,  the  Z  ' term in v
reduces the  in te g ra te d  ra d io  backg round  by  abou t 25 p e rc e n t  , N o w  in 
a p p ly in g  the  lu m in o s i ty  v o lu m e  test in  C h a p te r  I ,  and in in te rp re t in g  
the  s o u rc e -c o u n ts  in  C h a p te r  111, th is  terms was no t in c lu d e d .  The 
e f fe c t  w o u ld  be to  increase O ^  s l ig h t l y  and p resum ab ly  to increase T j^g
s l i g h t l y .  The re le v a n t  numbers fo r  com parison  w i th  the  results o f
- ^ 2
C h a p te r  111 a re  those c a lc u la te d  e x c lu d in g  the  Z  te rm .
I t  w i l l  be seen th a t  the  = 0 models g iv e  a v a lu e  fo r  T._,o
I / o
ra th e r  on the  low  s id e ,  the  best p r e d ic t io n ^ b e in g  th a t  o f  the  de S i t te r  model 
This m ay be seen a n o th e r  w a y .  I f  w e  suppose tha t 
b e lo w  the  5C f l u x - l e v e l  the  source counts o re  represented  by  
N (S ) a S w i th  0 < X < 1 ( to  g iv e  a f i n i t e  in te g ra te d  b a c k g ro u n d ) ,
then  th e  v a lu e  o f x  w h ic h  leads to ~  3 0 °  is x  -  0 .8 ,
c lose  to the  a s y m p to t ic  v a lu e  fo r  the de  S i t te r  m odel (see 111 . 3 . 2 ) .
The d e d u c t io n  o f  the  observed v a lu e  o f  3 0 °  fo r  e x t r a g a la c t ic  sources is 
a d i f f i c u l t  m a t te r  (9 4 ) ,  bu t i f  c o r r e c t ,  suggests a n o n -z e ro  a sym p to t ic  
n u m b e r -c o u n t  s lo p e ,  and th is  im p l ie s  ( i)  a model w i th  - g
c lose to  ze ro  ( 111.3 .2) ( i i )  the  b la c k -b o d y  ra d ia t io n  is no t a f fe c t in g
so u rc e -c o u n ts  u n t i l  f l u x - I e v e l s  a p p re c ia b ly  be low  the  5C le v e l  are  re a c h e d .
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I t  is p ro b a b ly  in c o r re c t  to  a t t r ib u te  the rap id  change  in  n u m b e r-c o u r i t  
s lope b e lo w  I f l u x  u n i t  (a t  178 M H z )  to  th e  e f fe c ts  o f b la c k -b o d y  ra d ia t io n  
on sources (96) .
T u rn ing  to  the  X - r a y  b a c k g ro u n d ,  the  p re d ic te d  in te n s i ty
-5  - 4
fa l ls  b e lo w  th a t  observed by a fa c to r  5 x 10 to  5 x  10
F is v e ry  d e p e n d e n t on the  v a lu e  o f Z *  , so in  F i g ,  3 2b ,
the d ep e n d e n ce  on Z *  o f  10^^ . y  ^ and 10 ^ Z *  \
is shown fo r  th e  3 models E , M , S .  The fo rm e r  q u a n t i t y  is T j^g  .
(observed v a lu e  30 + 7) and the la t te r  q u a n t i t y  is F^  in un its  o f
- 3 0  - 2  - I  -1
10 wm H z ster (observed v a lu e  2 . 5 ,  from  e q u a t io n  (29) ) ,  in
. -2 3
both  cose i f  Ti P |yg (0 )  = 10 . The box corresponds to
.  , ^ < L 7  .  r  .  ^ 2 3
10 1  Bg < 10 , 0 j  m ^ p i^g(O) < m ;
fo r  s a t is fa c to ry  models the  in te rsec t io ns  o f ra d io  and X - r a y  lo c i  
(m arked w i th  c i rc le s )  shou ld  l ie  in  the b o x .  The d e p en de nce  on 
c o s m o lo g ic a l  model is i l lu s t ra te d  by F ig s .  32 c , d ,  w h ic h  
show the  same q u a n t i t ie s  fo r  r a rig es o f  models w i th  
c-g -  0 .0 5  , C g  = 0 . | 5  (and Q  -  0 ,5 ,1 0 )  .
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For no c o s m o lo g ic a l  model does lu m in o s i ty  e v o lu t io n  
(Q  = 5) a d m it  a v a lu e  o f  Z *  w h ic h  w o u ld  g iv e  the  c o r re c t  
rad io  and X - r a y  b a c k g ro u n d .  M o d e ls  w i t h  J g < 0 .0 5  cou ld
g iv e  the  r ig h t  backg rounds  w i t h  d e n s ity  e v o lu t io n  and Bg«^IO g a u s s ( Z * ^ 0  .7 - 0 . 8 )
But i f  Z *  < 1 s teeper e v o lu t io n a r y  rates than those o b ta in e d  in 
C h a p te r  I w o u ld  be necessary to  g iv e  the same a p p a re n t  e v o lu t io n ,  
and by d i f f e r e n t  amounts fo r  quasars and r a d io - g a la x ie s .  M a g n e t ic  
f ie ld s  as low  as a m icrogauss seem im p la u s ib le  f o r  strong r a d io - g a la x ie s ,  
s ince  the e n e rg y  requ irem en ts  w o u ld  be increased by 10^ -  10 above  
the  e q u ip o r t i t io n  va lues  . Such f ie ld s  a re  no t un reasonab le  fo r  w e a k e r  
r a d io - g a la x ie s :  in parag raph  (c) b e lo w ,  the  case w he re  the  m a g n e t ic
f i e ld  va r ies  w i th  source  lu m in o s i ty  w i l l  be d iscussed .
An  a l t e r n a t i v e  p o s s ib i l i t y  is th a t  the  X - r a y  backg round  is 
p roduced  in  norm a l sp ira l  g a la x ie s  w h ic h  are w ea k  ra d io -e m i t te rs  . I f  
the re  is no e v o lu t io n  in th is  p o p u la t io n ,  and Z *  «  I ,
222
^0
\ Z  d (H _ t )
in the  E, M  , S m odels  /
To g e t  = 10 w i th  t] P |^g (0 ) = 10
need lo g jg  Z *  — - 0 . 7 2 ,  - 0 . 7 0 ,  - 0 . 6 0
log^ Bg = -7 J, -7.05, -6.85
fo r  E M  S .
These m a g n e t ic  f ie ld s  are a p p re c ia b ly  sm a l le r  than  the
-6
es t im a te  fo r  our own g a la x y  ( 1 -  3 x  10 gauss) .
N o te  th a t  the m ain  c o n t r ib u t io n  to the X - r a y  b a c k g ro u n d ,  
w hen  the re  is no e v o lu t io n ,  comes from  nea rby  reg ions o f space , 
and no t from  fa r  o u t  as suggested by L o n g a ir  (96) .
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Thus the  observed X - r a y  backg round  re q u ire s ,  i f  a l l
sources o f  a p a r t i c u la r  class h ave  the same m a g n e t ic  f i e l d ,  e i th e r  th a t
—6
th is  f i e ld  is o f o rde r  10 gauss in the  strong sources, o r  is o f o rder  
- 7
10 gauss in the  w e a k  sources ,
W e  now show how  the change  in s lope o f  the  X - r a y
backg round  spectrum b e lo w  abo u t 10 k e v  (102) he lps to
d is c r im in a te  b e tw een  the tw o  m o d e ls .  To e x p la in  th is  ra th e r  sharp
change  in  s lope b e lo w  10 k e v ,  i t  is necessary th a t  a substan t ia l
f r a c t io n  o f  the X - r a d ia t i o n  comes from  sources w i t h  s im i la r  redsh if ts  .
ib is  is indeed  the case i f  the  ra d ia t io n  comes from  w eak  ra d io -e m i t te rs
s in c e ,  os w e  have  rem arked a b o v e ,  most o f  the  X - r a d ia t i o n  then comes
from n ea rb y  parts o f  s p a c e .  M o re o v e r  i f  w e  c a lc u la te  the  ra d io - f re q u e n c y
a t  w h ic h  th e  r e la t i v i s t i c  e le c tron s  respons ib le  fo r  the 10 k e v
inve rse  C om p ton  r a d ia t io n  a re  p ro d u c in g  synch ro tron  r a d ia t io n ,  assuming
- 7
a m a g n e t ic  f i e l d ,  B , o f  10 gauss, w e  f in d  a f re q u e n c y  o f  
a bou t I M H z  ( v  10^ ^ . B .  h v  /  3 .6 kT .) . This is just the
k in d  o f  f re q u e n c y  a t w h ic h  the  spectra  o f  ro d io -s o u rc e s ^ tu rn  o ve r  (103) .
Thus i f  the  r e la t i v i s t i c  e le c tro n s  in the  w ea k  rad io -sou rce s  assoc ia ted  
w i th  normal sp ira l g a la x ie s  a re  the source o f  the X - r a y  b a c k g ro u n d ,  
a n a tu ra l  e x p la n a t io n  is p ro v id e d  o f  the  f la t te n in g  o f  the X - r a y  backg round
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spectrum b e lo w  10 k e v  . I t  is just a r e f le c t io n  o f the f la t t e n in g
o f ra d io  spectra  b e lo w  abo u t IM H z  .
N o  such e x p la n a t io n  can be p ro v id e d  i f  the X - r a d ia t i o n
—6
arises from  r a d io - g a la x ie s  w i th  B 10 . W i th  e x p o n e n t ia l  e v o lu t io n ,
the  f r a c t io n  o f  th e  X - r a d ia t i o n  w h ic h  comes from  sources beyond the  epoch 
co rrespond ing  to  re d s h i f t  z is in f a c t  y ( s , Q /  (I + z ) ) /  ( s , Q ) ,
w h e re  is the  in c o m p le te  - f u n c t i o n  (see Paper 111), and
s = 2 . 5 ,  2 , 1 , fo r  the  E , M  , 5 models , r e s p e c t iv e ly .
For e x a m p le ,  in the  de S i t te r  m o d e l ,  w i th  Q  = 5 ,
p e rc e n t  o f  backg round  90 > 8 0  70 60 50 10
comes from  re d s h i f t  >  1.17 2,1 3 .15 4 . 4  6 .2 5  4 2 . 4 .
The X - r a d ia t i o n  comes from  a v e ry  w id e  range o f  red sh if ts ,  and the re
is no p o s s ib i l i t y  o f a c h ie v in g  a sharp break in the in te g ra te d  X - r a y  
s p e c t ru m . W i th  p o w e r - la w  e v o lu t io n ,  a d iv e rg e n t  in te g ra l  has to be 
t ru n c a te d  a t  some re d s h i f t  , z *  so th a t  in f a c t  most o f  the 
ra d ia t io n  does come from a small range o f  redsh ifts  c lose to  z *  .
Q u i t e  a pa r t  f rom  the  u n sa t is fa c to ry  na tu re  o f  such a hypo thes is ,  the 
ra d io - f re q u e n c y  co rrespond ing  to the b reak becomes about 
10(1 + z * ) '  M H z  , or 100 M H z  i f  z *  ^  2 as suggested by
L o n g a ir  ( 9 6 ) .  M o s t  ra d io -s p e c t ra  are not cu rved  at 100 M H z  (5 0 ) ,
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and no e x p la n a t io n  o f  -the break can be g iv e n  .
N o te  th a t  even i f  the X - r a y  backg round  comes m a in ly  
from sp ira l  g a la x ie s ,  the  s trength  o f  i n d iv id u a l  sources In the  V i r g o  
c lu s te r  w o u ld  s t i l l  be w e l l  b e lo w  the  p resent l im i t  o f  d -e te c ta b i l i t y  .
(b) B indep  o f  P , bu t a fu n c t io n  o f  epoch .
In th is  case
T f r  •  I . .  ■ u  z ' .  b 7 / . .
2
The case o f  g rea tes t in te res t is B =  Bg { I +  z) , w h ic h  arises
i f  the  m a g n e t ic  f i e ld  in ra d io  sources w ere  a un ive rsa l tu rb u le n t  f i e l d ,  
b e h a v in g  l i k e  a pressure as the  un ive rse  e xpa nd s .
Then
X ^  z  ° - 3 / 2  jk(0) p(0)
r   ^ *0 k (z )  P (z )
k (0 )  p(0) ^  ^  (
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so
Thus
Tg = 2 , 7  , T|73 = 25 : z / - *  = | o‘ ^ , Bg = lO ' *
SO the  e ne rg y  d e n s i ty  o f the  m a g n e t ic  f i e ld  is --v/ j p e rce n t  o f tha t o f the  
b la c k -b o d y  ra d ia t io n  a t  a l l  e po chs .
The d is t r ib u t io n  o f  sources w o u ld  be a f fe c te d  by 
lu m in o s i ty  e v o lu t io n ,  w i t h  P(z) a k (z )  . (1 + z) ^
and d e n s i ty  e v o lu t io n ,  w i t h  ri (z) a p (z) . (I + z) .
The a rgum en t o f se c t ion  111 .3 .5  w o u ld  then re q u ire
( Q p  -  :L5) + 2 (Q  + 3 . ^ U " I 0  , ^  + 2Q^ ^ 6 . 5
(c) L u m in o s ity  d e p e n d e n t on m a g n e t ic  f i e ld  .
There are 3 cases o f in te res t:  the f i r s t  tw o  have
been discussed in 111.I and I V . ‘ 2 ,  ( i)  K = co n s ta n t ,  
so P a °  , ( i i )  a d ia b a t ic  expans ion  o f a "p la s m a " .
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K a r ° a B  , so P a B  ° .  The th i rd  cose, e q u ip o r t i t io n  
o f  m a g n e t ic  and p a r t i c le  energ ies  in  sources o f  cons tan t v o lu m e ,
h a rd ly  corresponds w i th  the  w id e  range o f source vo lum es observed (II . 2 . 3 ) ,
? 3 +
but is o f  some th e o re t ic a l  in te re s t ;  K a B , so P a B
These can be summ arized by;
K a B , P a B ° ^  , w i t h  x = 0 , a , 2  fo r  cases (!)  ( i i )  and ( i i i )
Le t B g , Pg be the  m a g n e t ic  f i e ld  and co rrespond ing  lu m in o s i ty  a t the 
present e p o c h ,  and le t  P  ^ be the  lu m in o s i ty  such th a t
Bg = 10 gauss (so th a t  Bg '  = 4 n U g  in such sources).
Then by e qua t ions  (3 ) , (2 2 )
^178 = j  g g g -  ( I -
0 0
I + (B
X     Z  °  d  ( H g O
■ z ^  +  m  / 1 0 - 5 - 6 5  7
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-■ ( r  ) P d f  f W h W  + "
0 -  f  0 P (0 )k(0) '  Bg ’
2
l.(p„/f _-.-l
. cI (H q O
z  + (  B / B J - ( P _ / P  ) l +a + x
U U cr
and by e q u a t io n  (6)
X
p ( io '^ .Z)  = 10'®-^^ U P (P / p  ) + (B/B )’' . ^ !  .Z^.io^-'^^^' ■"°'
C u cr u cr ü k(U)
so
■’ " o k ,  ■- " 0 1 + 0 I I V „ >  " ° " " f o  '  „  I X ' “■ - «  t=0 ^ 0
2
z  + ( B / B g ) + ( P g / P _  )
cr
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I f  w e  now take  k (z )  = k (0 )  p(z) = p(0) . exp  [ 1 0 ( 1 -  /  Z  ) ]
fo r  sources w i th  7 >  ?  , to  g iv e  the r ig h t  d is t r ib u t io n  in space
— m in  '
fo r  3C ra d io g a la x ie s  and quasars, then  i d e a l l y ,  ^ - 2 7
( to  correspond to  the  t ra n s i t io n  from  inc re a s in g  to  d ec reas ing  n um be r-  
d e n s i ty  w i t h  epoch) and ^  28 to  - 2 9  ( to  correspond to  the
t ra n s i t io n  from  e l l i p t i c a l s  to s p ira ls ) .  As w e  saw in IV  .3 , d e n s ity
e v o lu t io n  c a n n o t  a f fe c t  the  d is t r ib u t io n  in space o f  a l l  r a d io -s o u rc e s .
The sou rce -cou n ts  to  low  f l u x - l e v e l  h a rd ly  depend  a t a l l
on ~Ç . , and can be used to d e te rm in e  ^  as a fu n c t io n  o f 
m in  c r
m odel and the p aram ete r  x  , in  those cases w h e re  cons is tency  w i th
the  observed counts  can be o b ta in e d .  F i g .  3 3 a ,  b ,  c shows the
source  counts  as a f u n c t io n  o f  y  fo r  the M i l n e  m odel and
cr
X = 0 , 0 . 8  , 2 .  The most sa t is fa c to ry  cose is x  = 0 ,
^  = - 2 6 . 7 5 ,  and the  case x  = 2 is c e r ta in ly  inco ns is te n t w i th
 ^ c r
the  observed c o u n ts .  The d ep en de nce  o f T ,_ „  and P on % .
178 X min
fo r  th e  case x  =  0 is shown in  F i g .  3 4 .  F is h ig h ly  d e p en de n t on
X
. and to  g e t  the observed f l u x  w e  need ' f  . - 2 8  ,5
: m in  m in
( the  co rrespond ing  m in im um  m a g n e t ic  f i e ld  is 10 gauss) ,
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This typ e  o f  model thus seems the  most s a t is fa c to ry  o f 
those in v e s t ig a te d  to  d a t e .  A l t h o u g h ,  as in cases (a) and (b ) ,  
the m a in  c o n t r ib u t io n  to the  X - r a y s  comes from  sources w i th  m a g n e t ic  
f ie ld s  o f  a m icrogauss or less (and th is  seems q u i te  u n a v o id a b le ,  i f  the 
X - r a y s  are  to  come from  in te ra c t io n  o f r e la t i v i s t i c  e le c tro n s  in rad io -sou rce s  
w i t h  the  b la c k -b o d y  r a d ia t io n ) ,  the class o f  sources in w h ic h  w e  are re q u i r in g  
these w eak  f ie ld s ,  n a m e ly  the w e a k e r  o f  the  r a d io - g a la x ie s ,  is the 
o n ly  one fo r  w h ic h  w e  do  no t have  arguments aga ins t th is 
s i tu a t io n  . I t  need no t be su rp r is ing  th a t  the m a g n e t ic  f ie ld s  in normal 
sp ira l g a la x ie s  are  somewhat s tronger than those in the  w e a k e r  rad io  
g a la x ie s  (w h ic h  are much s tronger r a d io - e m i t te r s ) ,  s ince  the  s truc tu re  o f 
the 2 classes o f  source is q u i te  d i f f e r e n t  . In sp ira l g a la x ie s  the source 
has small d im ens ions  and is ce n tred  on the' g a la x y :  in r a d io - g a la x ie s ,
the source is a lm ost a lw ays  d o u b le ,  and the com ponents  are  la rge  and 
fa r  from  the  p a ren t  g a la x y  .
F in a l l y  w e  should remark th a t  o th e r  e x p la n a t io n s  o f  the 
X - r a y  b ackg round  have  been suggested: these have  been discussed
r e c e n t ly  by S i lk  and M c C r a y  (98) ,
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Table 2 .
D is t r ib u t io n  o f  r a d io - lu m in o s i t ie s  o f strong r a d io - g a la x ie s  in  tw o  e q u iv a le n t  
vo lum es o f sp a c e ,  fo r  4  co sm o lo g ica l  models .
(a) nea re r  h a l f ,  (b) fu r th e r  h a l f ,  o f  the o bse rvab le  v o lu m e .
ran ge  o f log^gP
(w / ( c /s ) s te r )
co sm o lo g ica l  models (A  = 20 .5 ,  B = 5)
E in s te in -  
de S i t te r
M i l n e  • de S i t te r s te a d y -s ta te
(a) (b) (a) (b) (a) (b) (a) (b)
27 .4 - 27.9 0 0 0 0 0 1 0 0
26.9 - 27.4 2 I 2 1 3 0 2 1
26.4 - 26.9 I 0 1 2 1 3 1 3
25 .9 - 26 .4 13 22 13 25 14 33 13 34
25 .4 -  25 .9 8 33 8 30 6 23 5 24
24 .9 - 25 .4 10 15 10 13 ' II 13 II 13
24 .4 -  24 .9 9 7 9 7 8 5 8 5
23 .9 - 24 .4 9 5 9 5 10 5 10 5
23.4 -  23.9 5 2 5 2 4 2 4 2
to ta ls
lo9|QP >23 57 85 57 85 57 85 54 87
log,gP>24 .9 34 71 34 71 35 73 32 75
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Table 3.
M a x im u m  e f fe c t  o f  errors o f  + 2 in  es t im a ted  v isua l m a g n i tu d e s ,  and o f  
v a ry in g  va r iou s  param eters  on the  to ta ls  in  Tab le  2 .
o p t ic a l  m agn itudes  a l l  reduced  by i  
(A  = 2 0 .5  , B =  5 )
E in s te in -  
de  S i t te r
M i l n e de  S i t te r  S teady-s ta te
lo g jo P  >  23
(a) (b)
60 82
(a) (b)
60 82
(a) (b) (a) (b)
61 81 55 85
log^g P > 2 4 . 9  35 60 35 a 36 62 31 66
o p t ic a l  m agn itudes  a l l  reduced  by 2
(A  = 2 0 . 5  , B = 5 )
log  P > 2 3  65 77 65 77  65 77 63 79
log  P >  2 4 . 9  36 53 36  53  36 54 35 55
T ab le  3 . c o n t 'd  . .
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M i ln e m o d e l , A = 20.5 M i ln e  m odel (A -= 20.5, B =5)
g a la x ie s  w i t h  V < 19 o n ly  .
B = 4 B = 6
(a) (b) (a) (b) (a) (b)
58 84 58 84 50 71
37 69 35 70 27 57
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Tab le  4  .
R a d io -g a la x ie s  w i th  T  <  - 2 7
3C V
15 15.5  * 2 7 7 ^ 15.5  t
29 13 278 13.2
31 12 285 15.5
35 14.5 296 12
40 12 305 13.5
66 12 .3 317 12.5
75 13 338 12
76.1 14 356 15 .3 t
78 13.2 371 14 .2
83.1 12.5 382 14.5
84 12 4 03 14 .5
88 13.1 442 13
98 14 445 15 .3
177 15.5 449 12.5
192 15 435 13 .3
227 14.5 t 465 12.2
236 15
253 15 .5
264 13
274 10.8
* T  >  -  27 in  E d d in g to n -L e m a it re  model w i th
t • - * /> . ' .
and in  de  S i t te r model .
m
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T ab le  5 .
E v o lu t io n a ry  param eters  fo r  r a d io - g a la x ie s  and quasars
lu m in o s i ty  e v o lu t io n  
Q .  Z.
d e n s i ty  e v o lu t io n
Q
D D
E in s te in -  
de S i t te r RGs
Q s
4  +  I
n o t
cons is ten t
4  + 2
4 . 5  + I
9 +  2
5 + I .5
9 + 3
10 + 3
M i l n e RGs
Q s
4  + I 
2 .5  +  0 .5
4  + 2
5 + I
9 + 2
5 + I .5
9 + 3
10 + 3
de S i t te r RGs
Q s
4 + I
3 + I
4 +  1 9 + I
5 +  1 .5 3 .5 + I .5
9 + I
10 + 4
CO •- CO r -  ir> CO
CO co oj cvj r -
CO CO r~- co r -  CO
r -  h- CO CO cO CO
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Table 7 .
log N  -  log S data
'° ^ 1 0  ^178
lo g io N log  N  -  I .4 + I .5 (+25 + f)
- 2 4  .455 0 .6 0  + .09 + .02
- 2 4  .67 1 .00 +  .06 + .095
- 2 4  .79 1 .23 +  .05 + .145
- 2 4 . 9 7 1 .56  + . 0 3 + .205
- 2 5  .00 1 .61 + .03 . +.21
-2 5  .15 1.83 + .025 + .205
- 2 5  .30 2 .10 +  .025 + .25
-2 5  .40 2 .265 +.015 + .265
- 2 5  .53 2 .48 + .03 + .285
-2 5  .71 2 .79 +  .015 + .325
- 2 5 . 9 2  + 3 .13 + .10, -  .12 .33
- 2 6 . 0 0  * 3 .27 + .05 + .37
- 2 6 . 0 3  * 3 .34 + .14, -  .20 + .395
- 2 6 .1 2  + 3 .4 5  + .08 , - .1 0 + .37
-2 6 .2 5  * 3 .5 7  + .10, - . 1 3 + .295
- 2 6  .30 + 3 .6 5  + .0 6 , - .0 8 + .40
-2 6 .4 3  * 3 .8 3  + .0 7 ,  - .1 0 + .285
- 2 6 . 0 0  + 4 .02 + .05 + .32
-2 6  .73 * 4 .0 8  + .06 + .105
-2 6 .9 7  * 4 .32 + .04 - . 0 3 5
- 2 7  .07 * 4 . 4 2  +  .04 - ^ )8 5
- 2 7  .27 * 4  .63 + .04 - .1 7 5
-2 7 .4 5  * 4 .73 + .045 - . 3 4 5
-2 7 .6 2  * 4 .85 + .05 - . 4 8
_ 9 7  7 1  * 4 .96 Ï  07 - .5 3 5
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Tab le  7 c o n t 'd  . . . .
In te rp o la te d  va lues  
log  N
- 2 4  .5 0 ^ 8 + .09
- 2 4  .75 1 .13 + .06
-2 5 1 .60 + .03
- 2 5 . 2 5 2 .00 + .03
- 2 5 . 5 2 J 2 5  + .025
-2 5  .75 2 .8 5 + .02
- 2 6 3 . 2 6 + .05
126 .25 3 .5 8 + .10
- 2 6 . 5 3 .9 0 + .07
- 2 6 . 7 5 4 .12 + .06
- 2 7 4 . 3 6 + .04
- 2 7  .25 4 .61 + .04
- 2 7 . 5 4 . 7 6 + .05
- 2 7  .75 5 . 0 0 + .07
+ N  . Po la r  Survey  (101)
*  counts a t  408  M H z ,  assuming f | ^ g  = + 0 . 2 7
(I . e . ,  =  0 .7 5  ) (106)
rest f rom  3C and 4C (17) .
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T ab le  8 .
P re d ic te d  lu m in o s i ty  d is t r ib u t io n s  a t  4C and 5C f l u x - l e v e l s .
m odels : El E in s te in -de  S i t t e r ,  = 5 , ^  =  -2 8
M l  M i l n e  Z , = 5 , X  = - 2 7 . 5
L ' c
SI de  S i t te r  Z ^  = 5 , T  = - 2 6 . 5
E2 E in s te in -d e  S i t te r  Z ^  = 10, %  = - 2 6 . 5 ,  Z ' = 3 .5
E3 E in s te in -d e  S i t te r  Z ^  = 5 , F  ~ -3 0  , in c lu d in g  e f fe c t
o f  e le c t ro n  s c a t te r in g  .
M 2  M i l n e  =  10, P a  H °  , T  = - 2 6 . 5
U c
M 3  M i l n e  = 10, P a  J -  =  - 2 7 .
N
O
O CN 
CN <N
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T ab le  8 c o n t 'd  , . . .
Predi c ted  numbers o f sources w i th  z < 0 .2 5
f  =  ■-25  .75 (4C) f  = --2 6 .7 5  (NPS) f  = -2 7 .75 (5C)
IT  >  - 2 8 T  : :  - 2 9 T  >  -2 8 T  > -2 9 r  > -2 8
\
:> - 2 9
El 112 122 305 542 305 1651
M l 107 116 413 651 413 2027
51 90 94 770 883 2622 5546
M 2 126 137 960 1330 960 4480
M 3 135 146 1060 1440 1060 4680
For com par ison  the  num ber o f  i d e n t i f ic a t io n s  o f  5C sources to d a te  ( IC 8), 
w hen  c o n v e r te d  to n u m b e r /s te r ,  is
gr >  - 2 8  Y  >  - 2 9
2400  4800
but the  redsh if ts  o f these o b je c ts  have  no t been measured .
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Table 9 .
M ed ian  re d sh ift a t d if fe re n t f lu x - le v e ls  (see Table 8 fo r d e sc rip tio n  o f m ode ls .)
M l  SI M 3
0 . 3 8  0 . 4 4  0 . 3 0
0 . 6 6  0 .81  0 . 4 6
0 .9 5  I .32 0 . 6 0
I .34 2 . 2 0  0 . 7 4
2 .0 0  3 .4 5  0 .81
3.12 4 . 9 8  0 . 9 0
4 . 5 6  7 . 0 0  0 . 9 6
0 . 7 7  I .00 0 .5 2
I .45 2 . 4 2  0 . 7 5
3 . 8  6 . 0  0 . 9 3
El
f  = -2 5 0.31
-2 5  .5 0 .7 0
-2 6 1 .09
- 2 6 . 5 1 .38
-2 7 1 .77
- 2 7  j 2 . 8 9
- 2 8 4 .1 6
/K : - 2 5 . 7 0 .8 5
NPS - 2 6 . 6 I .46
5C - 2 7 . 7 5 3 .5
a t 4C  l e v e l , 
1 % o f sources 
have  z > 6 . 8 3 . 4  4 . 9  1 .3 5
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Tab le  10
Lo c a l  th e o ry  fo r  quasars
V |  19.5  19 18.5  18 17.5
num ber o f
quasars 54  51 48  35 25
X 0 . 5 8  0 . 5 7  0.61 0 .61 0 .7 0
t 3 . 0  2 . 5  3 . 7  2 . 6  3 .5
p r o b a b i l i t y  %  0 . 5  1 .5 0.1 I 0 . 2
a ( s . t . y a S ' ° )  2 2 2 . 5  2 . 5  3
R . A .  < l l h . , x =  0 . 5 6  0 .6 2  0 .6 0  0 . 8 0
R . A .  >  l lh  . 0 . 5 8  0 .5 9  0 .61  0 .6 2
d e c . >  3 0 °  0 .5 4  0 .5 9  0 . 5 6  0 . 6 0
d e c  < 3 0 °  0 . 6 0  0 .6 2  0 . 6 4  0 . 7 7
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A p p e n d ix  I .
Radio and o p t ic a l  K - c o r r e c t io n s :
W e  w r i t e  ^  ~ ^°^10 ^178 is th e f lu x -d e n s i t y  a t
-1 - 2
178 M c / s  in un its  o f  w a t ts  ( c /s )  m , ta ken  from  the 3CR c a ta lo g u e  
in c re a s e d  by 8 p e rc e n t  (3 8 ) ,  and ta ke  the ra d io  K - c o r r e c t io n  to  be
- 0 . 4 K  = ( a -  1 ) logjQ ( 1 + z )
w h e re  a is the spectra l in d e x  in the range 178 -  750 M c / s .  
a is taken  from  K e l le rm a n  (50) in the  case  o f  those sources c lass i f ie d  by 
h im  as h a v in g  s t ra ig h t  spec tra :  fo r  the  rem a in de r  o f  the sources a is
c a lc u la te d  from  the  r e la t io n
a =
' ° 9 | 0  ^178 ~ ' ° 9 | 0  ^750  
Io 9 |o  750 -  Io 9 |o  178
w h e re  ta ken  from P a u l in y - T o th , W ade  and Heeschen (51) .
This p ro ced u re  is e x a c t  fo r  sources h a v in g  spectra  o f  the form
F( V ) a V °  , and is reasonab ly  a c c u ra te  even fo r  sources w i th
cu rved  s p e c t ra ,  s ince  the cu rva tu res  are not v e ry  g re a t .
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In o rder ' to  c o n v e r t  the  o p t ic a l  m agn itudes  to  a p p ro x im a te ly  
the same abso lu te  sca le  as the  ra d io  f i u x - d e n s i t i e s ,  w e  w r i t e
f  = - 2 2 . 4  -  0 . 4  V
o p t
w h e re  V  is the  a p p a re n t  v isua l m a g n i tu d e .  W e  use the  o p t ic a l  
K - c o r r e c t io n  c a lc u la te d  by Sandage (52) .
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A p p e n d ix  2 .
C a lc u la t io n  o f  F  and ^  .
By d e f i n i t i o n  ^ F ( z )  = ' -^211— Ë I
'n ^
and 5 ' - f  + 0 . 4 K  = 2 l o g . .  [ -------- ,--------- ^—  j  w he re  Z  = I +
I + 4- k r
z
-  2 logjQ (Rq v Z )  w h e re  v =
'o
r> **0 d r  c
From equa t ions  2 ,  4 ,  and 5 w e  f in d  \    =    %  (
“ ' 4 - '  v „
Z
I A  ,
V = sin I X  . ( 3 •' Q -  I -  q*g ) ]
DT(z) = 2 it  [ sin ' V  -  V  ( I -  ]
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K =. 0: ^0 =
V  =  X
V (z) =  4 tt /  3
k  =  - I :  Rq = c / H q ( I +  -  3 ' -  q )
' A
sinh [ ? L  .(I + qg -  3 - g ) ]
g ( z )  = 2 i t  { V ( I + + s i n h   ^ V }
The cases w h e re  "%  can  be e v a lu a te d  e x a c t l y  are
= 0 Ko"o ' '  ‘’o^  + (^ 0 - ' )  ' ( I + 2 z -  I)
A  =  °  RpHp V ^  y r i  + q p )  Z ?  .  qg -  Z
(qp /  - '  ) = qp .
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The 3 asym p to t ic  m odels  are;
2
: g  =  Ag = 0 ( M i ln e )  : v  = ( Z  -  I ) /  2 Z
I -  /
0 ~ 9g “  "2"  (E ins te in  de  S i t te r )  : v =  2 ( 1 -  Z  )
■q -  0 , Pq -  -1 (de S i t te r )  : v = z
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A p p e n d ix  3 ,
D iscuss ion  o f  re c e n t  d a ta ,  and o f  Schm id t 's  ve rs ion  o f the  lu m in o s i t y -  
v o lu m e  t e s t .
In th is  a p p e n d ix  the  iu m in o s i ty - v o iu m e  test is a p p l ie d  to
the la tes t  d a ta  on quasars and ra d io -g a la x ie s  ( A p r i l ,  1969), in  a
s l ig h t l y  m o d i f ie d  fo rm .
Q uasars .
Redshifts are a v a i la b le  fo r  5 new 3C quasars (104) . The 
d is t r ib u t io n  o f quasars on the  sky fo r
\ /  < 18 , N3 < V  < 18 j  , 18.5 < \ /  , ^  shown in
F i g ,  3 5 ,  sin b -  i  . A n y  a n iso t ro p y  in th is  d is t r ib u t io n  is co n f in e d  to
the  fa in te s t  sources, c o n f i rm in g  the  suggestion o f Penston and
R ow an-Rob inson (3) th a t  th is  is an e f fe c t  o f  s e le c t io n  i I t  seems
reasonab le  to  assume the  d a ta  is c o m p le te  dow n  to  V  -  1 8 .5 .
S ch m id t  (90) has in d e p e n d e n t ly  co n f i rm e d  the  co nc lus io n
o f  C h a p te r  1 th a t  e v o lu t io n  must a f fe c t  the d is t r ib u t io n  in space o f the
quasars, using a s l ig h t ly  d i f f e r e n t  ve rs ion  of the  lu m in o s i ty -v o lu m e  te s t .
L ik e  K a fk a  (3 2 ) ,  S chm id t d e f in e s  x = /  ~ ^  ( J ^ ,  and argues
th a t  i f  the quasars are u n i fo rm ly  d is t r ib u te d ,  the mean v a lu e  of
, , X ; , X , should be 0 . 5 .  The K a fk a -S c h m id t
rad * o p t
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test can be q u a n t i f ie d  by using S tuden t 's  t - t e s t  . I f  x  is u n i fo rm ly  
d is t r ib u te d  in ( 0 ,1 ) ,  the e xpe c ted  standard d e v ia t io n  is g iv e n  by
and then  t = ( x  -  ■=< ) . N  /  , . w he re  x is the
mean fo r  N  sources .
C on tou rs  o f equa l p r o b a b i l i t y  using th is ve rs ion  o f the 
lum inos i t y - v o lu m e  test are shown in  F i g ,  36a , Q ~ *^0
(no e v o lu t io n )  . A ls o  shown are the results using the  test o f sec t ion  
1 .4 ,  m o d i f ie d  s l ig h t ly  as fo l lo w s :
fo r  s t ro n g  sources ( T  , > - 2 5 ,  T  >  - 2 9 ) ,  we use
rad — I o p t  —
z = V  :  ; —  X  (2 .3) ' , and fo r  w eak  sources,
max 2
z -  ^  ^  (I .2) The number o f sources o f a l l  classes
max z .
( ra d io  and o p t i c a l ,  w eak  and strong) in  the near h a l f  o f  obse rvab le  space
2
is com pared w i th  the  number in the fa r  h a l f ,  using the X  -  te s t .
The results are s im i la r  fo r  the  I  tests: 
the K a fk a -S c h m id t  test assigns a lo w e r  p ro b a b i l i t y  to  models near the
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de  S i t t e r  m ode l and the  m odel w i th  0 ^  =  1 ,  = 0 ,  and a
h ig h e r  p r o b a b i l i t y  e ls e w h e re .  But both vers ions agree  th a t  e v o lu t io n  is 
necessary in  a l l  m odels  w i t h  q >  - 1 .
u —
S c h m id t  states th a t  x  is no t v e ry  d e p e n d e n t on o p t ic a l
or ra d io  lu m in o s i ty  and th e re fo re  re jec ts  lu m in o s i ty  e v o lu t io n  os an
in te re s t in g  p o s s ib i l i t y .  H o w e v e r  e v o lu t io n  o f  th is  ty p e  gave ; good
cons is te ncy  w i th  the s o u rce -cou n ts  in C h a p te r  111 . The c o r re c t
s c ie n t i f i c  que s t ion  is: can e v o lu t io n  o f  th is  k in d  be ru led  o u t  y e t?
A  lo w e r  l im i t  to  the  ro te  o f  lu m in o s i ty  e v o lu t io n  can be set by using the
m o d if ie d  lum ino s i t y - v o lu m e  test o f  se c t ion  1 . 7 . ,  in c o rp o ra t in g  the  changes
d esc r ibed  a b o v e .  To o b ta in  an upper  l im i t  , w e  set
z  = 2 .2  fo r  strong sources (w h ic h  w e  have  ta ken  as
max
T  ' >  - 2 7  , T  ' >  -31 ) and z = \ .2 fo r  w eak
rad — o p t  — max
sources . The results are  shown fo r  a number o f  cases in F ig s .  36 b , c ,  and d 
P o w e r - la w  lu m in o s i ty  e v o lu t io n  can be ru led  ou t fo r  
0 ~ ^  0 .17 , and e x p o n e n t ia l  lu m in o s i ty  e v o lu t io n  fo r
“ 0 "  ^  0 . 2  / and fo r  - q  = 0 , q ^  >  2 ,
fo r  e xa m p le  . The K a fk a -S c h m id t  test rules ou t lu m in o s i ty  e v o lu t io n  in  no
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m o d e ls .  I t  is a w e a k e r  test because i t  a u to m a t i c a l l y  throws a w a y  h a l f
the in fo rm a t io n  a v a i l a b le ,  in ta k in g  x  = max [ x  , , x  ] .
rad o p t
R a d io - g a la x ie s .
Redshifts are  a v a i la b le  fo r  a fu r th e r  10 3C ra d io -g a la x ie s  
and m os t ly  agree  w e l l  w i th  those p re d ic te d  by e q u a t io n  (21) o f  se c t ion  
1 ,14 (see ta b le  6) . A p p ly in g  the  lu m in o s i ty - v o lu m e  test to  the  ranges 
o f  r a d io - lu m in o s i t y
- 2 8 . 5  + 0 . 5  n <  ^  <  -  28 + 0 . 5 , n , fo r  n =  0 ,  1 , . . . , 7 ,
and co m p a r ing
2
7 N  -  Np )
^  nea r  ta r  . , ,
------------------------------------ w i th  the
n = 0 to ta l
2
*X. v a r ia b le  w i t h  8 degrees of f re e d o m , g ives  the v e ry  lo w  p ro b a b i l i t ie s  
shown in  the  ta b le  b e lo w ,  fo r  the E, M  and S m o d e ls .  The e f fec ts  
o f  ch a n g in g  a l l  o p t ic a l  m agn itudes by + 1 a re  a lso shown: a lso o f
c o n f in in g  a t te n t io n  to  V  < 19. The f in a l  e f fe c t  on ta b le  5 o f  the
la tes t  d a ta  is s l i g h t .
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F in a l l y  w e  n o te  the p r o b a b i l i t y  o f  m is taken  id e n t i f i c a t io n s  
W yn d ha m  (60) g ives  th is  as 5 p e rc e n t  fo r  a g a la x y  w i t h  V  = 19, 
and 20 p e rc e n t  fo r  V  =  2 0 .
E M  S
V , .  = 20 0 .4 %  I % 0 . 5  %
1 im
a l l  mags +  1 0.01% 0.01% 0.1%
a l l  mags -  1 0 . 2  % 0.1% 2 . 5  %
V , .  = 19 0 0 . 3 %
I im
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A p p e n d ix  4
Remarks on a suggestion  o f  J a u n c y  .
J a u n c y  (105) has suggested th a t  ~ - x  N  ,
shou ld  be used in  p la c e  o f  x  = -  j  ^  , w hen  com par ing  the
d I og t
observed  s o u rc e -c o u n ts  w i th  th e o re t ic a l  m o d e ls . This is because N ( f j )  is
no t in d e p e n d e n t  o f N ( f ^ )  i f  f |  <  fg  , so th a t  the  quo ted  s ta t is t ic a l
u n c e r ta in t ie s  are no t in d e p e n d e n t and a least squares f i t  is no lon ge r  v a l i d .  
This does no t a f fe c t  the  ana lys is  o f  C h a p te r  111, w he re  w e  have  been 
more co nce rned  w i th  the  dep en de nce  o f  the  th e o re t ic a l  n u m b e r-c o u n t  
r e la t io n  on the  va r iou s  co sm o lo g ica l  and e v o lu t io n a ry  pa ram ete rs ,  
bu t i t  is w o r th  p o in t in g  o u t  a serious d ra w b a c k  to  J a u n c y 's  suggestion .
The p o in t  is th a t  N ( f )  is the o n ly  obse rvab le  q u a n t i t y
w h ic h  is a p re c is e ly  d e f in e d  fu n c t io n  o f f l u x - d e n s i t y  . To observe
d N  , . M
dS
r ( and  n w o u ld  seem a more c o n v e n ie n t  c h o ic e ) ,  the
-  %
num ber o f  sources be tw een  tw o  f l u x - l e v e l s  f j  and f ^  must be
c o u n te d :  the  number % N  /  f  then a p p l ie s  to the w h o le  range
d N
o f  f l u x - d e n s i t y  p ra c t ic e  the u n c e r ta in t y  in caused
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by th is  u n c e r ta in t y  in  f ,  + f / 2  , is g e n e ra l ly  much g re a te r  than
th a t  due to  s ta t is t ic a l  u n c e r ta in t y  in  / N  . F o r tu n a te ly  the  e rror
in t ro d u c e d  by the  n o n - in d e p e n d e n c e  o f  N ( f j )  and N ( f ^ )  is v e ry
s l ig h t ,  s ince  fo r  reasonab le  steps in f  , N ( f | )  ^
6 N  N( f |  ) .
J a u n c y 's  c r i t ic is m  is just i f  a p p l ie d  to  counts o f
d i f f e r e n t  classes o f 3C source ( e . g .  (46) ) ,  w he re  the
range o f  f l u x - d e n s i t y  cove red  by  the sources is s m a l l .  V e ry  l i t t l e  
w e ig h t  shou ld  be a t ta c h e d  to  such co un ts ,  s ince  i t  is imposs ib le  to  
p re d ic t  th e o re t ic a l  q u a n t i t ie s  w i t h o u t  f u l l  k n o w le d g e  o f  o p t ic a l  and 
ra d io  lu m in o s i ty  fu n c t io n s  fo r  each class o f  s o u rc e .  The lu m in o s i ty -  
vo lu m e  test is a much sound a p p ro a c h ,  though re q u i r in g  more in fo rm a t io n  .
F lo w e v e r ,  fo r  in te res t w e  show the  sou rce -cou n ts  th a t  w o u ld  
be o b ta in e d  fo r  a num ber o f d i f f e r e n t  cases cons ide red  in C hapters  3 and 4 
i f  a l l  sources beyond  z = 0 . 5
w e re  in v is ib le  ( F ig .  3 7 ) .  This g ives  a crude  in d ic a t io n  o f the  number 
o f g a la x ie s  b r ig h te r  than  the  p la te  l im i t  o f  the  Pa lom ar Sky Survey 
th a t  should  be i d e n t i f ia b le  w i th  rad io -sou rce s  a t d i f f e r e n t  f l u x - l e v e l s .
For com par ison  w i t h  F ig  . 13, the  counts o f  sources w i th  y  X -  27 
a re  a lso shown .
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A p p e n d ix  5 .
The lo c a l  th e o ry  fo r  quasars .
P o o ie y  and Ryle (106) have  shown th a t  i f  th e  quasars 
a re  the cause o f  the  steep ra d io -s o u rc e  counts then  I t  is e x t re m e ly
u n l i k e l y  th a t  the  quasars form  a ' lo c a l  ' p o p u la t io n .  The ques t ion  remains;
can a u n i fo rm ly  d is t r ib u te d  lo c a l  p o p u la t io n  fo rm  a s ig n i f i c a n t  f r a c t io n  
o f  the  observed sources?
Suppose w e  have  a set o f sources d is t r ib u te d  l o c a l l y
such th a t  the  num ber h a v in g  lu m in o s i ty  be tw een  j  and T* + d F -  o u t
to  d is ta n c e  r Is
M ( r  =  r, X
w he re
and
c p  ( ^  ) =  0 o u ts ide  ( F  | / F  2 ^
Then the  num ber observed dow n  to f l u x - l e v e l
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w h e re
( F )  = Tig S ^  cp ( F )  = M ( P / S ,  f  )
s ince
S = P / r ^
? 2
N (S ) = r . Q P ^ - ^  S " ’'  ( P /P ,  ) < ï > ( f )  d f  =  l o X f - A )
T i
w he re
X /F  2 
?
x fg  =  lo S io  [ n g P g  \  ( P / P j  I*" 9  C f )  d f  ]  ( I)
The In te g ra te d  f l u x  o u t  to  R , the  nearest edge o f  the  d is t r ib u t io n
R 2
\  \  A —  d M  d f
0 ?1  r
2 x  Ti r  ^  p cp ( f  ) d r  \  r ^  ' d r
X i  0
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„  2 x -2  f 2
O b '  â ,  r a
To g e t  no m ore  than  3 0 °  a t  178 M H z  w e  need
10^^ F <  30 (3)
w he re  r is measured in  m e tre s .  
Then e qu a t ions  (1) (2) and (3) im p ly
T  2 I
J- ( p /p ?  ) = ( f )  J I T  
-----------------------------
4 -  > [ X r  1 0 ^ ' f T2 3 ] X
(P /P , V ( f  ) d f
? l
(4)
N o w  the  c o n d i t io n  th a t  th e  edge be unobse rvab le  dow n  f l u x - l e v e l  S ,
(and h e n c e ,  assuming w e  are  no t a t the ce n tre  o f the  d is t r ib u t io n  ,
the  c o n d i t io n  th a t  the source counts be is o t ro p ic  a t  a l l  f l u x - l e v e l s  dow n  to
S ) is
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^2
- ÿ - -  <  S| . . . .  (5)
R
This Is cons is ten t w i t h  (4) I f
,1^ (P /P J  P ( J )  d f
? l  I
lo g ,o  C —   ] <  ( x - l )  f,  -  21 .5 -  X + lo g ,g  ( )
L  (P/P f  T ( T )  d T
7 |
(6)
f |  3f
- y  - 2 1 . 5  -  ^  -  .48  i f  X = 1.5
0 .7 5  i f  f  =  - 2 4 . 4  , f |  =  - 2 7 . 7 5
co rrespond ing  to 22 .5 p e rc e n t  o f  3C sources 
= 0 . 4 5 , I f  f ^  = - 2 4 . 2 ,  f |  = - 2 7 . 7 5
co rrespond ing  to  45 p e rc e n t  o f 3C sources
(or a l t e r n a t i v e ly  to  T < 15 K )  .
The d e p e n d e n c e  o f the  expression on the  L . H .  S .  o f  (6) on the
fo rm  o f ç ( ^ " )  can be seen by ta k in g  log^^ =  const + 0( ^ 2"  J' )
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and e s t im a t in g  the  m axim um  v a lu e  o f  “ T |  ) cons is ten t w i th  the
R. H .  S .  o f (6) fo r  d i f f e r e n t  va lu es  o f  a .
log,Q { 1 < I a -  -  . 2 . 5  2 1 .75 1 .5 1.25 1 0 . 9  0 . 8  0 . 7
i ' T  I
I 0 . 7 5  j I .5 I .8 2 . 0  2 .2 2 . 5  3 .0  5 . 0
i j
1 0 . 4 5  I 0 . 9  1.2 1.3 1.4 1.6 1.8 2 . 3  2 . 6  3.2
Thus a lo c a l  p o p u la t io n  c a n n o t  be ru led  o u t  a t a l l  i f  i ts lu m in o s i ty  fu n c t io n  
Ç' ( ^ )  is f l a t  e n o u g h ,  or i f  the  spread in lu m in o s i t ie s ,  { ^
is n o t  too  g re a t ,  < I say ^
The above  a rgum en t is e s s e n t ia l ly  th a t  o f  Ryle and C la r k e  (15), 
e x c e p t  th a t  th e y  h ave  a d i f f e r e n t  express ion  in  p la c e  o f  (5) . They w ere  
c o n s id e r in g  the  case f j  = - 2 6 . 6  (co rrespond ing  to the  R y l e - N e v i l le
su rvey  l i m i t  (82)) and f ^  = - 2 3 . 9  (co rrespond ing  to  a l l  3C sources), 
w h ic h  makes the  R . H .  S .  o f (6) 0 . 5 5 .  in  re trospec t i t  is d i f f i c u l t  to
see how  th e y  w e re  a b le  to c o n c lu d e  th a t  the  rad io -sou rce s  co u ld  no t be 
g a la c t i c  .
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A  second p o s s ib i l i t y  Is th a t  most o f the  3C quasars are lo c a l  
o b je c ts ,  bu t p a r t  o f  a p o p u la t io n  w h ic h  ex tends u n i fo rm ly  th ro ug h ou t 
s p a c e .  I f  the  3C quasars a re  v e ry  lo c a l  ,  say < .0 0 3 ,
then the  num ber d ow n  to  the  5C le v e l  w i l l  be g iv e n  by
■  3/2
N (S ) » S , i . e .
log|Q N  = , 0 .95 + I .5 (2 .75) =  5 .075
s ince  the re  ore  9 quasars per s ter a d ian  a t the  3C le v e l  . The a c tu a l  number
o f  sources per  s ter a t  the  5C l e v e l  is g iv e n  by ^  ^  4 , 9 6  + 0 . 0 7  ,
so a l l  sources a t  th is  le v e l  w o u ld  h ave  to  be quasars . M o r e o v e r ,  the n u m b e r-  
co u n t  s lope  a t th is  le v e l  is c lose r  to  I .0 than  1 .5 ,  so on both  these 
grounds w e  must h ave
z > 0 . 0 0 3  (7)
c
The c o n t r ib u t io n  to  the in te g ra te d  b a c k g ro u n d ,  in  the  s te a d y -s ta te  
c o s m o lo g y ,  is g iv e n  by
T,-,q /-w 9- ^ 1 . fo r  these ob jec ts ,.
l7o  z
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so to  g e t  3 0 °  o r  less, w e  need
z > 0 .0 0 2 3  (8)
I f  the  redsh lf ts  o f  quasars are g r a v i t a t i o n a l ,  then  the  m odel o f F o w le r  and
13
H o / l e  (107) requ ires  the  masses to  be >  10 so la r masses, so fo r  the
-2 9
3C quasars to c o n t r ib u te  no more than 2 x 10 g m /c c  we a ga in  
f in d
z > 0 .0 0 3  (9)
c —
H o w e v e r  4  quasars, in c lu d in g  3C 191 , have  emission 
t im e  red sh if ts  1 .9555 + .0005 , p resum ab ly  an in t r in s ic  red sh i f t
(on the  lo c a l  m ode l)  , For one o b je c t  o u t  o f 54 to  have  a co sm o lo g ica l  
re d s h i f t  < 0 .001 , w e  need
z < 0.001 (54) ^ 0 . 0 0 4  (10)
c —
The in e q u a l i t ie s  (7) -  (10) im p ly  th a t  z ^  0 .0 0 4  , i . e .
th a t  most o f  the 3C quasars are as c lose as the  V i r g o  c lu s te r ,  or ' c l o s e r .
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Thus, a l th o u g h  im p la u s ib le ,  n e i th e r  a lo c a l  u n i fo rm  i r r e g u la r i t y ,
nor a u n i fo rm  d is t r ib u t io n  o f  quasars w i th  g ra v i t a t io n a l  red sh i f ts ,  can be
ru led  o u t  by arguments using iso t ro py  e t c .  W e  now show th a t  p ro v id e d
the  redsh if ts  o f  3C quasars a re  ind ep e n d e n t o f d is ta n c e ,  th e i r  d is t r ib u t io n
in space ca n n o t  be u n i fo rm  .
L e t  the  d is ta n c e  o f  a source o f lu m in o s i ty  P be 
Q c  - , w he re  q  is the  H u b b le  t im e ,  and le t  the  observed
f l u x - d e n s i t y  be S . The inverse  square law  g ives
2 P
w h e re  J (z )  takes a c c o u n t  o f  the s h i f t  o f  the  e m it te d  spectrum across the
w a ve b a n d  o f the  observe r , and any  o th e r  d im m in g  caused by the re d s h i f t .
N o w  the  R . H . S .  o f  e q u a t io n  (I)  depends o n ly  on in t r in s ic
p ro pe r t ie s  o f  the source , and so is cons tan t fo r  any  p a r t i c u la r  class of-
source ( i . e .  o f g iv e n  P and z) . This a pp l ies  even i f  the lum inos ity ,  is
a fu n c t io n  o f re d s h i f t  , as suggested by H o y le  and Burb idge  (53) .
Thus i f  S . is the l im i t i n g  f l u x - l e v e l ,  dow n  to  w h ic h  w e  
m m
have  a c o m p le te  sample o f  sources , then  the m axim um  d is ta n c e  at
w h ic h  th is  class o f  source is o b s e rv a b le ,  D is g iv e n  by
m ax
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2 2
SD = S . D (2)
m m  max
I f  the  d is t r ib u t io n  o f the  sources is u n ifo rm  in  space , the  p r o b a b i l i t y  
o f  f i n d in g  a source a t any  p a r t i c u la r  d is ta n c e  is found  by c o ns ide r in g  
the co rresp on d in g  v o lu m e  o f  space , I-* (D) . I f  w e  d e f in e
X = y  (D) /  y  (D ) (3)
max
fo r  any  p a r t i c u la r  class o f so u rce , then  x  should be u n i fo rm ly  d is t r ib u te d  
in  ( 0 ,1 ) .
N o w  i f  D «  c Q , y  (D) = 4 i t D ^ / 3
so
D ,3
D
max
S .
( — ) , f rom  (2) and (3) (4)
As in  A p p e n d ix  3 ,  the q u a n t i t y  w h ic h  should be u n i fo rm ly  
d is t r ib u te d  in (0 ,1 )  fo r  quasars is in f a c t
X = m ax I X  , ,  X  ,
rad op t
c 3 /_  S . 3 /
S . , /  2 , m m  . / 2
m ax f  ( m m  ) , ( — ^  )
— 3 —  rad ^
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and w e  com pare  , /  12 N  ( x  -  0 . 5 )  w i th  S tudent 's  t .
W e  a p p ly  th is  to 54 quasars i d e n t i f ie d  w i t h  3C sources (104) ,
fo r  w h ic h  S . = 9 f . u . ,  and ta ke
mm
( = 1 0 ° ^  (V  -
S o p t
w i th
V , .  = 1 9 . 5 ( 0 . 5 )  1 7 .5 .
I im
Tab le  10 g ives  N ,  x  , t and the  co rrespond ing  p r o b a b i l i t y  fo r  the d i f f e r e n t
va lu es  o f  V , .  . W i t h  a h igh  deg ree  o f  c o n f id e n c e  w e  can assert th a t  
1 im
the quasars are no t u n i fo rm ly  d is t r ib u te d  l o c a l l y .  For each v a lu e  o f  
V | . ^  , x'' is s ig n i f i c a n t l y  g re a te r  than  0 . 5
I f  w e  ta k e  ^  a 5 °  ins tead o f  5  ^ ^  ,
then
2a  2 a / 3  , 2
— X d x  =
2 a + 3
r  2a  2 a / 3 + 1  2 2a  . 2a   ^ 2
\  .  ~  3 x  . -  2 ( 3 3 )  "  ( 2 ~  3 '
267
The id e n t i f i c a t io n s  are  p ro b a b ly  c o m p le te  dow n  to  V  = 18.5 (A p p e n d ix  3 ) ,
so = 0 .6 and a -  2 .25 .
The u n c e r ta in t y  in  a is -----------------------  0 ,3
dx
Thus even  i f  the quasars are " l o c a l " ,  th e y  show a strong d e p a r tu re  from a 
un ifo rm  d is t r ib u t io n  in space , ressembling  the  r a d io - g a la x ie s  ( 1 ,14) in
th is  re s p e c t .
S ince  the  number o f sources is not v e ry  la rge  i t  is not 
poss ib le  to test in d e ta i l  to w h a t  e x te n t  th is  e f fe c t  depends on d i r e c t io n  
in the s k y .  But w hen  the  area o f sky covered  by the  3C c a ta lo g u e  is d iv id e d  
in to  tw o  ranges o f d e c l i n a t i o n ,  and tw o  ranges o f  hour a n g le ,  the  va lues 
pf X are  fo r  each p o r t io n  o f the  sky , as shown in the ta b le  .
I f  w e  are in  a " l o c a l "  c lu s te r  o f  quasars then we  are in a
sp ec ia l  p o s i t io n ,  a t the bottom  of op  ■Iso t rop i.c d e n s i t y -w e l l  . The more
n a tu ra l  in fe re n c e  is th a t  the n u m b e r-d e n s ity  j>r lu m in o s i ty  o f  these o b jec ts
was g re a te r  in  the pas t,  r u l in g  ou t the s te a d y -s ta te  c o s m o lo g y .
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F i g . le^FIozv diagram  fo r  the models. L o c i to the r ig h t o f B  are oscilla ting  models; those 
to the le ft o f  A  have ‘ bounced ’ %mder the action o f cosmological rep idsion; those heticeen 
and B  are monotonie expanding models. The three f ix e d  po in ts are the E instc in -de  
S itte r  (E S ) , A li ln e  ( M ) ,  and de S itte r  {S )  models. The directions ind icated by the arrozvs 
correspond to expansion o f the Universe.
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F i g . 2(sM agn itude  {V ) - re d s h if t  ( z )  diagram  fo r  quasars shoiving ‘ volume e ffe c t’ . The 
continuous line  is the theoretical m agn itude-redsh ift curve fo r  the de S it te r  model. The 
other tu'O curves shove the shapes o f the pred icted loc i o f brightest sources in  this model fo r  
simple lum inosity  fu n c tion s : dotted curve, Gaussian zcith dispersion o f tzco magnitudes; 
broken curve, exponentia l dependence on lum inosity , F {v v ) ,  ic ith  index — 1 5  (to base t o ) .  
These fo rm s are chosen only to give a s im ila r shape to the upper envelope fo r  the observational 
points (circles), and  are not necessarily consistent w ith  the data.
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Z =  1-15
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F ig .  3. R ad io  (a) and op tica l (b) ‘ lum inosity-vo lum e  ’ diagrams fo r  quasars in  the E in s te in -  
de S it te r  model, A 1A 2 corresponds to the 3C  cu to ff o f nine flux-xm its , C1C2 to a v isua l 
magnitude o f  18. I n  (a) circlesjtriangles are those quasars u 'ith  -^opt ^-^optCo-B) respectively: 
in  (b) circlesi'triaxigles are those quasars tcithd^rad  ^ -^rad(i '4 )-  U n its  o f ^  are logio rcatts j 
ste rlic ls).
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Pig' 4 ?iodel diagxam, :
(a )  power-law l u m i n o s i t y  e v o l u t io n ,  
Q^=2,5, combined o p t i c a l  and r a d i o  
t e s t s ;  (b) as  i n  ( a ) ,  bu t  Q^=3. 
D as h -d o t t e d  l i n e s  i n  F ig s  4y 7-10,  
co r re s p o n d  to  the  maximum r a t e  of  
l u m i n o s i t y  e v o l u t i o n  d i s c u s s e d  i n  
s e c t i o n  8, The c o n to u rs  j o i n  models 
w i th  an equa l  p r o b a b i l i t y  of  b e in g  c o r ­
r e c t .
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F ig .  5. R ad io  vs op tica l lum inosity  fo r  quasars zvith redsh ift less than  0 6  {circles), calcu lated  
in  the M iln e  model, shozving absetice o f  detailed corre la tion . The region o f  th is d iagram  
occupied by the strong radio-galaxies is indicated, as also are the cutoffs imposed by lim it in g  
o p tica l and  rad io  flu x -leve ls  o f  19 m and g f .u .  respectively on quasars zvith redshifts  0 3  
a nd  J O respectively {a quasar zvith redsh ift i - o , f o r  example, must be above and  to the r ig h t 
o f the p o in t o f intersection o f the arrozvs lahcUcd ‘ z  =  1 0 ’).
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Fig. 6. A s in  F ig .  3, but the lum inosities corrected fo r  pozver-lazv lum inosity  evolution w ith  
Q l  =  3-07. The solid  lines shoie a ito ffs  a t nine f lu x - im its  and  ig magnitudes respectively, 
except th a t the effect o f a sharp decline in  the op tica l continuum beyond L ym a n  a is ind icated  
in  (b). N o te  th a t the volume scale is compressed beyond Ü =  0-25.
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F ig . 7. Results o f tests o f  models w ith  pow er-law  lum inosity  evo lu tions: (a) A  =  o, 
Q l  — Qo; (b) k  =  o, Q l — o o ;  ( c )  ao =  o, Q h — qo- Shaded regions correspond to models 
g iv in g  p robab ilities  g reater than  20 per cent o f being correct.
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F ig . 8. Test of exponential luminosity evolution, ZL — qo-' (a) A =  o (scale expanded fo r  
50 < i ) ;  (b) CTO =  o.
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F ig, 9. Test of poiver-laiv density-evohitions, Q d —go: (a) A =  o; (b) ao =  o.
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F ig .  io .  Test o f  combined poiecr-lazo lum inosity  and  density evolutions, Q l ~ Q d : 
(a) Einstem -de S itte r, (b) M iln e  and  (c) de S itte r  models.
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Summary
A  cosmological test suitable for sources w ith a large dispersion in luminosity, 
the luminosity-volume test, is described.
Application to both the optical and radio data for quasars, assuming their 
redshifts to be cosmological, shows that none of the relativistic models can 
apply without some evolutionary factor that affects both radio and optical 
properties. Simple evolutionary hypotheses are tested, and it is found that only 
relatively empty models (47tG/3o<^Ho4 with — i  < g o <o  5 are consistent with  
power-law luminosity-evolution, whereas all models are consistent with  
density-evolution. Evolutions with a negative exponential dependence on the 
scale-factor, which do not require a truncation of the evolving population at 
finite redshift to give a finite integrated background radiation, represent the 
data well.
The test should be applicable to radio-galaxies when the data is more 
complete.
I .  Introduction. Throughout this work we take the conventional view that the 
redshifts of quasars are cosmological (i). Although we recognize that severe 
difficulties exist for this view (2), (4)-(6), the other possible explanations that 
have been presented in detail to date (8), (9) pose more difficulties than they 
solve (io)-(i2).
Pessimism has been expressed whether, even if quasars are at cosmological 
distances, they are of much value to cosmology (13), (14). The two classical tests, 
the magnitude-redshift test and the number-counts of sources, are only effective 
in distinguishing between cosmological models in situations where the dispersion 
in luminosity is small. While this is the case for the optical luminosities of galaxies, 
it is certainly not true for the radio-luminosities of radio-galaxies, or for either the 
optical or radio luminosities of quasars (we shall drop the qualification ‘ if the 
redshifts of quasars are cosmological ’ in the remainder of this paper). We aim to 
show that this pessimism is unjustified, since the additional factor of completeness 
down to a limiting flux-level enables a far more powerful test, the ‘ luminosity- 
volume ’ test, to be applied. This test combines the essential features of both the 
redshift-magnitude and number-count tests, and uses more information than 
either. A simple extension enables evolutionary hypotheses to be tested.
Radio number-counts of all sources provide clear evidence that evolutionary 
factors are affecting at least a sub-population of the sources (i5)-(i8). Two kinds 
of evolution have been considered in some detail in earlier interpretations of the 
radio number-counts (i8)-(2o):
*  Present address: Department of Mathematics, Queen M ary  College, London E .i.
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(a) Density evolution. The fraction of material in the form of active sources is 
a function of epoch.
(b) Radio luminosity evolution. The typical luminosity of sources is a function 
of epoch, while the fraction of material in the form of active sources and the 
form of the dispersion of luminosities are independent of epoch.
Longair (18) has shown that to obtain consistency with number-counts to low 
flux-levels and the extragalactic contribution to the integrated background radio 
emission all classes of source can not be supposed to evolve. If the evolution is 
then due to an indistinguishable sub-population of the sources, the distinction 
between hypotheses (a) and (b) disappears (18). However if the evolution takes 
place in a recognizable sub-population (e.g. the quasars) then we are dealing with 
distinct hypotheses and can hope to test between them. Earlier suggestions that 
the magnitude-redshift diagram for quasars supported luminosity rather than 
density evolution (22), (23) were shown to be incorrect (24). The present results 
are still stronger: luminosity evolution of the form considered in (i8)-(2o), (22), (23) 
is inconsistent with a wide range of cosmological models, whereas consistency 
with all models can be obtained using density evolution.
However, it is important to consider whether results obtained using a particular 
mathematically simple form of evolution may not depend rather strongly on that 
mathematical form. The truncation of the evolving population beyond a redshift 
of about four (18) may fall in this category. In this paper we consider other forms 
of evolution which do not require such a truncation. It is a matter for subsequent 
investigation to decide whether such forms of evolution could give consistency 
with radio number-counts to low flux-levels and with the integrated extragalactic 
background.
The cosmological models we have tested are the familiar relativistic models. 
We include the possibility of a non-zero cosmological constant A: purists who 
dislike the cosmological constant may simply examine our results for A = o.
In Section 12 we also describe the results of testing the steady-state cosmology 
and a class of Brans-Dicke models.
2. The models
(i) Summary of properties. The properties of the relativistic cosmological models 
are discussed in many standard references, e.g. (25)-(27), but for completeness 
we summarize here the relations we need.
The observed flux in the frequency range vq to vq + dvQ, from a source emitting 
F(ve)dve in the corresponding range of emitted frequency Ve to vg+dve, is given
where
— — I +ar = Z  
Ve
and
(7)r  ÿ  = f “
j  t, R  Jo i+ A r^ /4
Writing ^  = logioE(vo),/ = lo g io /(v o ), equation (i) becomes
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where the i^ -correction takes account of the selectivity of the atmosphere and the
apparatus, and of the shift of the spectrum across the observed frequency band. 
The forms we have used for optical and radio Æ-corrections are presented in 
Appendix I.
From Einstein’s equations for uniform, pressure-free universes, the scale-factor 
R{t) satisfies the equations
R  = -^7rG p R l2+A R l2  (4)
(i^ )2 = SrrGpR^ls (5)
where A is the cosmological constant and the density, p, satisfies the equation
pR^ =  poRo^ y
subscripts zero referring to the present epoch.
Then if we write
U  =  R IR , q = - R R l k \  (6)
and
a = 477GP/3H2, (7)
equations (4) and (5) become
A / g  =  (o - — ç ) H 2  =  (cro  — g o ) H o 2  ( 8 )
and
Ac 2 =  (3CT —g-—i ) H 2i ?2
= (So'o —Ç'o— (9)
(ii) Flow diagram for the models. Writing Z  = Rç,jR, we can use equations (5) 
(8), (9) to obtain
H2(() =  H o^{(to —5'o +  ( i +  5'o—3o’o)-2’^  +  2cto‘2’3} =  Ho2. y (Z )
a{t) = aoZ3/Y(Z)
=  M Z 3 - i ) + g o } / y ( Z ) .
Thus if Ho, o-Q, go are known at the present epoch, then H ,  cr, g are known for 
all epochs, past and future. The behaviour of the models can be illustrated by a 
flow diagram (Fig. i). This diagram, and an illuminating discussion of the a-q  
representation, can be found in Refsdal & Stabell (28). For our purposes the 
interesting feature to note is that there are just three fixed points in this diagram : 
the Einstein-de Sitter model {o =  q =  1/2), the de Sitter model (ct = o, g = — i), 
and the Milne model {a =  q =  o). These represent asymptotic states of the 
Universe: the Einstein-de Sitter model is the initial state of all non-empty models 
except those to the left of the curve A, while the Milne and de Sitter models are 
the final states of monotonie expanding models (all those to the left of the curve 
B) with A = o and A f  o, respectively. Oscillating models are those to the right 
of the curve B. A and B correspond to those models which approach the Einstein 
static universe as t -> ±  00 respectively (i.e. A is the Eddington-Lemaitre model).
The loci to the left of the curve A correspond to those models which ‘ bounce ’ 
under the action of cosmological repulsion. As Solheim (29) has remarked, most 
of these models are ruled out if the redshifts of quasars are cosmological, since 
they give upper limits to Z  which are inconsistent with values already obtained for
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quasars. In fact for these models to be correct we must be indistinguishably close 
to the de Sitter model at the present epoch. Their philosophical attraction is that 
they are the only non-empty models which do not possess a singularity.
From the point of view of the testing of models, the most interesting situations 
arise if (o-q, qo) are not near any of the three fixed points. For then we know the 
future of the Universe and its past history (at least back to the epoch where the 
pressure becomes significant). But if (o-q, qo) are near to one of the fixed points in 
the a-q plane, we cannot tell whether the Universe has always had these values of 
a and q, or whether it is in an asymptotic state.
4
3
A =0
-  A
ES
-3 -2
F ig. I. Flow diagram for the models. Loci to the right of B are oscillating models; those 
to the left of A  have ‘ bounced ’ under the action of cosmological repulsion; those between 
A  and B are monotonie expanding models. The three fixed points are the Einstein-de 
Sitter (ES),  Milne (M),  and de Sitter (S ) models. The directions indicated by the arrows 
correspond to expansion of the Universe.
The smoothed-out density of the material actually observed to date (7 x io~3i g 
cm~3) (go), and the present value of the Hubble constant (Hq“  ^= i-2Xioio 
years), suggest that our present position in the a-q plane may be rather close to 
the a = o axis. Difficulties in reconciling the ages of the oldest stars with the age 
of the Universe may force us to the left of the point M  and perhaps rather near to 
the point S. But considerations of this kind are subject to enormous uncertainty.
3. Influence of volume effect on magnitude-redshift test
(i) Magnitude-redshift test. The results of attempts to distinguish between these 
models using the magnitude-redshift test for the brightest galaxies in clusters 
have been reviewed and extended by Solheim (29), who has computed exact 
theoretical relations instead of the power-series expansions used in earlier work 
(31), (32). His best values for the cosmological parameters are
go =  —o*o6 , ao =  4 -5 3 ,
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though these values are appreciably modified if the galaxies are assumed to change 
their luminosity with epoch (29), (33).
The acceptable models appear as a region of the ctq — go plane (the ‘ model ’ 
diagram). He also applies tliis procedure to optical data for fifteen quasars. How­
ever it is necessar}’- to take account of the severe selection effect imposed by the 
limiting radio magnitude for these objects (nine fiux-units if we confine our 
attention to identifications from the 3C catalogue (37), (38)), and also of the 
‘ volume effect ’ discussed below. In the present work we have rather more data 
available (37 redshifts), we take account of these selection effects, and we also 
perform the test in a different and more powerful way.
A number of other autliors have discussed the observ^ ational data for quasars 
with respect to particular cosmological models. McCrea (34) plotted the absolute 
optical magnitudes of quasars against redshift for three models : the Milne model 
(0-0 = go = o), the de Sitter model (ctq = o, go = — i; the steady-state model 
gives the same diagram), and a particular model used by Schmidt for which 
= go = I- McCrea pointed out that the luminosity, Fi(s') say, of the most 
luminous source out to redshift z  should be an increasing function of z, simply 
as a probability effect. The Schmidt model then seemed to be rendered improbable 
by the fact that the nearest quasars, 3C273, would be intrinsically the most 
luminous, in this model. The rate of increase of F’i(s') appeared improbably steep 
in the steady-state model, on the other hand.
(ii) The volume effect. Some quantitative estimate of the importance of the 
effect may be made as follows. We assume that the proper number-density of 
quasars at any epoch, tff), is proportional to the smoothed-out cosmological 
density, p{t), and that the luminosity-function (18) for quasars is independent of 
epoch. That is, at epoch t let the number of sources per unit proper volume having 
log 10 F  in the range
to  h Q  l { t ) . p { 3 ^ ) d ^
where
=  I.
Define the coordinate number-density,
■
thus if (^?) oc p{t), then -g(if) = const = (^^ o) = ■go, say. The element of proper 
volume is
R \ t )  r^ dr sin 9  dd d f  
( i  +A
so the total number of sources in the range of luminosity ^  to ^ + d :F  out to red­
shift z  is
N  {^ , z )d ^  = tioRq  ^.V {z ). f { 3E)dS^
where
i7(«:
’'oW 477r3 dr
■yk
Then the expected luminosity, Fjv(^ ), of the N th  most luminous source out to
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redshift z  will be roughly the solution of the equation
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7]oRo^. Ü (z ).y  r  4 ( ^ )  = AT,
J
where ^ n {^) = logio F n {!2), and y  is the fraction of the sky covered by the sources. 
Let
Then
where
For example if (a) 
Then
0(%) =  I* d3F
J  — 00
=  0 - 1  | i -
7]qR o^ . ü {z ).yy  
0 - i{ 0 ( jc ) }  =  a:.
and if (b)
then
and
^ ( j r )  =  _ J _ . e x p  
yzTTa
= b (loge 10) for
for
O(J^) =  I —
2^V(«) = ^1 + 1 loglo
= const. + ^  logio D (a:).
2-0
Q) o
0 . 5
13 15 17 2119
(10)
Fig. 2. Magnitude {V)-redshift (z) diagram for quasars showing ^volume effect \  The 
continuous line is the theoretical magnitude-redshift curve for the de Sitter model. The 
other two curves show the shapes of the predicted loci of brightest sources in this model for 
simple luminosity functions: dotted curve, Gaussian with dispersion of two magnitudes; 
broken curve, exponential dependence on luminosity, F { w ) ,  with index —1 5  {to base 10). 
These forms are chosen only to give a similar shape to the upper envelope for the observational 
points {circles), and are not necessarily consistent with the data.
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Some idea of the importance of the volume effect for the optical redshift-magnitude 
diagram for quasars may be gained from Fig. 2, which shows F \{z ) for two simple 
luminosity functions of type (a) and (b), in the de Sitter model. The parameters 
chosen are a = o-8, 6 = 1-5, jyrrr^ Qy = io“ 3 per
We are not claiming that the optical luminosity function for quasars is actually 
of either of these forms, but merely demonstrating how severe the effect of a large 
dispersion in luminosity can be. Clearly a large part of the divergence of the data 
from the normal de Sitter m -z curve could be ascribed to this effect, so that analysis 
of the kind performed by Solheim (29) is unlikely to give accurate results for 
quasars. However if from counts and from identifications we can obtain informa­
tion about 7)0 and the form of f { ^ ) , then it is in principle possible to test cosmo­
logical models by comparing equation (10) with the observed locus of the iVth 
most luminous source out to redshift z, for different values of N . In practice this 
is unsatisfactory, since tjo and cannot be at all accurately determined. The 
test we shall describe in section takes full account of the volume effect, but does 
not require knowledge of rjo or f { ^ ) .
McVittie & Stabell (35) have also considered plots of the optical luminosity 
of quasars against redshift in several models and argue that although evolution 
would be necessary in models with go = o"o = o and go = uo = i, this is not 
the case for the model go = i, o-q = 3, for example. In Section 5 we show that 
none of the relativistic models are consistent with the present data for quasars, 
without some kind of evolutionary factors.
McVittie & Stabell (35), and Kafica (14) have allowed for the volume effect in 
a rather different manner from that described above. Confining their attention 
to a fixed range of optical luminosity they compare the number of sources out to 
redshift z  with Ü ( 2 '). This is equivalent to the ‘ luminosity-volume ’ test we 
describe in the next section, but is limited in two ways. Firstly it does not take 
account of the serious selection effect imposed by the 3C limiting flux-level.* 
And secondly it uses the available information in such an inefficient way that, as 
Kafka admits, no conclusions of real statistical significance can be drawn with the 
present data.
Rees & Sciama (36) showed that in different ranges of radio luminosity in the 
steady-state model there was an excess of quasars at large redshift. The inconsistency 
is even more striking when correction is made for the effect of optical selection, 
and when the optical luminosities are also considered.
4. Luminosity-volume test. The central suggestion of this paper is that for 
quasars the magnitude-redshift test be replaced by the ‘ luminosity-volume ’ 
test. Suppose that (i) the number of quasars per unit proper volume, l{t), is propor­
tional to the smoothed-out cosmical density at that epoch ; (ii) the distribution 
of luminosities of quasars (i.e. the form of f { ^ ) )  is the same at all epochs.
Then the total number of sources out to the epoch corresponding to redshift
N  {z) =  N  {^ , z )d ^  =  7]qR q^  .Ü [z) (11)
J  — 00
V) (2’) is the comoving coordinate volume of the sphere bounded by sources whose 
light is redshifted by z.
*  In  more recent work Kafka (54) now takes account of the selection effect but still 
does not combine the information in an efficient enough way to obtain significant results.
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Then in any particular model that we wish to test we consider the distribution 
of luminosity ^  (see equation (3)) with respect to volume Ü: that is, we transform 
the magnitude-redshift diagram to a luminosity-volume diagram. If assumptions
(i) and (ii) hold, we should expect to find, in any given range of luminosity, equal 
numbers of sources in any two equal volumes of comoving coordinate space. 
However as a result of the limitations of our telescopes, not all quasars are visible. 
Confining our attention to 3C quasars, only those brighter than the limiting 
flux-level are visible. An optical identification can then only be made if the quasars 
is brighter than the limiting optical magnitude. Moreover the degree of complete-
T able  I
3C z Aad V K v V + K v a
273 0-158 -2 4 -1 4 12-80 — 0-64 12-16 0-35
323-1 0-260 -2 5 -0 2 16-69 - 0-45 16-24 0-64
249-1 0-311 -2 4 -9 1 15-72 - 0 - 3 6 15-36 0-87
277-1 0-320 — 24-89 17-93 - 0-35 17-58 0-92
48 0-367 -2 4 -3 0 16-20 — 0-28 15-92 0-50
351 0-371 -2 4 -9 3 15 -28 - 0 - 2 7 15-01 0-60
215 0-411 -2 4 -9 7 18-27 — 0-22 18-05 I  -00
47 0-425 — 24 - 67 18-10 — 0-21 17-89 0 89 (K)
279 0-536 -2 4 -7 0  (3C) 17-75 - 0 - 1 3 17-62 0-54  (K)
147 0-545 -2 4 -2 1 17-80 — 0-12 17-68 0-45
334 0-555 -2 4 -9 7 16-41 — 0-12 16-29 O '7 8 (K )
275-1 0-557 - 2 4 -7 7 19-00 — 0-12 18-88 0-88
345 0-594 - 2 4 -9 7 15-96 — o -io 15-86 0-24 (K )
263 0-652 — 24-86 16-32 — 0-06 16-26 0-88
380 0-691 — 24-21 16-81 — 0-04 16-77 0-77 (K)
254 0-734 — 24 -69 17-98 — 0-02 17-96 0-93 (K)
138 0 754 — 24-70 18-84 0-00 18-84 0-38 (K )
286 0-846 -2 4 -6 5 17-30 +  0-02 17-32 0-15
196 0-872 — 24-20 17-60 +  0-02 17-62 0-70
309-1 0-903 -2 4 -7 4 16-78 +  0-02 16-80 0-45 (K)
336 0-927 — 24 - 84 17-47 +  0-02 17-49 0-87
288-1 0-960 -2 4 -9 9 18-12 +  0-01 18-13 0-93
245 I  -029 -2 4 -9 9 17-25 0-00 17-25 0 -6 1 (K)
287 1-054 — 24 - 82 17-67 — o -o i 17-66 0 -4 8 (K)
186 1-063 — 24-84 17-60 — 0-01 17-59 1-18
204 1-112 -2 4 -9 9 18-21 - 0 - 0 2 18-19 1 -05
208 1-112 -2 4 -7 7 17-42 - 0 - 0 2 17-40 0-98 (K)
181 1-382 — 24-86 18-92 — 0-10 18-82 0-94
268-4 I  -400 — 25 -02 18-42 — 0-10 18-32 0-69
446 I  -403 - 2 4 -7 4  (3C) 18-39 -O - IO 18-29 0-53 (K)
298 1-436 -2 4 -3 3 16-79 — O i l 16-68 0-98 (K)
270-1 1-519 - 2 4 -8 9 18-61 - 0 - 1 3 18-48 0-69
280-1 1-659 -2 4 -8 3 19-44 — 0-15 19-29 I  -09
454 1-756 - 2 5 -0 2 18-40 — 0-14 18-26 0-73
432 I  -804 -2 4 -9 1 17-96 — 0-14 17-82 I -04
191 1-946 -2 4 -9 5 18-40 - 0 - 1 2 1 8 2 8 0 - 98 (K)
9 2-012 -2 4 -7 7 18-21 — 0-09 18-12 1 -02
Notes: (i) Redshifts and optical magnitudes from Refs (7), (41) and (42).
(ii) Radio fluxes from 3CR (38), except those marked (3C), which are from
3 C  (3 7 ).
(iii) Kv  taken from Sandage (52).
(iv) Sources classified by Kellerman (50) as having straight spectra marked (K).  
The rest calculated as in Appendix I .
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ness of the identifications may be different in different ranges of magnitude, an 
effect which could be reinforced by non-random selection of objects for redshift 
measurements. However, although such effects may well be present, it is not 
necessary that the set of quasars with known redshift at our disposal be complete, 
but only that it be representative down to the limiting flux-levels. Throughout 
this work we assume that the set of 37 quasars listed in Table I are representative 
down to the 3C limiting flux-level of nine flux-units, and down to the i8th visual 
magnitude.
Penston & Rowan-Robinson (3) have suggested that the 3C quasars with 
visual magnitudes fainter than 18 are not distributed isotropically on the sky. 
Preferring to suppose that this is some effect of observational selection that the 
Universe is inhomogeneous on the large scale (39), we shall make a correction for 
this effect at a later stage. For the moment we treat our set of quasars as if it 
were representative down to the 19th magnitude, which, since there are only 
two quasars with F> 19 in our set, we shall regard as the limiting magnitude for 
quasars.
Fig. 3 shows optical and radio luminosity-volume diagrams for a particular
cosmological model (the Einstein-de Sitter model). The cutoffs imposed by the
limiting flux-levels are calculated by eliminating z  between
-0-4/CW (12)
and
Ü = ü{z) (13)
where /  is the limiting flux-level and K  the appropriate K-correction (see 
Appendix I: the radio cut-off is shown for sources with spectral index a = o*8).
Clearly, a source with luminosity ^  and redshift z  will only be observable if 
V){z) ^  ü(J^ ). A difficulty here is that in the radio case, ü(J^ ) is different for sources 
with different spectral indices. But the error introduced by taking the radio cutoff 
to be that appropriate to sources with the mean spectral index (about o • 8) is not 
very great : a few sources with steep spectra might be missed.
The vertical lines to the right of the two diagrams correspond to a redshift of 
2-2, beyond which no quasar has yet been observed. Thus in the radio diagram 
the line A1A2A3 bounds the observable region of the luminosity-volume plane. 
If we define the line B1B2B3 by the relations
V) =  V{2-2)jz for J^^#(2-2)
and
Ü =  V {^ )l2  for J^ <J^ (2-2),
then B1B2B3 divides A1A2A3 into two regions in which, under assumptions (i) 
and (ii), we should expect to find equal numbers of sources.
Before we compare the numbers of quasars actually found in such equivalent 
regions, we have to allow for the fact that the set of quasars in A1A2A3 is affected 
by optical selection. Sources which are intrinsically faint optically can only be 
found at small redshifts on account of the optical cutoff. Similarly the optical 
diagram is affected by radio selection, since sources intrinsically faint radio-wise 
can only be found at small redshifts on account of the radio cutoff.
For a set of sources free from optical selection out to redshift z \ we should
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confine our attention to sources with o^pt^  For s’! = 2-2 this would be
very restrictive, but we can relax this requirement considerably without much 
loss of accuracy. In Fig. 3(b) we show o^pt = A)pt(i "4), for example (the broken 
line). Optical selection operates against sources falling in the shaded region in
28
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0-2 0-250 150 - 0 5 0-1
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F ig . 3 . Radio (a) and optical (b) ‘ luminosity-volume ’ diagrams for quasars in the Einstein- 
de Sitter model. A1A2 corresponds to the 3 C  cutoff of nine flux-units, C1C2 to a visual 
magnitude of 1 8 . In (a) circles {triangles are those quasars with ^ o p t  ^-^op t(o -8 ) respectively: 
in (b) circles I triangles are those quasars ^ ^ r a d ( i '4 )- Units o f ^  are logio tvattsj
sterjicjs).
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Fig. 3(b), since they would have V >  19. It seems unlikely that very many sources 
are ‘ missing ' : moreover these would all fall in the farther of the two regions of 
space described above. Since it transpires that there are significantly more quasars 
in this further region for all the relativistic cosmologies, our conclusions are 
merely reinforced.
Similarly, for a set of quasars free from radio selection out to % we should 
confine our attention to sources with >  -^ rad(.s'2)- In view of the probable 
incompleteness of the identifications for 18 < 19, we shall apply the optical
luminosity-volume test to sources with 18 only.* Since only two out of our 
37 sources have F^ 18 and a:> i • 15, presumably due to radio selection, we take 
Z2 =  I ' 15. The line C1C2C3 now bounds the region of interest in Fig. 3(b). A 
set of quasars mainly free from radio selection out to redshift 1-15 can be obtained 
by demanding .^ rad ^ -^ radCo • 8) : a few sources in the shaded region of Fig. 3(a) 
would be missed. The point of this procedure is that for the price of a small 
remaining effect of selection we more than double the number of quasars available 
for testing. The conclusions have been found to be insensitive to the actual para­
meters chosen.
Finally, the line D1D2D3 in Fig. 3(b) is defined by
ü =  for
^ = ü(i-i5)/2 for J^ .^Topt(i-i5).
Then if «a> «b> » c ,  w d  are the numbers of quasars found in the regions A, B of 
Fig. 3(a) and C, D of Fig. 3(b), respectively, we expect « a  =  « b ,  « c  =  « d ,  if 
hypotheses (i) and (ii) are satisfied. To test whether the numbers obtained are 
consistent with these expectations, we compare the quantity
{uA-riB)^ I (n ç -w p )^
( « a + « b )  ( « c  +  « d )
with the variable with two degrees of freedom. A probability can then be 
assigned, from this combined radio and optical luminosity-volume test, to the 
chosen cosmological model under assumptions (i) and (ii).
5. Relativistic cosmological models without evolutionary effects. The procedure 
described above has been applied, with the aid of a computer, to a grid of cosmo­
logical models in the range: — i <^0^3, o^ao<3, which includes most of the 
region of interest in the ctq — go plane.
Recently Lemaitre’s models have been re-advocated (40) : these lie to the right 
of but close to curve A in Fig. i, and have the possibility of an antipole. Whereas 
#(ar) is monotonie increasing for most models, in certain models it can reach a 
maximum and then start to decrease, eventually tending to zero at the antipole.
*  I t  may seem logically unsatisfactory to take the optical lim iting magnitude as 19 when 
correcting the radio-data for optical selection, and as 18 when performing the optical 
luminosity-volume test. However in  the latter case it  is necessary only that we choose some 
magnitude brighter than or equal to the actual limiting magnitude, so our procedure is 
certainly consistent i f  the data is representative in the range i8 <  F < i 9  (though wasteful 
of information). On the other hand i f  our set of quasars is incomplete in the range 18 <  F <  19, 
then the effect is much severer for the optical luminosity-volume test than for the correction 
of the radio-data for optical selection, since many of the ‘ missing ’ sources would be excluded 
anyway from the radio test by the condition .^opt>-^opt(i'4).
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Although these exotic models have to be considered individually and are not 
immediately amenable to the procedure described in the previous section, it may 
well be that the range of parameters we have considered includes all the serious 
possibilities. Actually we have tested models with larger values of ao and go, but 
these give no new results and anyway imply unreasonable values for the average 
density of the Universe and the total age of the Universe.
The formulae used are summarized in Appendix II ; a detailed discussion can 
be found in Solheim’s paper (29). Our results are presented in Fig. 4(a), which
(a)
3
2
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0
320
(b)
F ig . 4. Model diagram: ctq —go-' (a) no evolution, optical and radio luminosity-volume 
tests combined; (b) no evolution, optical test only; (c) power-law luminosity evolution, 
Q l =  2*5, combined optical and radio tests; (d) as in (c) but with Ql =  3'0. Dash-dotted 
lines in (c), (d) and Figs 7—10 correspond to the maximum rate of luminosity evolution 
discussed in Section 8. The contours join models luith equal probability of being correct.
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shows interpolated contours of equal probability in the o-q —?o plane. No model 
gives a probability above a few per cent, so we may conclude with some con­
fidence that none of these models are consistent with the present data for quasars. 
Here we are at odds with McVittie & Stabell (35), who consider that the model 
with qo =  o, 0-0=3 i® acceptable. Our procedure assigns a probability of less 
than 0*01 per cent to this model. Evolutionary factors must be affecting the 
distribution of quasars if any of the relativistic models are to apply.
In Fig. 4(b) we plot the contours of equal probability if the optical luminosity- 
volume alone is applied (suitably corrected for the effects of radio-selection). 
Although the probabilities are rather higher from this weaker test, all the models 
are ruled out at the 10 per cent level of significance. The least inconsistent models 
are those near to the de Sitter model (ao =  o, qo =  — i). These results should be 
compared with those of Solheim from applying the magnitude-redshift test to 
the cluster data of Baum (32) and Humason, Mayall & Sandage (31). His outer­
most contour includes an area of the ao — qo plane very much larger than the 
whole of that which we have considered, yet corresponds to a probability of 
nearly 40 per cent. Such a comparison demonstrates the great power of the 
luminosity-volume test, given a set of objects like the quasars to which it can be 
applied.
The fact that the optical data alone is inconsistent with all the models considered 
demonstrates that the evolutionary factors required cannot be such as to affect 
the radio-emission alone. Thus the simplest form of the luminosity-evolution 
29
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hypothesis is insufficient, namely that the fraction of cosmical material in the 
form of quasars is the same at each epoch but the typical radio luminosity was 
greater in the past. Our analysis demonstrates that if the number-density of 
quasars at any epoch is proportional to the smoothed out cosmological density 
at that epoch, then the typical optical luminosity must also have been greater in the 
past, for the relativistic models to apply. Presumably the optical and radio emissions 
would then have to arise from a common mechanism. The evidence for a relation­
ship between optical and radio luminosity is discussed in Section 7.
An alternative, and perhaps simpler, explanation is that the fraction of material 
in the form of quasars is a decreasing function of the cosmical time. In either 
case, we may predict that if optical counts can be performed on a complete set of 
quasars, free from radio selection (e.g. if optical or infrared (49) searches of the 
sky are performed), then those counts will give a log A^ -log *5 slope steeper than
— 1*5. Since optical counts by Sandage (41) down to 18*5 magnitudes of the 
Haro-Luyten catalogues of blue objects give a slope rather less steep than
— i-o {d log Njdmpg = 0*38), we may deduce that these quasars do not make a 
dominant contribution to those catalogues at i8*5 m. But a substantial contribution 
is, of course, not ruled out by this argument. Or putting the argument another 
way, if the quasars do make a dominant contribution to the Haro-Luyten catalogues 
at faint magnitudes, then we have to rule out either the cosmological interpretation 
of the redshifts of quasars, or the relativistic cosmologies.
Before attempting to set some limits on the evolutionary parameters required 
to obtain consistency with relativistic models, we discuss some of the physical 
factors which might give rise to evolutionary effects. Some unrealistic assumptions 
made for reasons of mathematical simplicity may well vitiate some of the conclu­
sions of earlier investigations.
6. Possible evolutionary factors affecting the distribution of quasars. Since only 
a small fraction of the available material at any epoch appears to be in the form 
of active quasars, it is quite uncertain that this fraction should be the same at 
different epochs. However we may distinguish two situations of particular interest:
6.1 Quasars are violent outbursts in pre-existing agglomerations of matter. Such 
a view links them with the strong radio-galaxies, which they resemble in total 
radio power, in radio spectra, and in certain cases, in radio structure (e.g. 3C47). 
It is then reasonable to suppose that the fraction of matter in the form of active 
quasars at any (recent) epoch is independent of epoch. But this is certainly not 
necessary, for evolution in number-density 'q[t) may arise if the probability that 
an object has an outburst between epochs t and t +  dt, p{t) dt, is a function of 
epoch, or if the typical lifetime of a source is a functon of epoch.
Luminosity evolution may also occur, that is, the typical luminosity of a source 
may be a function of epoch.
The objects undergoing the outbursts must then have some knowledge of the 
cosmical epoch. Either they were all born simultaneously and are aware of their 
age (through some internal evolution), or the outbursts (and/or the associated 
radiation) are the results of interaction with uncondensed material whose properties 
change with epoch. Theories of the latter kind might be suitable for radio-galaxies, 
if it transpires that they too must evolve, since their radio-emission is often centred 
far from the optical galaxy. But they do not seem very likely for the very compact
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quasars, particularly as we have shown that the typical optical luminosity is 
required to be greater in the past if there is no evolution in number-density.
We shall investigate two simple mathematical forms of luminosity evolution :
(a) F{t) ccR[t)~^L^ which we can write F{z) oc(i +z)Qi>
(b) P{t) ocexp ( — const. which we can write
F{z) ocexp |(i + |.
For the cosmological models considered by Davidson & Davies (20), (21) in 
which R{t) has a power law dependence on the cosmical time t, our form of evolu­
tion (a) is equivalent to that considered by Davidson & Davies, namely a power 
law dependence of luminosity on cosmical time. Of the relativistic cosmological 
models, only the Einstein-de Sitter model, with i?(^ ) oc^2/3^  is of the form con­
sidered by Davidson & Davies, so that only their results for this model can be 
compared with this work.
The disadvantage of evolutions of the form (a) is that they must be truncated 
at some finite value of z, z *  say, in order that a finite background radiation be 
obtained. Davidson & Davies (20) choose for z *  the point at which
^  { H ^ ) - Q l logio Q + z )] = o,
which seems a completely arbitrary assumption and may strongly influence their 
conclusions. Longair (18) takes z *  as a parameter to be fitted to the observations, 
and requires a value for z *  of about three to obtain consistency with the source- 
counts and the integrated background in the Einstein-de Sitter model.
But unless there are strong physical grounds for considering evolutions of 
the form (a), it seems rather premature to conclude that there is a real dearth of 
sources beyond z  = 3 — 4 (18). An example of a form of evolution that does not 
require such a truncation is provided by form (b), where the typical luminosity 
at any epoch declines exponentially with epoch. We investigate this form in 
order to demonstrate that definitive conclusions can not be obtained by confining 
attention to form (a) only, rather than for any special merit in an exponential 
evolution. The actual form of evolution can not really be determined until the 
structure of the sources has been settled. But as an illustration of the way different 
models for the emission might give rise to different evolutionary parameters, we 
note that;
Q l  =  3 corresponds to F(t) oc p(t), which could arise if the emission were the 
result of the interaction of high-velocity shocks or ejected material with inter- 
galactic material;
Q l =  3*5 corresponds to F(()ocH(()(i+^ )/^ , H(f) y  =  2-5, which 
could arise if the emission were the synchroton radiation of electrons with a 
power-law energy spectrum of index 2-5, in a universal magnetic field: as the 
Universe expands the magnetic pressure is supposed to expand adiabatically 
(H2 = constant).
6.2 Quasars correspond to the formation of galaxies. If galaxies burn up some 
20 per cent of their hydrogen during the final stages of their formation, perhaps 
inside massive objects, then objects emitting energy at about the rate found in 
quasars would be expected (43). If this stage is short compared with cosmological
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time-scales, then the number-density of quasars would be proportional to the rate 
of galaxy formation. In this case it would be extremely unreasonable to suppose 
that the number-density of quasars is independent of epoch. For comparison, the 
rate of star-formation is often taken to have a power-law dependence on the gas 
density. Or perhaps an exponential dependence would be more appropriate. We 
have tested both of the forms;
(c) i;(()oc(l-|-a:)Qa
(d) 7]{t) ocexp {(i — 1/(1 +2'))}, where Q d , zd are parameters.
Evolution (c) has to be truncated at some z * , but not form (d).
7. Modified luminosity-volume test. In order to test cosmological models when 
evolutionary effects of the kind discussed in the preceding section are present, 
we modify the luminosity-volume diagrams in a simple way, described in Ref. (24). 
We consider the distribution of ‘ corrected ' luminosity, with respect to 
‘ weighted ' volume, V)'. Assuming that the increase of luminosity with redshift 
is the same for all classes of quasars, we divide out this increase and compare the 
distribution of the luminosities as they would be at the present epoch in different 
ranges of volume weighted by the postulated increase in number-density with 
redshift. Thus for the four types of evolution suggested in the previous section :
(a) = ^ - Q l - logio ( i+-8^ )
(b) 3^' =  logio
/•’■o ( i - \ - z ) ^ l  dr
(c) = J / (H -A y2 /4 )3
r'o 4
(d) V' =
ro .exp |(i dr
Jo ( i + k r ^ l A ) ^l f ) <
Now it is an assumption underlying our analysis that the radio and optical luminosi­
ties are independent. Since we are requiring radio and optical luminosities to be 
influenced by the same evolutionary factors in cases (a) and (b), we need to consider 
whether there is a detailed correlation between radio and optical luminosities. 
Such a correlation might appear if the optical and radio emissions were produced 
by the same mechanism, and would invalidate results obtained by the modified 
luminosity-volume test. In Fig. 5 we have plotted the optical against radio lumino­
sity for quasars with 2: < o • 6. Quasars with large redshift can only be observed 
if they are intrisically powerful both optically and radio-wise ; thus a spurious 
correlation between optical and radio luminosity is introduced if all quasars are 
plotted in this diagram. Moreover for quasars with large redshifts the effects of 
cosmological model and evolutionary hypothesis are very large. Fig. 5 shows 
luminosities as calculated in the Milne model, but the results are not very different 
for other models.
Fig. 5 shows clearly that there is no detailed correlation between optical and 
radio luminosities, so that the procedure described in Section 4 will be valid.
8. An upper limit to the rate of luminosity evolution. Before we proceed to test 
evolutions of the form (a)-(d), it is advisable to consider whether arbitrarily large
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values of the parameters Q l and Zl are acceptable. The effect of correcting the 
luminosities of all the sources is to reduce the value of ^ {z ) io r any given value 
of Zy by an amount which increases with z. In fact there is a value of z  for which 
^ {z ) reaches a maximum, decreasing for larger values of z. The consequence of 
this redshift falling within the range of redshift covered by our set of quasars 
can be seen from Fig. 6(a), (b), which show the optical and radio luminosity-
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F ig. 5. Radio vs optical luminosity for quasars with redshift less than 06 (circles), calculated 
in the Milne model, showing absence of detailed correlation. The region of this diagram 
occupied by the strong radio-galaxies is indicated, as also are the cutoffs imposed by limiting 
optical and radio flux-levels of iq m  and gf.u. respectively on quasars with redshifts 0 3 
and 1 0  respectively (a quasar with redshift i ‘0, for example, must he above and to the right 
of the point of intersection of the arrows labelled ‘ z  =  1*0 ’)•
volume diagrams for the Einstein-de Sitter model, corrected for luminosity 
evolution of form (a) with Q l  =  3 'oy. In  this case #(z) has a maximum at red­
shift 2-2, and if this form of evolution is correct then we should expect large 
numbers of quasars with redshifts greater than 2 2 and fluxes above the 3C 
limiting flux-level. Now although a sharp decline in the optical continuum emission 
beyond Lyman oc (44) could explain the absence of such objects amongst those 
3C sources identified with blue quasi-stellar objects, they should be visible as 
red stellar objects. Fig. 6(b) shows the effect of such a sharp cutoff (arbitrarily 
taken as F(v)  ccv~^) on the distribution of visual luminosities. Clearly very many 
objects should be found in 3C with redshifts between 2 2 and 3*5 (note that the 
scale has been compressed beyond Ü =  0*25). Beyond z  =  3-5, the radio-sources
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would correspond to empty fields down to 19 magnitudes. Now although there 
are one or two tentative identifications of 3C sources with red stellar objects (45), 
and about 30 sources associated with empty fields (46), many of the latter are 
likely to be distant radio-galaxies. Thus the identifications of 3C do not permit 
large numbers of quasars beyond redshift 2-2, and evolutions so extreme as to
27
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F ig. 6. As in Fig. 3, hut the luminosities corrected for power-law luminosity evolution with 
Q l  =  3'°7- The solid lines show cutoffs at nine flux-units and 19 magnitudes respectively, 
except that the effect of a sharp decline in the optical continuum beyond Lyman a is indicated 
in (b). Note that the volume scale is compressed beyond Ü =  0-25.
produce the situation illustrated in Fig. 6 can be ruled out. We are loath to intro­
duce some ad hoc cutoff in the distribution of quasars beyond 2’ = 2 • 2 until the 
less extreme models, where the radio cutoff provides a fairly natural explanation 
of the absence of 3C quaxsars beyond 2 = 2*2, have been eliminated.
Thus in any model we restrict our attention to values of Q l and z l  for which 
the maximum in #(2) occurs at 2>2*2. This limitation is indicated by a dash- 
dotted line in Figs 4, 7-10.
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Models which require Q l or z l  less than but close to this limiting value are 
clearly unsatisfactory, by the same argument. For this reason the models in the 
top right-hand corners of Fig. 4(c), (d) are probably ruled out, even though they 
give consistency with the modified luminosity-volume test.
Finally, we may remark that it is a peculiarity of all models with luminosity 
evolution that the corrected luminosity of 3C273, the quasar with the smallest 
redshift in our set, is the largest of all: this peculiarity also applies to some cosmo­
logical models even without luminosity evolution (34).
9. Correction for the incompleteness of the data for V >  18. We can not hope to 
obtain accurate values for the evolutionary parameters if the selection effect 
postulated by Penston & Rowan-Robinson (3) is present. Without some such 
effect we have to admit that the quasars with large redshift are distributed aniso- 
tropically, so that analysis of the present kind is invalid. Since the quasars with 
V > i 8  cover about half as much of the sky as those with 18, the simplest 
correction is to include each of the sources with V >  18 twice. Such a correction 
influences the radio luminosity-volume test only: the general effect is to increase 
the values of the evolutionary parameters slightly, though the results are not 
changed much qualitatively.
10. Evolutionary parameters in the relativistic models. Some of our results are 
summarized in Figs 4, 7-10. The models we have tested are as follows :
(i) a grid of models in the range : — i o ^  o-Q < 3 ; luminosity evolution
(a) with Ql = 2*5, 3 (Fig. 4(c), (d)),
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Fig . 7. Results of tests of models with power-law luminosity evolutions: (a) A  =  o, 
Q l — qo; (b) k =  o, Ql — oq; (c) ctq =  0, Ql — qo- Shaded regions correspond to models 
giving probabilities greater than 20 per cent of being correct.
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F ig . 8. Test of exponential luminosity evolution, z l ~ Q o - '  (a) A  =  o  {scale expanded for 
90 < i ) ;  (b) ao =  o.
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F ig . 9. Test of pozver-lazv density-evolutions, Qo — qo: (a) A  =  o; (b) ao =  o.
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(ii) models with A  =  o, k =  o, and ao = o respectively; luminosity evolution
(a) for a range of Q l (Fig. 7(a), (b), (c)),
(iii) models with A = o and ao = o; luminosity evolution (b), and density 
evolutions (c) and (d) for ranges of the respective parameters z l , Q d , (Figs 
8(a), (b); 9 ^  (b)),
(iv) de Sitter, Milne & Einstein-de Sitter models; combined evolutions of 
type (a) and (c) (Fig. 10(a), (b), (c)).
In each figure we show interpolated contours of 10 and 20 per cent probabilities 
that the present available data is consistent with the given model. Models giving 
probabilities below 10 per cent can probably be ruled out, even when the limitations
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F ig . 10. Test of combined power-law luminosity and density evolutions, Q l —Qd:  
(a) Einstein-de Sitter, (b) Milne and (c) de Sitter models.
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of the present work are borne in mind. We regard models giving probabilities 
higher than 20 per cent as acceptable, though many of these will almost certainly 
be ruled out when more complete data down to a lower flux-level is available. 
We discuss each of the four evolutionary hypotheses described in Section 6, in 
turn:
(a) Power-law luminosity evolution, which has been favoured by a number 
of authors, is the most vulnerable of the four hypotheses to this kind of analysis. 
There are few models in which this kind of evolution gives consistency with the 
data. Fig. 7(a) shows that of the models with zero cosmological constant, the only 
satisfactory models are those with qo close to zero. The best values for qo are in 
the range 0*005 to 0*03, corresponding to a smoothed out density at the present 
epoch of io~3i to 6 .io~3igcm3. The close agreement with values obtained 
from counting up the actual galaxies observed (30) should be regarded as coinci­
dental until there are some strong grounds for believing that evolution of this kind 
is affecting the distribution of luminosities of quasars.
When a non-zero cosmological constant is included, the most satisfactory 
models are those with ao close to zero (Figs 4(c), (d); 7(b). Of the completely 
empty models by far the most satisfactory is the de Sitter model, and those with 
Ç0 > I are ruled out. Thus exactly those models which might have been expected 
from consideration of the actual density of material observed to date, and from 
the problem of the long ages of the oldest stars, are preferred on this evolutionary 
hypothesis.
(b) Exponential luminosity evolution gives consistency with the data at the 
10 per cent level for all the cosmological models tested to date (Fig. 8(a), (b)). 
In view of the advantage of this form of evolution already discussed, namely that 
no arbitrary truncation of the distribution is required, this result provides con­
siderable incentive for further investigation of evolutions of this type. At the 
20 per cent level models with A = o, go> i, are ruled out, but all the empty
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models are acceptable. For interest we show the 30 per cent contours also in 
Fig. 8(a), (b) : these look very like the 20 per cent contours in Fig. 7(a), (b), suggest­
ing that when more data is available, similar conclusions will be reached as for 
case (a). The best values for the parameter are in the range 5 to 6 : the significance 
of stl is that between the epochs corresponding to  ^= 0 0  and z  =  z l  the typical 
luminosity of quasars has been reduced by a factor ije. At the present epoch the 
typical luminosity is between lo"^  and of the value at epoch t =  o.
(c) This analysis is extremely insensitive to power-law density evolution, in 
the sense that for all models quite a wide range of the parameter Qn is consistent 
with the data (Fig. 9(a), (b)). Thus the earlier conclusion of the present author 
(24), that density evolution was at least as consistent with the data as luminosity 
evolution, can now be strengthened to the statement: density evolution gives much 
better consistency with the data than luminosity evolution.
We may note that of the models with zero cosmological constant, the empty 
models require the least severe evolution: and that of the empty models (including 
those with non-zero cosmological constant) the de Sitter requires by far the least 
severe evolution.
(d) Similarly insensitive results are obtained for exponential density evolution, 
with the best values of zd  being in the range 7-13. Here the significance of the 
parameter is that between the epochs corresponding to 2 r =  0 0  and z  =  z d  
the fraction of material in the form of active quasars has decreased by a factor i \e. 
At the present epoch that fraction is only between io“ 3 and lo"^  of the value at 
t =  o. 1Î we consider quasars to be the birth-pangs of galaxies, then we may 
conclude that most of the galaxies had formed by the epoch corresponding to 
redshift 10 ±3.
The comparison of the Milne, de Sitter & Einstein-de Sitter models is very 
interesting (Fig. 10(a), (b), (c)). Density evolution alone is consistent with the 
data for all three models, as also are intermediate cases with combined luminosity 
and density evolution. Luminosity evolution alone is consistent with the de Sitter 
model for 2 <  ^3 • 5- For the Milne model a rather small range about Q l = 2*5
is consistent : with more data a more detailed analysis may enable this possibility 
to be completely ruled out. For the Einstein-de Sitter model only values of Çz, 
which give rise to the difficulty discussed in Section 8 are consistent.
11. Comparison with earlier work, (i) Longair (18) has interpreted the Cambridge 
radio source-counts in terms of power-law luminosity and density evolutions of 
the most luminous sources, in the Einstein-de Sitter model. The best parameters 
he obtained {Q l = 3*3, Qd =  S’ l )  g^ree well with those obtained in this analysis 
of the available data for quasars, supporting his conjecture that the population 
causing the steep counts is the quasars. However, as we have remarked in the 
previous section, luminosity evolution with of order 3 or more in the Einstein- 
de Sitter model would require the existence of a large number of sources in 3C 
to be identified with quasi-stellar objects with redshifts greater than 2 2. This 
difficulty could only be overcome by supposing that there is a real truncation of 
the quasars at redshift 2 2: this value is significantly lower than the value required 
by Longair in his analysis {z*  =  3). This difficulty is less severe in the Milne and 
de Sitter models. Longair argues that the rapid change in slope of the log W-log S  
curve at low radio flux-levels is evidence of a real truncation at some epoch in the 
distribution of the sources. However, exponential evolution of the kind we have
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T able I I
logio-S -2 4 -0  -24 -25  -2 4 -5  -2 4 -7 5  - 2 5 - a  -2 5 -2 5  -2 5 -5  -25 -75  -2 6 -0
(wm -^Hz-q
d(\ogN)
d (log S)
— 1-69 — I 76 —1-88 -2 -1 0  —2-49 -2 -9 8  -2 -5 0  —1-08 -0 -66
considered in Section 6 may also produce such an effect. Table II shows the number 
count slope as a function of flux-density for a set of sources uniformly distributed 
(coordinate number-density independent of epoch) in the Einstein-de Sitter 
model, when the sources at epoch corresponding to redshift z have luminosity of 
the form
i.e. Zl  =  5 in our notation of Section 6. Between 3 and i flux-units the numher- 
count slope changes rapidly from —2-50 to — o-66. This is even sharper than the 
observed change of slope, but it is clear that the dispersion in luminosity of the 
sources would smooth this out to some extent. More detailed analysis of the 
number-counts to low flux-level will be presented in a subsequent paper.
(ii) Davidson & Davies (21) have argued that the hypothesis of galactic colli­
sions can be ruled out (without additional luminosity evolution) on the grounds of 
the source-counts, for models with R{t) oc While we do not necessarily wish 
to advocate this hypothesis, we note that this case, which corresponds to power-law 
density evolution with Qd = 3, is not ruled out for the quasars in the de Sitter 
model. Of course the de Sitter model is not of the form considered by Davidson 
& Davies, but this demonstrates that the the range of models considered by them 
does not necessarily include the full range of properties shown by the relativistic 
models.
(iii) Although the density-evolution hypothesis does not allow us to specify 
the cosmological model, we may compare the results obtained for the luminosity- 
evolution hypothesis (a) with those obtained using the brightest galaxies in clusters 
(29), (3i)-(33). If the cosmological constant is set equal to zero, and allowance is 
made for the evolution of the stars in galaxies, both analyses agree in demanding 
a value for go close to zero. When models with non-zero cosmological constant are 
considered our analysis gives the de Sitter as the most favourable model. For 
consistency of this model with the cluster data rather steeper optical luminosity- 
evolution would be required than has been considered to date (33).
12. Other cosmological models
(i) The steady-state model. Mathematically, the steady-state model is equivalent 
to the de Sitter model with negative power-law density-evolution, with Qd = — 3- 
The combined optical and radio luminosity-volume tests give a probability of 
only o • 01 per cent for this model.
(ii) Brans-Dicke models with k =  o. Brans & Dicke (47) have given the solution 
of the cosmological equations obtained from their scalar-tensor theory of gravita­
tion for the case k =  o: the models are given by jR(f) oc ÿ(2+3w)/(4+3w) where m is a 
constant of the theory which can range from zero to infinity. As a>->oo these 
models tend to the Einstein-de Sitter model. We have tested these models for a 
range of œ : for w ^  4 they give results identical to the Einstein-de Sitter model.
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The value of to inferred by Dicke from his interpretation of his measurements of 
the solar oblateness is about 6 (48). Thus there is little prospect of distinguishing 
between the rival theories of gravitation on the basis of cosmological tests.
13. Conclusions. If the redshifts of quasars are cosmological our tentative 
conclusions are that:
(i) No relativistic model is consistent with the data for quasars without some 
evolutionary factor that affects both radio and optical distributions.
(ii) The luminosity-evolution hypothesis is far more vulnerable to the 
luminosity-volume test than density-evolution.
(iii) Luminosity-evolution with a power-law dependence on the scale-factor 
requires go<0*035 if A = o, with the best value being 0*005^ go^0*03, or 
io~3i;^  6* io“3ij in very good agreement with Oort’s value (30) for the
average smoothed-out density of matter in galaxies. If models with non-zero 
cosmological constant are also considered, the best models are those near to the 
de Sitter model in the ao-go plane, which give very long ages to the Universe.
(iv) Luminosity-evolution with an exponential dependence on the scale-factor 
gives better consistency with the data than power-law evolution, but the best 
models are the same as those given in (iii).
(v) Density-evolution gives consistency with all models, though the least 
severe evolution is required in the de Sitter model. With exponential evolution 
the epoch at which the number-density of quasars is ije  times that at ( = o is 
given by sr = 10 + 3.
Some of these conclusions may be modified when all quasars in 3C have their 
redshifts measured, but it seems exceedingly unlikely that (i) and (ii) can be 
altered. These alone are sufficient to demonstrate the great power of the luminosity- 
volume test. While some of the features of this test have occurred independently 
to a number of authors (14), (35), (36), the two factors that enable significant 
conclusions to be reached are : allowance for selection effects imposed by the limiting 
flux-levels and the combination of the available information into a single probability.
14. Future work. Apart from the obviously urgent programme of the comple­
tion of redshift measurements of 3C quasars, important conclusions for cosmology 
may result from the following work:
(i) The completion of redshift measurements for 3C radio-galaxies, so that 
the radio luminosity-volume test may be applied. Here we do not have to add 
the proviso ‘ if the redshifts are cosmological ’, but the results may be less signi­
ficant since we do not see galaxies out to nearly such large redshifts as quasars. 
At present the redshifts are 80 per cent complete for radio-galaxies with 15, 
but only 20 per cent complete for i5<m^<20.
(ii) Evolutions with exponential (and other?) dependence on the scale-factor 
should be investigated for consistency with radio number-counts to low flux-levels 
and the integrated extragalactic radio background.
(iii) It is a prediction arising from the present work that if the redshifts of 
quasars are cosmological, and the cosmology relativistic, then optical number- 
counts of quasars will be significantly steeper than 1*5. The results of optical 
searches for blue (or infrared (49)) quasi-stellar objects are awaited with interest.
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(iv) Demonstration that the optical emission from quasars did not arise from 
a similar mechanism to the radio emission would throw considerable doubt on 
the luminosity-evolution hypothesis.
(v) Since there are more than ten times as many radio-sources per steradian 
brighter than the 4C (and Parkes) limiting flux-level than there are in 3C per 
steradian, it will be some time before the luminosity-volume test may be applied 
to these sources. Much more powerful conclusions may be expected, since the 
numbers will be sufficient to investigate the distribution of sources in the 
luminosity-volume plane in much more detail than our simple division of the 
observable region into two.
Clearly the observational programmes mentioned above are already being 
pursued. The present author hopes to present results bearing on (ii) in a subse­
quent paper ; a rough preliminary version of the radio luminosity-volume test for 
radio-galaxies is also being performed, estimating the unknown redshifts from 
the optical magnitudes of the galaxies. Although crude, this should indicate 
whether significant results are to be hoped for, and thus whether the observational 
programme (i) is of high priority.
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APPENDIX I
Radio and optical K-corrections 
We write
/ ra d  =  loglO  *5178
where i^7g is the flux-density at 178 MHz in units of watts Hz~i taken 
from the 3C catalogue increased by 8 per cent (38), and take the radio i^ -correction 
to be
-o*4 K  = (a -1) logio (i +^)
where a is the spectral index in the range 178-750 MHz cx is taken from Kellerman 
(50) in the case of those sources classified by him as having straight spectra: for 
the remainder of the sources a is calculated from the relation
 ^_ logio «5i78 —logio ^750 
logio750-logio 178
where *5750 is taken from Pauliny-Toth, Wade & Heeschen (51). This procedure 
is exact for sources having spectra of the form F{v) ocv"“, and is reasonably accurate 
even for sources with curved spectra, since the curvatures are not very great.
30
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In order to convert the optical magnitudes to approximately the same absolute 
scale as the radio flux-densities, we write
= —22-4—0*4 V
where V  is the apparent visual magnitude. We use the optical X'-correction cal­
culated by Sandage (52)
APPENDIX II
Calculation of SF and Ü 
By definition
^TTT^dr
+  Ik r^ )
and
^ - / + 2 ' S  K  =  2 logio I where Z = i+;
11 +
= 2 logio (R qvZ )  where v = ro
I  +  ^kro^
From equations (2), (4) and (5) we find
,fo(z)
k =  -f-1
k =  o:
k  =  — 1 :
r ' '  dr _  c , ,
J o  l  +  i k r ^
Ro =  c/Ho.(3ao—I —
V = sin (%.(3(;o-i-go)^ /^ }
U(^ z) =  2 t t  (sin-1 v — v ( i—
Ro =  c/Ho
V =  X
V{z) = 477^ 3/3.
Ro =  c/Ho (i 4-go —3o"o)^ /^
V = sinh {x-(i+?o-3CTo)i/^ } 
U{z) =  2 t t  {v{i-\-v^Y!^ = sinfi-i z;).
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The cases where % can be evaluated exactly are
A = o:
(?o 9^ 0)
-^ qHqt; ^ go^+(go-i).(\/i + 2goaf-i)
c 90^(1 +  ^ )
<70 =  0:{qo 7^-1)
i^ oHoï) _ - \/{ i+ q o ) Z ^ —qo — Z
c qo
The three asymptotic models are:
ao =  qo =  o (Milne): v = (Z ^ —i)l2 Z ;
ao =  qo =  i  (Einstein-de Sitter): v = 2(1 —Z~i/2);
o-o = o, ço = — I (de Sitter) : v =  z.
{Reprinted from Nature, Vol. 216, No. 5122, pp. 1289-1292, 
December 30, 1967)
Radio Galaxies as 
Cosmological Probes
Applying the luminosity-volume test to radio galaxies, 
it is found that for the data to fit the usual relativistic 
cosmological models there must be strong evolutionary 
factors affecting the distribution of the radio galaxies. 
The steady state model is inconsistent with the present 
data
by
M. ROW AN-ROBINSON
Departm ent of Mathematics, Queen Mary College, 
University of London
T h is ,  article reports the results o i applying a new cosmo­
logical test to the radio galaxies: the distribution of 
radio galaxies in space is strongly affected by evolutionary 
factors. In  particular, the steady state model, in which 
evolution is not permitted, does not seem to be consistent 
w ith the present data for radio galaxies. This confirms 
the conclusion of Rees and Sciama^ based on the data for 
quasars, although some authors®-* continue to cast 
doubt on the cosmological interpretation of the red-shifts 
of quasars. The classical cosmological tests, the magni­
tude-red-shift and the number-count tests, are of value 
only in situations where the dispersion in luminosity of 
the sources is small. This condition does not hold for the 
radio luminosities of radio galaxies, or for either the optical 
or radio luminosities of quasars (assuming their red-shifts 
to be cosmological). The additional factor of completeness 
down to some lim iting fiux level, however, enables a far 
more powerful test, the luminosity-volume test, to be 
applied.
In  earlier communications®'® I  have described the appli­
cation of this test to the quasars, and the determination 
of various possible forms of evolution which give con­
sistency w ith  the usual relativistic cosmological models. 
W hen the cosmological term  is included in Einstein’s 
equations, these models can be characterized by two 
parameters’ .
Co = 47r(?po/fi^ o® ?o = — (RRIR^)o
where p is the smoothed out cosmological density, H  =  
ÈjR, B{t) is the scale factor o f the expanding universe 
and the subscript zero refers to the present epoch. I  have 
examined® models w ith 0 <Oo<S, — l < g o ^ 3, and found 
that for consistency w ith  any of these models some 
evolutionary factor must be assumed to be affecting the 
quasars. For example, the fraction of m atter in  the form  
of active quasars might have been greater a t earlier epochs, 
or the typical luminosities of quasars at earlier epochs 
might have been greater.
Luminosity-volume Test
The principle of the luminosity-volume test is th at i f  
the distribution of luminosities of a set of sources is 
independent of epoch, then in  any range of luminosity we 
expect to find equal numbers of sources in equivalent 
volumes of space. In  ref. 5, the radio luminosity-volume 
diagram was used to demonstrate th a t for quasars, 
“ density” evolution (the co-ordinate number-density in ­
creases w ith red-shift, but the relative distribution of 
luminosities is independent of epoch) is at least as con­
sistent w ith the present observations as “ luminosity” 
evolution (the co-ordinate number-density is independent 
of epoch, but the typical luminosity increases w ith  red- 
shift). W hen proper account is taken of the effects of 
optical selection, and the optical luminosity-volume d ia­
gram is also considered, it  is found® th at only for compara­
tive ly  em pty models (ctqC I^) are the quasars consistent 
w ith luminosity evolution.
Application to Radio Galaxies
The optical luminosities of radio galaxies show small 
dispersion*, so the effect of the lim iting visual magnitude 
of about 20 is simply to confine our identifications to red- 
shifts smaller than 0-4-0  6 . Moreover, we can obtain from  
the observed visual magnitude of a galaxy a rough 
estimate of its red-shift in those cases where the red-shift 
has not yet been determined. A t present red-shifts are 
available in the literature®-’® for fifty-nine of the one 
hundred and forty-seven galaxies identified w ith  radio 
sources in the r-wised 3(7 catalogue’ *, corresponding to 
80 per cent of those identified to date w ith  F <  15 mag­
nitudes, but only 20 per cent of those identified w ith  
15< F < 20.
F ig. I  shows the distribution of red-shift of these galaxies 
against visual magnitude, as estimated by W yndham ’®: 
six galaxies w ith  red-shifts less than 0-01 {3C 71, 231, 
270, 272-1, 274, 386) are omitted. In  w hat follows I  shall 
confine m y attention to “strong radio galaxies” , that is, 
those w ith  luminosity greater than 10®® W  ster-’ (c/s)-’ , 
so that of these six nearby radio galaxies, only 3(7 274 
will concern us.
Sources of the same luminosity and spectral shape would 
satisfy a  relation of the form
V =  A  +  5 . logioz +  K{z) +  5 . \ogio{D(z)/z} . . .  (1)
where z is the red-shift, K{z) is the K-correction’* and 
D(z) is the “ luminosity distance” ” .
For small z, equation ( I)  can be approximated by
V =  A  +  5 logio2 +  B z . . . -(2)
where A  and B  are constants” . The locus of this form  
w ith  A  =  20-5, B = 5 , is shown in Fig. 1 ; this is the best 
line of form (2) through the data, from a least squares 
analysis.
The scatter of the points in Fig. 1 is prim arily caused 
by the approximate nature of the magnitude estimates, 
which are probably not more accurate than ±  1™. Other 
factors are the dispersion in intrinsic luminosity of the 
galaxies, the effect of galactic obscmation and differences 
in spectral shape for different types of galaxy. Correc­
tions could be applied for the la tter two effects, but the 
approximate nature of the data hardly makes this w orth­
while at the present. I t  w ill be seen th at errors of up to a 
magnitude do not alter the basic conclusions.
Naturally , I  shall not attem pt to determine cosmological 
parameters from equation (2), because there is the pos­
sibility of systematic error in the magnitude estimates, 
quite apart from the random errors already mentioned. 
In  what follows we assume only th at equation (2), w ith  
A  =  20-5 and jB =  5, is valid  to w ithin a magnitude for the 
un corrected visual magnitudes of radio galaxies. For the 
eighty-eight galaxies identified w ith  3ÜR radio sources 
for which no red-shifts are available, we estimate the red- 
shift from equation (2) w ith  A  =  20 5, B = 5 . For a total 
of 142 strong radio galaxies we then investigate the 
distribution of intrinsic radio luminosity against volume, 
in various cosmological models: we wish to test whether, 
in  any given range of radio luminosity, equal numbers of 
sources are found in equivalent volumes of space. The 
to tal volume of space in which sources of a given luminosity 
are visible is lim ited by (i) the lim iting radio flux-level of 
the 3CR catalogue and (ii) for sources of sufficiently high 
radio luminosity, a more severe lim itation arises from the 
lim iting  optical magnitude of about 20 magnitudes, which 
we assume to be equivalent to the restriction z <  0-5. For 
each range of radio-luminosity considered, the observable 
volume of space is divided into two. The numbers found 
are tabulated in  Table 1. The columns labelled (a) refer 
to the nearer h a lf of the observable volume, and (6) the 
farther.
Because the properties of the relativistic cosmological 
models do not differ much out to the red-shifts at which 
these galaxies are found, it  is unlikely th at the results w ill
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Fig. 1. Eed-shift, z, against estimated Visual magnitude, V, for 
flfty-four strong radio galaxies. Solid line: the locus F  =  E + 5  logioZ +  
£z, with ^  =20 5, B =  5. The majority of the points are within one 
magnitude of this mean locus.
depend very sensitively on the cosmological parameters 
(the situation is quite different for the quasars, which are 
visible out to much larger red-shifts). The models we have 
investigated in detail are the Einstein-de Sitter (ao =  
qa — \) ,  M ilne (00 =  90 =  0) and de Sitter (og =  0, go= — 1) 
models. These are the fixed points in the a-q plane®, and
Table 1. d is t r ib o t io n  op  r .u ) io - lu m in o s it ie s  o f  s tr o n g  r a d io  g a la x ie s
IN  TWO EQUIVALENT VOLUMES OF SPACE, FOR FOUR COSMOLOGICAL MODELS; 
( a )  NEARER, (6 ) FURTHER, HALF OF THE OBSERVABLE VOLUME
Range of logmP Einstein-
Cosmological models 
Milne de Sitter Steady state
W  (c/s)-* ster-* de Sitter
(a) (b) (a) (b) (a) (b) (a) (b)
- 27-4-27-e 0 0 0 0 0 1 0 1
26-9-27-4 2 1 2 1 3 0 3 0
26-4-26-9 1 0 3 0 4 1 3 1
25-9-26-4 16 19 14 24 14 32 13 34
25-4-25-9 8 33 8 30 6 23 5 24
24-9-25-4 10 15 10 13 11 13 11 13
24-4-24-9 9 7 9 7 8 6 8 5
23-9-24-4 9 5 9 5 10 5 10 5
23-4-23-9 5 2 5 2 4 2 4 2
TotaIs,IogioP>23 60 82 60 82 60 82 57 85
logioP>24-9 37 68 37 68 ■ 38 70 35 73
correspond to asymptotic states of homogeneous, isotropic, 
pressure-free universes. For comparison, the results 
obtained for the steady state model are given in column 4 . 
From  the last row of Table 1 we see th at for all these four 
models the total number of strong radio galaxies foimd in 
the farther region (6).is significantly larger than in region 
(a). The distributions do not differ greatly from model to 
modeh
The incom patibility of the steady state model (in which 
evolutionary effects are not permitted) w ith  the radio 
galaxy data is perhaps more serious evidence against that 
model than the distribution of the quasars^ ,^ because 
doubts have frequently been raised as to the cosmological 
nature of the large red-shifts of quasars. Conversely, an 
important impetus to these doubts, the prospect of 
attributing the steep radio source counts entirely to the 
quasars^®-^®, would be removed if  the present results are 
confii'med by more accurate data.
\  To test v^hether the results could be significantly 
affected by the uncertainties in  the estimated magnitudes, 
the optical magnitudes of the eighty-eight galaxies for 
which we have estimated the red-shift using equation (2) 
have been decreased by (i) one magnitude and (ii) two mag­
nitudes (increasing the magnitudes merely reinforces the 
inequality between the totals for regions (a) and (b)). 
The corresponding numbers of sources found in  regions
(a) and (b) are shown in Table 2 for all luminosities greater 
than 10®® W  (c/s)-^ ster-^.. Because from Table I  we see 
th at the inequality between the totals in  regions (a) and
(b) is caused prim arily by sources w ith  luminosity greater 
than 10®*’® W  (c/s)-* ster-*, the totals are also shown for 
this restricted range of luminosity.
The numbers of sources found in  regions (a) and (6) 
are still significantly different, even i f  the optical magni­
tudes of all the galaxies are in  error by 2 magnitudes in  
the same direction, for the higher range o f luminosity.
Table 2. m a x im u m  e f f e c t  o f  b r e o r s  o f  ± 2  i n  e s t i m a t e d  v i s u a l
MAGNITUDES, AND OF VARYING VARIOUS PARAMETERS, ON THE TOTALS IN  
TABLE 1
Optical magnitudes all reduced /
by 1 = 20-5, 5  =  5)
Logi„P>23
Log,oP>24-9
L o g „P > 2 3
Logi(,P>24-9
LogioP>23
LogioP>24*9
Einstein-
de Sitter Milne de Sitter Steady state
(a) (b) (0) (b) (a) (b) (a) (b)
60 82 60 82 61 81 57 ' 85
35 60 35 61 36 62 31 66
I all reduced 
=  5)
65 77 65 77 65 77 63 79
36 53 36 53 36 54 35 55
. Milne model, .4 =  20 5
Miine model 
(A  =20-5, 5 = 5 )
5  =  4 5 = 6 galaxies with
(a) (b) (a) (6)
F  <19 only 
(a) (fi)
58 84 60 82 50 71
36 71 37 68 27 67
A  more likely situation is that errors of up to 1 magnitude 
exist, but in either direction, so th at the totals found in 
Table 1 are probably not greatly in  error. Rows 5 to 6 
of Table 2 show the effect of changing the value of JB in 
equation (2), which again does not alter the basic con­
clusion. F inally , because it  m ay be argued that, in view  
of the paucity of red-shifts for galaxies w ith 19<  F <  20, 
it  is inadmissible to use an extrapolation of the form (2) 
in this range, row 6 shows the results obtained when 
attention is confined to galaxies w ith  F  < 1 9  ( z < 0-3). 
Incompleteness of the identifications in the fainter ranges 
of optical magnitude would merely reinforce our con­
clusions; against this must be offset the greater pos­
sibility of incorrect identifications.
These prelim inary results provide the strongest impetus 
for the completion of red-shift measurements of radio 
galaxies in  the 3(7i 2 catalogue. The evidence seems very  
strong that, for consistency w ith  the usual cosmological 
models, some evolutionary factor must affect the distribu­
tion of the strong radio galaxies. The effect is clearest for 
galaxies w ith radio luminosity greater than 10®®'* W  (c/s)“* 
ster-*, but, because such a small volume of space is visible 
for the lower ranges of luminosity, no clear effect would 
be expected for these anyway. O f the models proposed by 
Longair*® in his attem pt to explain the Cambridge radio 
source counts, his model (d), density evolution of all 
sources w ith  radio luminosity greater than 10®®'® W  (c/s)-* 
ster-*, is definitely unsuitable. B u t his model (b), 
luminosity evolution of all sources w ith  luminosity 
greater than 10®®'* W  (c/s)-* ster"*, is entirely in agree­
ment w ith  the present work (though Longair preferred to 
interpret this evolution as being caused by the quasars 
only). B u t it  seems unproved th at the evolution does not 
operate down to luminosities a factor of, say, 10 lower 
than this.
Fm'ther evidence of this evolutionary effect is that, i f  
the th irty-four dCB radio galaxies w ith luminosities less 
than 10®® W  (c/s)-* ster-* are excluded, a number-count 
slope of about —1 9  is obtained for ZCR radio galaxies, 
as opposed to —1*55 reported by Veron®® for all 3CB 
radio galaxies.
Possible Forms of Evolution
To test evolutionary hyjDotheses, the luminosity-volume 
test is easily modified ; we investigate the distribution of 
“corrected” luminosity against “weighted” volume®»®. 
The evolutionary hypotheses tested in ref. 6 for the 
quasars were
luminosity evolution
(i) negative power-law deiaendence on B(t).
P{z) cc {l+z)Q i.
( i i)  n e g a tiv e  e x p o n e n tia l de jiendence on R{t ) ,
P{z)  CC exp |(1  +  2i) .
density evolution :
(iii) negative power-law dependence on R{t),
Tj{z) CC ( 1 + z ) Q d
(iv) negative exponential dependence on R(t),
ri(z) oc exp | ( l  +  2i,) . ^1 —
where P{z)  gives the behaviour w ith epoch of the lumino­
sity of any particular class o f sources, and y](z) is the 
co-ordinate number-density of sources.
The advantage of evolutions of the form (ii) and (iv) 
is th at they do not require arbitrary truncation of the 
evolving population to obtain a finite contribution to the  
integrated background radiation.
The values of the parameters Qi, z ,^ Qd, necessary 
to give consistency of the radio galaxy data w ith  various 
cosmological models are given in columns 1 to 4 in Table 3, 
together w ith  the corresponding values for the quasars, 
taken from ref. 2 . There is remarkably close agreement of 
the parameters required for the exponential evolutions of 
both quasars and radio galaxies (cohunns 2 and 4). In  
view of the arbitrariness of the particular forms of evolu­
tion we have considered, this agreement cannot be taken 
as evidence of a link between radio galaxies and quasars. 
But if  such a link is accepted (for example, ref. 21), then 
these forms of evolution seem very promising. Their 
consistency w ith  radio-source counts to low flux-levels, 
and w ith the integrated radio background, vail be discussed 
in subsequent papers.
Although our discussion has been confined to three 
particular relativistic models, similar results are found 
for all models in the range
0<ao<3, -  l< g o < 3  
I t  seems th at for radio galaxies the evolutionary factor 
far outweighs any differences between the cosmological 
models. The explanation of this evolution must await 
more detailed knowledge of the structure of radio galaxies :
Table 3. e v o l u t i o n a r y  p a r a m e te r s  f o r  r a d io  g a la x ie s  ( r g )  a n d
QUASARS (Q )
Luminosity evolution Density evolution
Ql «L Qd
Einstein- RG 4  +  1 4 ± 1 9  +  2 9 ± 3
de Sitter Q Not consistent 6 +  1 6 +  1 11 +  3
Milne RG 4 ± 1 4 ± 1 9 +  2 1 0 ± 3
Q 2-5  +  0 3 6 +  1 5 ± 1 11 ± 3
de Sitter RG 5 +  1 5 +  1 9 +  1 10 ± 1
Q 3 ± 1 6 +  2 4 ± 1 11 ± 4
whether, for example, they correspond to early or late 
stages in the life of a galaxy, and whether interaction 
with an intergalactic gas or magnetic field is an essential 
feature of their activ ity.
I  thank Professor W . H . McCrea for advice and en­
couragement throughout the course of this work, which 
was performed during the tenure of a Science Research 
Council studentship at the Astronomy Centre, University 
of Sussex. Computing was performed by the Computer 
Centre, University of Sussex. Professor M . Schmidt made 
helpful criticisms.
Nots added in proof. The present results, when com­
bined w ith  those of ref. 6, show th at it  is not possible to 
attribute the steep radio source-counts to observational 
bias, as claimed recently by D . L . Jauncey {Nature, 216, 
877; 1967). ‘ .
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ON COSMOLOGICAL MODELS WITH AN ANTIPOLE
M . Rowan-Rohinson
(Received 1968 M ay i )
Summary
The properties of Lemaître models are summarized and the luminosity-volume 
test is used to determine which of these models are consistent with the distribu­
tions in space of quasars and radio-galaxies respectively. Ranges of models can 
be found consistent w ith either, but not both, of these classes of radio-source, 
including models which could account for the anomalous absorption redshift 
of 1-95 in quasars. The integrated extragalactic radio background provides an 
important additional constraint to the problem. No model is found to agree with  
the observed radio source-counts, without the introduction of evolutionary 
effects.
1. Introduction. If the redshifts of quasars are cosmological, their distribution in 
space is inconsistent with a wide range of cosmological models (i)-(3). The distribu­
tion in space of galaxies identified with radio-sources in the 3C catalogue also appears 
to be inconsistent with relativistic cosmological models having 0-0^ 3, 
— i^ço^3> where uq = j.7TGpojHo^, qo = —{RRjR^)o, H  = (i^ /i?)o, R {t) is the 
scale-factor of the expanding universe and the subscript zero refers to the present 
epoch (4).
Consistency of both quasars and radio-galaxies with such models can be 
achieved by supposing that the co-moving coordinate number-density of sources, 
or their luminosity, or both, have a negative exponential dependence on the scale 
factor, R {t) (4).
An alternative approach is to consider the more unusual models associated with 
the name of Lemaître, in which there is the possibility of an antipole (5)-(9). In 
addition to the possibility of accounting for the distribution of quasars and radio­
galaxies in space, these models can provide a cosmological explanation of the 
anomalous absorption redshift reported by Burbidge & Burbidge (10). Indeed, 
Shklovsky (6) has suggested that this anomalous absorption redshift is one of the 
strongest pieces of evidence that the redshifts of quasars are cosmological. Solheim
(9) has suggested a further possible piece of evidence in favour of models with an 
antipole, that there exists a positive correlation between radio-sources in the 4C 
catalogue in opposite directions in the sky.
In this paper the luminosity-volume test (2), (4) is used to determine which 
cosmological models are consistent with the distributions in space of the quasars 
and of the radio-galaxies. Important additional constraints are provided by the radio 
source-counts to low flux-level and the integrated extra galactic radio background 
at 178 MHz.
2. Properties of Lemaître models. For homogeneous, isotropic, pressure-free 
cosmological models, Einstein’s equations reduce to
A/3 = {ao — qo)Ho^ 
kc^jRo^ =  {2cro — qo)H(f
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where, for Lemaître models, A>o and k =  +1. Thus
A = Ac(i + e) where Ac = (c j^^TrGpoRo^)^
and
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(1)
(2)
If e = o and Z  = (30-0—^0— i)/3o"o = where Z  = i + z  = R qIR  and z  is the 
redshift, then R  =  o, R  =  o and the universe is static with cosmological repulsion 
just balancing gravity. If o < Z m <  i, this state is attained as <->co, and if i<  
the universe expanded out of this state at t =  — 0 0 .
If 6>o, Zm >  I, the scale-factor, R(t), passes through a point of inflection at an 
epoch given by Z = Zm{i +  If o< e<^  i, the universe ‘ stagnates ’ near this 
point of inflection with Z~ Z .^
lO 01
o-t
e =0
20- 1-6
4 -3 -2
F ig .  I .  ao-qo, the model diagram, showing lines of constant Z m  and e. The straight lines 
radiating from (ao, qo) =  (o, — i )  are lines of constant Z m . The curved lines are c =  o, 
o -o i, 0 1 , 10 . A  portion of the diagram near (cto, qo) =  (o, — i )  is shown enlarged (inset).
SO
Using equations (i) and (2),
Co =  e) +  2 —gZm}
^0 =  {t- — Z m % l + ^ ) ) l { Z m \ t -  +  €) +  2  — 2 ^ m }
1 +  ^ 0 =  — 3co(Z7?i—i) .
(3)
(4)
Lines of constant Z m  and e in the o-q —5'G plane are shown in Fig. i ;  the lines of 
constant Zm are straight lines radiating from (o, — i). The contribution of observed 
material in galaxies to po is estimated by Oort (15) as 7 x io~3i g cm~^ . Thus 
0*035, from equation (3), Zm < 3*3. We see that Zm >  i implies qo< —i, in 
contradiction to the evidence from the brightest galaxies in clusters (16). However, 
Tinsley (17) has recently shown that effects of galactic evolution would be more 
pronounced in models with qo< —i, so that they can be reconciled with the 
observations.
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V
3. Cosmological explanations of the anomalous absorption redshift at 1-95
3.1 Ifo<e<i, photons from sources with Z  > Zm (> i) spend a large part of 
their travel-time traversing material with Zc±Zm (6). Using the fact that the anom­
alous absorption redshifts of quasars satisfy z =  1-951 o-oi (10), Kardashev (7) 
calculates that e = 2. io~5. Actually there is a slight error in this calculation since 
the optical depth
where wo is the average particle density, and So tlie average cross-section at the 
present epoch. Thus
T #  =  «oSoRo
Q _  / cQ —$'0 +  ( l  +gO — 3cq)Z34-2c7oZ 3 |1/2
I 30^ 0-go-1 j
=  {§Z3Z;^-1 +  iZm2(l +  e) -  Z2}l/3,
using equations (3) and (4). Kardashev (7) has a factor (i + e) multiplying the first 
term in the bracket (also an incorrect sign for the third term, which is presumably a 
printing error, since it appears correctly in the Russian version of this letter, in 
Astr. Zirk., 430 (1967)). His equation (10) should then read
e =  =  6 X lO'S.
However, since e depends on the square of the dispersion in the absorption redshift 
and also on the square of the quantity wqEo, a factor of 3 is not too relevant.
3.2 A further consequence of the stagnation of the universe near Z = Zm is 
that the photons from a distant source may have time to make a complete circuit of 
the closed universe.
The luminosity distance, D, defined by
^  + 2  logio 0 {z) —0'âfK{z) (6)
where ^  = logic P; P is the monochromatic luminosity 
/  — logic S] S is the monochromatic flux 
and K {z) is the K-correction (see, for example. Appendix i of Ref. (2)), is given by
D (z) = PcZ" sin x(-s')
where
sinx(-S') = r l{ i+ lk r^ )
and
Thus
d x _  I
-  “ i j l
dZ<o2 J 1 3^3
and in fact %(2r)->-oo as e-^o if i Z .^ Sources such that x{^) is an integral
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2
2 5 2 5
3
- 4 -3 - 2 0
log,o e
F ig .  2 . Zm-e. The four broken Unes correspond from right to left to %(oo) =  77, ztr, 377, 477 
respectively. The continuous line labelled D  is the locus %(i 95) =  2 7 7. The other continuous 
lines are x(s) =  tr, where z  =  0-5, 10 , 1-5, 1*95, 2-0, 2 5 . The shaded areas A,B , C  denote 
models consistent ivith the distribution in space of the quasars. Crosses denote particular 
models advocated by various authors (P  =  Petrosian, Salpeter &  Szekeres: S  =  
Solheim: K  =  Kardashev) and other particular models discussed in this paper.
multiple of tt appear to be infinitely bright. The light from a source at redshift such 
that x('8') > TT passes through a single point, the antipole. If %(^ ) > ztt, photons will 
have passed the observer at an earlier epoch. Thus if sufficiently opaque material is 
situated at the antipole, or if such material existed in the vicinity of the Earth at an 
earlier epoch, absorption lines displaced by the corresponding redshifts would be 
produced.*
The requirement is rather severe,
« S ~ ko2 o . ^
where L  is the dimension of the opaque region. Thus for a region of galactic 
dimensions, lo^  light years, wS-^ 2. io®«oSo.
Fig. 2 shows the loci %(oo) = tt,  2tt, gvr, 477 in the Zm — e plane. No antipole 
occurs in models to the right of the (^■S') = tt curve. Also shown are the loci of 
models such that %(z) =  it iov z  =  0*5, i, 1-5, 2, 2-5 and such that x(i'95) = tt, 2tt. 
The latter two loci give models that could explain the anomalous absorption redshift 
of i ’95 by method (b). The line of models Zm = 2-95 corresponds to method (a).
4. Luminosity-volume test. If the fraction of material in the form of sources in a 
given range of luminosity is independent of epoch, then the distribution of such 
sources should be uniform with respect to coordinate volume, U>(z), where
^Trr^dr
{ i  +  lk r^ Y
=  2 t t (x  — sin X cos %).
*  This suggestion was made to me by J. Solheim and M . Rees.
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26
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F ig. 3. The distribution of (a) radio and (b) optical, luminosities of quasars against 
volume for the model Zm =  2-95, e = 0-00002. In Fig. 3(a), circles denote sources with 
«^ opt = 23-05; triangles denote sources with^o^t In Fig. 3(6), circles denote sources
with^ia.à.>^%  =  2T g s; triangles denote sources with 3^Ta.ei<^z. The units of luminosity are 
w(cjs)~^ ster~^ (and ^  =  logio P). The continuous curves denote the cut-offs imposed by the 
limiting 2C flux-level of 9-10“ ®^ wm~^(cjs)~'  ^and by the limiting visual magnitude of about 
ig  for quasars, respectively.
4.1 Quasars. The distributions of radio and optical luminosities of quasars 
against volume are shown in Fig. 3(a), (b) for the model proposed by Kardashev. 
The data used is that given in Table I of Ref. (2) and the luminosities are calculated 
from equation (6) above. The effect of the limiting 3C flux-level of 9. io~26 w 
(c/s)~i is shown by the continuous curve in Fig. 3(a), and the limit F = 19 magni­
tudes in Fig. 3(b). The radio/optical distribution may be corrected for the effect of 
optical/radio selection by confining attention to sources with higher optical/radio 
luminosity, i.e. those denoted by a circle. The distributions are strikingly non- 
uniform.
On the other hand in the model with Zm, = 2*95, e = o-i, which is close to one 
of those advocated by Petrosian, Salpeter & Szekeres (5), the distributions are 
comparatively uniform (Fig. 4(a), (b)). However, since the antipole occurs at 
redshift (2') 2-58, sources of high flux-density ought to be visible corresponding to 
this remoter epoch. Some additional hypothesis would be needed to explain the 
absence of these, for example the gravitational defocusing action of inhomogeneities 
(5).* Models in the shaded regions B and C of Fig. 2 fall into this category.
*  Although the condition for this effect to be significant, that an appreciable fraction of 
the material in the universe be condensed into galaxies, may not be satisfied at the early 
epochs corresponding to these large redshifts.
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Still more satisfactory are a range of models with Zm = 2-0. The radio and 
optical luminosity-volume diagrams for that with e = 0-0056, in which
%(i'95) =  377,
are shown in Fig. 5(a), (b). In this model and those which fall in the shaded region A 
of Fig. 2, the corrected optical and radio distributions are uniform with respect to 
volume; a natural explanation is provided of the absence of quasars in gC with 
redshifts greater than about 2 2.
27
24
22
2
F ig . 4. A s in  F ig .  3, but w ith  e =  =  23-15 ,«^2 =  28-05.
Models corresponding to values of {Zm, e) outside the regions A, B, C of Fig. 2 
are not consistent with the present data for quasars, unless the coordinate number- 
density of sources, or their luminosity, varies with epoch. Some examples are shown 
in Fig. 6: the sources in ranges of luminosity affected by selection effects have been 
omitted. The situation might change if the identifications of quasars in 3C are very 
incomplete and unrepresentative. But, for example, if all quasars with visual 
magnitude fainter than 18 are given a twin, to correct for the selection effect 
postulated by Penston & Rowan-Robinson (12), the regions of the Zm — € plane in 
which consistent models fall do not change significantly.
Thus a rather small range of models is consistent with the present data on the 
distribution of the quasars in space. Of these, three can also account for the 
anomalous 1-95 redshift;
Zm =  2-0, € = 0-0056 (for which x(i’95) = t^t)
Zm =  2-0, e = 0-14 (for which x(i'95) =
and
Zm — 2-95, e =  O -I.
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F ig. 5. As in Fig. 3, but with Z m  =  2 0, e =  0-0056,^^1 =  22-35,.^2 =  27-25.
For the latter model, Kardashev’s argument would imply an optical depth of only 
io“2 for objects with Zm — i, so that it is hard to see how absorption lines could 
be produced.
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F ig . 6. Distribution of radio and optical luminosities against volume {corrected for effects of 
optical and radio selection respectively) for the models:
(a) Z m  = 1-5, € =  0-00626,
(b) Z m  = 2-0, e =  0-001,
(c) Z m  = 2-1, e =  0-016,
(d) Z m  — 2-262, e =  0-068,
(e) Z m  =- 2-98, e =  0 02.
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4.2 Radio-galaxies. In Ref. (4) the luminosity-volume test was applied to 
the radio-luminosities of the radio-galaxies in jQ  estimating the redshifts of those 
galaxies not yet measured from their estimated apparent visual magnitudes. Pro­
vided the latter magnitudes are not in error by more than ± 2, the distribution of the 
radio-galaxies in space is inconsistent with a wide range of cosmological models. 
The situation is not much altered for most of the cosmological models considered 
above. In fact, the only models found to be consistent with the present data for the 
radio-galaxies are those with an antipole at 2: <0-45, which requires Z m <  i*5 (from 
Fig. 2). For example the model with Zm = i"4, e = o-oo6 is consistent with the 
distribution of the radio-galaxies and has x(i’95) = 2tt. However, it is highly 
inconsistent with the distribution of the quasars and gives an average density of the 
universe of 3*6 x io"29 g cm~3.
Fig. 7 shows the distribution of radio-luminosity against volume for 142 strong 
(P  ^io23-5 w ster-i (c/s)~l) 3C radio-galaxies for the model Zm = 2 0, e = 0-0056. 
Crosses denote galaxies whose redshifts have been measured, circles those whose 
redshifts have been estimated from
F = 20-5 + 5 logio z + 5% (7)
where V  is the estimated visual magnitude. Most galaxies whose redshifts are known 
satisfy this relation to within one magnitude and all to within two magnitudes. The 
continuous line shows the effect of the limiting 3C dux-level and the limitation 
z  <0-4 imposed by the limiting visual magnitude of 20. The dotted line divides the
y
2 . 10'
28
27
26  -
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F ig. 7. Distribution of radio-luminosity 0 /3 C  radio-galaxies against volume for the model 
with Zm =  2, e =  0-0056. Crosses denote galaxies whose redshifts are known, circles those 
whose redshifts have been estimated from equation (7). The upper volume scale refers to lumi­
nosities,^ > 2,^  : the lower volume scale refers to .^ <  25. The observable region is limited by 
the limiting flux-level {continuous curve) and by the limiting optical magnitude of about 
20 for galaxies {corresponding to Z'^o-if). The dotted curve divides the observable region in 
half at any given luminosity. The arrow to the right of the diagram denotes 3C 295, which has 
Ü =  O - I  I  in this model.
No. 4 , 1 9 6 8  O n  c o s m o lo g ic a l  m o d e ls  w i t h  a n  a n t ip o le  4 5 3
observable region in half at any given luminosity.* The number of radio-galaxies 
found in the near and further half of space are 61 and 80 respectively, and for 
sources with P> w ster~^  (c/s)"i, 39 and 69 respectively. The latter disposition 
has a probability of only 0-004 occurring by chance. If all magnitudes are decreased 
by 2 , these figures change to 65 : 76 and 39 : 54 (probability o-i): but this is a very 
large systematic error to postulate.
This conclusion, that unless large errors exist in the present data no Lemaître 
model is consistent with the distributions in space of both quasars and radio­
galaxies, should be contrasted with the result of introducing exponential evolutions 
into the more familiar models, where very similar rates of evolution were required 
for consistency with both quasars and radio-galaxies (2), (4). Of course, if evolu­
tionary effects are now introduced into the Lemaître models, consistent models can 
be found : this may be necessary if the other evidence in favour of models with an 
antipole (6), (9) is confirmed by subsequent observations.
5. Integrated radio background. An important additional piece of evidence is the 
fact that at 178 Mc/s the integrated extragalactic radio background has a brightness 
temperature T  = 30 + 7° (20). If the coordinate number-density of sources having 
luminosity between P  and P + d P  h  rj{P)dP, then
2 K T vo^ Ic^ = \  r } {P )P d P \  Z -^ R
dr
I  - f  l k r ‘^
where vq is the frequency of observation, K  is Boltzmann’s constant and
P (r) oc VO ^V^ Vb,
=  O, V >  VI).
Thus
^  ^  2 ^ ^  (c/Ho)7?P.X(a, ao, qo ) (8)
where
and
r j P =  j \ { P ) P d P
Cbl^ Q
X(a., ao, qo) =  J Z ~ ’*d{Hot).
A is a weighted age of the universe, where this age is reckoned in units of the 
Hubble time Ho~^. This is illustrated by Fig. 8, which shows the loci in the Zm — e 
plane of models with equal age and with equal (^0-75, ao, ç'o). The ratio of these 
quantities lies between i and 2  for most models considered in this paper.*
If a^o, X < H o to ,  which is finite if A < Ac (even if vb~>co). But if A = Ac and 
vblvo>Zm, then Z~^> Zm ~ ‘^  for all t, so that
C^ m
d{Hot),
which is divergent. Thus in the Eddington-Lemaître models (A = Ac), Olber’s
*  A c tu a lly  these tw o  loci are depen dent on  th e  spectral in d ex  o f  the  sources : th is has been  
taken in to  account in  the  com putations. See, fo r exam ple, K a fk a  (18 ).
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F i g .  8 .  Zm-e, showing lines of constant Hoto {continuous curves), X  {broken curves) and 
Hoto/X {dotted curves). The temperature of the integrated extra-galactic radio back­
ground is proportional to X , which behaves like a weighted age of the universe.
paradox is unresolved even though the universe is expanding (but is resolved by 
assuming sources radiated only for a finite time in the past).
If a dispersion in spectral indices is assumed, and the fraction of sources having 
spectral index between a and a + d a  is <f)[oc)doc (assumed independent of P  and t), 
then
^  ^  qo) (9)
where _ »oo
^ ( « 0, qo) =  X (a , CTO, go)<^(«) doi
J  — CO
r’6/”o r°
= d(Hot) j da.
J 1 J  -0 0
The observed distribution (13) can be reasonably well represented by a Gaussian 
distribution, that is
(^a) = (i/fi/27r).exp {—(a—â)2/2 2^}
with â = 075, s = 0-2. Thus
and
f ” Z-«</.(a) da = Z-“+l/2s2 log^ 2
J —  CO
l { m > , qo) =  p ' ’° log, z  o (H o t) .
The requirement that v&/vq be finite is now essential to the resolution of Olber’s 
paradox.
* Felten’s calculation (22) o f the energy density o f starlight, in which he took X ' ^ i ,  
would have to be modified for the cosmological models considered here. T he same applies to 
Veron's calculation (23) of the integrated extragalactic radio background.
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In the de Sitter, Milne and Einstein-de Sitter models, % may be evaluated as a 
series of incomplete gamma-functions. For example, in the de Sitter model
X (o , -  l )  =  Z -«+ l/2s2 log, Z ^Z jZ
= 4 I Qxp { —y  +  \s ’^ y‘^ j20(. )^dy (10)
“ Jo
where y  =  â. loge Z, x =  à loge njvo
=  4 f  f  E  A  dy
^  J  0 ln==0^* j
=  4 E  -^(s^/2â^)^y(2n+i,x)  (1 1 )
oc n = 0  ^  !
where the incomplete F-function,
y(a, x) =  l e~y dy.
J 0
So if â = 075, J = G‘2 and = 2 x lo^  MHz, the first few terms give (23)
^ (O , — l )  ~  I - 333{o*996+ I * 6o(^2^ 2â2) +  5-64(i’2/ 2â2)2}
= 1-413.
whereas
X (â ,o , — i) = - = 1-328.
075
Thus the error in assuming all sources to have the mean spectral index is consider­
ably less than the uncertainties in rjP  and T.  The situation is very similar for the 
Milne and Einstein-de Sitter models, except that à should be replaced in equations
(10) and (11) by a+i and â + 3/2, respectively. In the remainder of this paper we 
shall neglect the effect of the dispersion in spectral indices.
The application of the luminosity-volume test described in Section 4.2 above 
showed that for the radio-galaxies r]{P) was not independent of redshift for models 
with Z rti'^ i’S. Nevertheless the mean value of r](P) over the observable volume 
of space can be estimated in each model and the corresponding integrated back­
ground predicted. For ‘weak’ radio-galaxies, i.e. those with luminosities less than 
io23-5 w ster“^  (c/s)“^  at 178 MHz, the luminosity function of Caswell & Wills (14) 
can be used, since 7j{P) is practically independent of cosmological model for such 
sources.
The quantity {clHo)r]P, which is independent of H q, depends only slightly on 
cosmological model. It is practically independent of e, is a slowly decreasing function 
of Zm and is of the order of
13. io~23 w  m"2 fo r  i-4 :^ Z,n,<3'0, I .
Slightly over half this figure is contributed by weak radio-galaxies : the contribution 
of the quasars is negligible, about 0-5 x io"23 w m~^. Radio-wise, it is reasonable to 
regard the quasars as a subclass of the radio-galaxies, visible at large redshift by 
virtue of exceptionally large optical emission. From this point of view it is not 
necessary to include their contribution to r](P).
Now c^jzKvQ^ =  10^ 3-01 jo g  ^ 2  ^-1 go T 13 °^. The dependence of T  on 
model is shown more precisely in Fig. 9. The models in the regions B and C (see
45^ M .  R o w a n - R o h in s o n Vol. 141
15
20
25
30
3540
2
2 5
3
0- 5 - 4 - 3 - 2
logio e
F ig. 9. showing Unes of constant integrated extra-galactic background temperature at
178 M H z. Models in the region A  fa ll in the observed range 30 ± 7 ° .  The curve labelled E 
corresponds to ao =  0-05, or pa =  io~^^ g cm~ .^
Section 4.1) give rather low background temperatures, in the range 15-20°. The 
models in the region A fall within the strip corresponding to the observed values 
30±7° (20). Comparing this strip with Fig. 8, the corresponding ages of the 
universe are in the range The model proposed by Kardashev gives a
background temperature at 178 MHz of 46°, in the absence of evolutionary effects.
The strip of models consistent with the observed integrated background could 
change very drastically if  evolutionary effects are introduced. For consistency of the 
Kardashev model with the distributions in space of radio-galaxies and quasars, the 
number-density or luminosity of sources should increase with redshift in the range 
o < z < 0*5, and decrease in the range i < z < 2 .
6. Number-counts to low flux-level. In  calculating the theoretical number-count 
relationship for models with antipoles, both Kardashev (7) and M cVittie & Stabell 
(8) have neglected the contribution of sources in the vicinity of epochs such that 
=  77, 277, 377 etc. This, however, is incorrect. Suppose x(z%) =  «77, n =  i , . . . ,  
N , and that the values of z  for which sources of luminosity P  and spectral index are 
observed to have flux-level S  are given hy z =  Z n±  j8%, n =  i  . . .  N  and z  =  ^o- 
Let the corresponding values of x be «77+S», and Sq. Then if
t) ^ (■2 'n i ^n) — Ro^n^îii
so
Also
^ !^ n ±  ^n )^ in T T ±8 rP l2 .
The number of sources brighter than S  is proportional to
W H j8 o ) +  f  +
n=l \ 1 /
=  i b i P i s y ^  f i + z f
=  i /3 (P /5)1-5| say.
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Kardashev and McVittie & Stabell, assumed that ^  ~ i, but in fact, for the Kardashev 
model, Z i =  2-84117, Zg = 2-94829, Z3 = 3-02076, Z4 = 4-92604 (Kardashev 
has different values for Z3 and Z4 as a consequence of his incorrect expression for 
Q: see Section 3.1 above), and so  ^= 1-355. Moreover, as e->o the number of 
solutions of x(z) = nn with i +2'~Z»j tends to infinity, so ^^00.
Fig. 10 shows the exact log V-log S  relation for sources of luminosity lo^  ^w 
ster~i (c/s)“^ , for three models with antipoles and also the relations obtained when 
the observed dispersion in luminosity is taken into account. These theoretical 
log iV-log S curves are very much less steep than that observed at 178 MHz. This 
failure to account for the radio source-counts to low flux-level applies to all models 
within the range considered in this paper: i-4^Zm^3-o; e^ i^.
log 10 V  4
' - I -5
-2 5  -26  -2 7  -2 8 -2 5  -2 6  -2 7  -2 8 -2 5  -26  -2 7  -28
IoQiq S (w  m -2(c/s)-l )
F ig . 10. log M -lo g  5 " curves a t  178 M H ?  { i )  f o r  sources w ith  lum inosity w  ster~~^ 
(c/5)“  ^ a nd  coordinate number density  10® (cjHo)~^, ( i i )  f o r  the observed d is tribu tion  o f  
luminosities, f o r  three models. L ines o f  slope - 1 - 5  are shown in  each case,
(а) Z m  =  2-0, e =  0-0056
(б) Z m  =  2-95, e =  0-00002
(c) Z m  =  1-4, e =  0-006.
Conclusions
(i) A small range of models is consistent with the distribution in space of 3C 
quasars, including three models that might also explain the anomalous absorption 
redshift of 1-95: {Zm, e) = (2-0, 0-0056), (2-0, 0-14) and (2-95, o-i).
The first of these gives an integrated background temperature at 178 MHz for 
extragalactic sources of 26°, in agreement with the observed value of 30 + 7° and 
provides a natural explanation of the absence of 3C quasars with redshift greater 
than 2-2. The average density of the universe in this model is about 5. io~30 g cm~3  ^
requiring the existence of an appreciable quantity of intergalactic or intercluster 
material.
(ii) For consistency with the distribution in space of 3C radio-galaxies, it is 
necessary that an antipole occur at 0-45. It would then be the most remarkable 
coincidence that the galaxy identified with 3C295, with z  = 0-46, satisfies the 
Hubble relation (21). Very large systematic errors must be present in the data for
30
4 5 8  M .  R o w a n - R o h in s o n  Vol. 141
models with i*5 to be consistent with the distribution of 3C radio-galaxies, 
without the introduction of evolutionary effects. - -  -
(iii) None of the models considered in this paper predict source-count curves as 
steep as that observed. Evolutionary effects have to be introduced and there seems 
no reason for preferring models with an antipole to the more familiar models with 
A =  o, unless further evidence (confirmation of the anomalous absorption redshift, 
or of the correlation of radio-sources in opposite directions in the sky) points towards 
them. The interpretation of the radio source-counts to low flux-level in terms of 
exponential evolutionary effects will be discussed in a subsequent paper.
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